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Summary

The Universe started out in a very hot and dense state 13.7×109 years ago, and
it has expanded and cooled since then. Cosmology aims at explaining how our
Universe has evolved from this Big Bang to what it is today. The evolution is
governed by the fundamental laws of physics, so we have a synergistic relation:
By observing the Universe today we may hope to learn something about the
laws of physics, and investigating the laws of physics may tell us how the
Universe evolved.

The scientific papers which form part of this thesis, aim at answering the
following three questions:

1. How is dark matter produced in models with dark force mediators, and
will the distortion of the cosmic microwave background (CMB) spectrum
due to dark matter annihilations be visible? Relativistic cross section can
change by a factor of a few, and some part of the parameter space is ruled
out. However, anisotropy bounds are stronger.

2. How do we implement massive neutrinos in a linear Boltzmann code
efficiently, and to what extent is it possible to model the neutrinos as a
fluid with anisotropic stress? The sampling of the momentum space can
be optimised, and progress was made on the fluid approximation.

3. How are sterile neutrinos (if they exist) produced in the early Universe,
and can we block the production by a large lepton asymmetry? The
production can indeed be heavily suppressed by a large lepton asymmetry.

These papers are enclosed in part III. Some background theory is derived
in part I, while part II is devoted to the numerical methods that made the
papers possible. They are hard to cover in any depth in the actual papers,
but since they represent a great deal of the time I spent during my PhD, I feel
that this is a good opportunity to describe them.
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Resumé (Summary in Danish)

For 13,7 milliarder år siden befandt Universet sig i en meget varm og tæt
tilstand, siden har det udvidet sig og blevet afkølet.

Kosmologi forsøger at forklare, hvordan vores Univers har udviklet sig
siden Big Bang og frem til i dag. Udviklingen afhænger af de fundamentale
naturlove, så der er en synergy: Ved at observere Universet i dag kan vi håbe
at lære noget om de fundamentale naturlove, og ved at undersøge de fysiske
love kan vi lære noget om Universets udvikling.

De videnskabelige artikler som udgør en del af denne afhandling sigter mod
at besvare følgende tre spørgsmål:

1. Hvordan bliver mørkt stof produceret i modeller med mørke kraftbærere,
og vil forandringerne i frekvensspektret for den kosmiske mikrobølge bag-
grund (CMB) kunne ses? Det relativistiske tværsnit kan ændre sig med
en faktor på et par stykker, og dele af parameterrummet kan udelukkes.
Men grænserne fra CMB-anisotropierne er stærkere.

2. Hvordan implementerer vi neutrinoer med masse effektivt i en lineær
Boltzmann-kode, og i hvor høj grad kan vi approksimere neutrinoer
som et fluid med anisotropt stress? Valget af punkter i impulsrum-
met kan optimeres, og der blev gjort fremskridt med hensyn til fluid-
approksimationen.

3. Hvordan er sterile neutrinoer (hvis de eksisterer) produceret i det tidlige
Univers, og kan vi forhindre dem i at blive produceret ved at introduc-
ere en stor lepton asymmetri? Det viser sig at være muligt at blokere
produktionen med en stor lepton asymmetri.

Disse artikler er inkluderet i del III. I del I er der udledt noget af den
teori der ligger til grund for artiklerne, mens del II er dedikeret de numeriske
metoder der har gjort artiklerne mulige. Metoderne er svære at dække i detalje
i faktiske artikler, men da de repræsenterer en væsentlig del af mit samlede
tidsforbrug i løbet af min PhD, så følte jeg at dette er en god mulighed for at
beskrive dem.
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Outline and publication list

During my PhD I have worked on several topics that may seem unrelated.
This is also the reason for my title “Dark Relics in Cosmology”, which is
really very general: Any particle species that is at most weakly coupled and is
produced in the early Universe falls into this category. I will use this section
to explain what the motivation was for each different topic to give a more
coherent picture of the thesis.

Dark matter and Sommerfeld enhancement

I started out investigating indirect detection of dark matter, and specifically
the possibility of Sommerfeld enhancement in light of the positron excesses ob-
served in satellite experiments such as EGRET and PAMELA. It was claimed
that the strongest bounds on these models came from energy injection during
recombination but we wanted to consider the effect from distortions of the en-
ergy spectrum. It was clear that any analysis aiming at calculating the effect
of the boost factor on the actual annihilation cross-section in a halo today,
would have to take the freeze-out process into account. This work is included
as chapter 7 and reference [1].

Stiff integrator

I worked on momentum dependant neutrino freeze-out for a while before I
came to CERN to work with Dr. Julien Lesgourgues. During that time I
got interested in how to solve large systems of stiff differential equations ef-
ficiently. I was encouraged to implement my solver, ndf15, into CLASS, the
Boltzmann solver that Dr. Lesgourgues was working on, because he was in-
terested in improving the tight-coupling-approximation. Using ndf15 it was
possible to evolve the perturbation equations without the tight-coupling ap-
proximation, which then provides an ideal reference for testing different ap-
proximation schemes. This was my primary contribution to this work, which
is why I only included this paper as a reference [2].

Massive neutrinos in CLASS

After having applied ndf15 to CLASS, we began working on the implemen-
tation of massive neutrinos in CLASS. This is much more complicated than
the massless neutrino case since the mass prevents us from integrating out
the momentum dependence in the distribution function. However, since each
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Outline and publication list Quantum Kinetic Equations

momentum mode is uncoupled, we are free to take any distribution of mo-
menta that we like. I realised that this freedom could be used to optimise the
evaluation of integrals over the neutrino1 distribution functions.

We also wanted to accommodate very non-thermal distributions without
any other input from the user than the distribution function itself. Specifically,
we did not want any hard-coded cutoffs in the momentum distribution, and we
wanted the code to automatically locate and sample peaks in the distribution.

At the same time as I was implementing the quadrature scheme and the
massive neutrino perturbation equations, Dr. Lesgourgues found a wonderful
approximation scheme for massless neutrinos. It amounts to modelling the
massless neutrinos as a fluid with anisotropic pressure and finding an evolution
equation for the shear. I tried to adapt the approximation scheme to the
massive neutrino case, but it was not as easy. The main problem is that the
pressure perturbation is a free parameter in the massive case, and it is much
harder to find the correct/optimal evolution equation for the shear. This work
is included as chapter 8 and reference [3].

Quantum Kinetic Equations

The past year has seen a growing interest in Dark Radiation, and especially
sterile neutrinos as explanation. This interest is driven by CMB measurements
hinting towards Neff > 3, a deficit in the neutrino flux from nuclear reactors
compared to calculations, as well as a few other anomalies in neutrino oscilla-
tion experiments. We felt that it would be important to calculate the degree
of thermalisation for a sterile species using the full Quantum Kinetic Equa-
tions (QKE). This was also the only way that we could include the effect of
a non-zero lepton number in a fully consistent way. This work is included as
chapter 9 and reference [4].

List of publications

[1] S. Hannestad and T. Tram, “Sommerfeld Enhancement of DM
Annihilation: Resonance Structure, Freeze-Out and CMB Spectral
Bound,” JCAP 1101 (2011) 016, arXiv:1008.1511 [astro-ph.CO].

[2] D. Blas, J. Lesgourgues, and T. Tram, “The Cosmic Linear Anisotropy
Solving System (CLASS) II: Approximation schemes,”
JCAP 1107 (2011) 034, arXiv:1104.2933 [astro-ph.CO].

[3] J. Lesgourgues and T. Tram, “The Cosmic Linear Anisotropy Solving
System (CLASS) IV: efficient implementation of non-cold relics,”
JCAP 1109 (2011) 032, arXiv:1104.2935 [astro-ph.CO].

[4] S. Hannestad, I. Tamborra, and T. Tram, “Thermalisation of light sterile
neutrinos in the early universe,” JCAP 1207 (2012) 025,
arXiv:1204.5861 [astro-ph.CO].

1In the paper [3], we use the term non-cold dark relics (ncdm), but most of the time I
will just refer to such species as massive neutrinos.

viii

http://dx.doi.org/10.1088/1475-7516/2011/01/016
http://arxiv.org/abs/1008.1511
http://dx.doi.org/10.1088/1475-7516/2011/07/034
http://arxiv.org/abs/1104.2933
http://dx.doi.org/10.1088/1475-7516/2011/09/032
http://arxiv.org/abs/1104.2935
http://dx.doi.org/10.1088/1475-7516/2012/07/025
http://arxiv.org/abs/1204.5861


Contents

ACKNOWLEDGEMENTS i

Summary iii

Resumé (Summary in Danish) v

Outline and publication list vii
Dark matter and Sommerfeld enhancement . . . . . . . . . . . . . . vii
Stiff integrator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
Massive neutrinos in CLASS . . . . . . . . . . . . . . . . . . . . . . . vii
Quantum Kinetic Equations . . . . . . . . . . . . . . . . . . . . . . . viii
List of publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Contents ix

I Cosmology 1

1 Introduction 3
1.1 Notation and conventions . . . . . . . . . . . . . . . . . . . . . 3
1.2 Four forces of nature . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Standard Models . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Beyond the Standard Models . . . . . . . . . . . . . . . . . . . 5

2 General Relativity 11
2.1 Formalism in GR . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 The homogeneous and isotropic Universe . . . . . . . . . . . . . 12
2.3 Inhomogeneities . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.4 Boltzmann equation . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Sterile neutrinos 19
3.1 Neutrino oscillations . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Quantum Kinetic Equations . . . . . . . . . . . . . . . . . . . . 21

II Numerical methods 25

4 Quadrature 29
4.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 Gaussian quadrature rules . . . . . . . . . . . . . . . . . . . . . 29

ix



Contents

4.3 Adaptive methods . . . . . . . . . . . . . . . . . . . . . . . . . 30

5 Ordinary differential equations 33

5.1 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 33

5.2 Implicit and explicit formulation . . . . . . . . . . . . . . . . . 33

5.3 First order methods . . . . . . . . . . . . . . . . . . . . . . . . 34

5.4 Runge-Kutta methods . . . . . . . . . . . . . . . . . . . . . . . 35

5.5 Explicit Runge-Kutta . . . . . . . . . . . . . . . . . . . . . . . 36

5.6 Stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.7 RADAU5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

5.8 Numerical differentiation formula . . . . . . . . . . . . . . . . . 41

6 Sparse linear algebra 45

6.1 Data storage . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

6.2 LU-factorisation . . . . . . . . . . . . . . . . . . . . . . . . . . 45

IIIScientific Research 47

7 Sommerfeld Enhancement 49

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

7.2 Sommerfeld enhancement . . . . . . . . . . . . . . . . . . . . . 50

7.3 Constraining Sommerfeld Enhancement with the CMB . . . . . 63

7.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

7.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

8 CLASS III: Non-cold Relics 79

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

8.2 Optimal momentum sampling . . . . . . . . . . . . . . . . . . 80

8.3 Sub-Hubble Approximation . . . . . . . . . . . . . . . . . . . . 85

8.4 Standard massive neutrinos . . . . . . . . . . . . . . . . . . . . 89

8.5 Beyond standard massive neutrinos . . . . . . . . . . . . . . . . 95

8.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

9 Thermalisation of light sterile neutrinos 101

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

9.2 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . . 103

9.3 Results: thermalised sterile species . . . . . . . . . . . . . . . . 106

9.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

9.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

9.6 Adiabatic approximation . . . . . . . . . . . . . . . . . . . . . . 116

IVReflections 119

10 Current and upcoming experiments 121

10.1 Planck and Neff . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

10.2 LHC and Dark Matter . . . . . . . . . . . . . . . . . . . . . . . 121

11 Final conclusions 123

x



Contents

11.1 Sommerfeld enhancement . . . . . . . . . . . . . . . . . . . . . 123
11.2 Non-cold relics . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
11.3 Thermalisation of sterile neutrinos . . . . . . . . . . . . . . . . 124

Bibliography 125

xi





Part I

Cosmology

1





Chapter 1

Introduction

It was once believed that the physical laws valid on Earth were different
from the laws governing the Heavens and the Cosmos. That was changed
by Isaac Newton when he published his famous ”Philosophiae Naturalis Prin-
cipia Mathematica” [133, 134] in 1687.

The instantaneous action-at-a-distance of Newton’s law of gravitation was
a theoretical problem, and it was also in conflict with special relativity. This
led Einstein to develop the general theory of relativity in 1917, and now it
was possible to construct consistent theories describing our Universe. Another
important step was the developments of particle physics during the 20th leading
to the Standard Model.

The observations of type 1a supernovae in the 1990’s, the large scale struc-
ture surveys like 2dF and finally the observation of the CMB temperature
anisotropies by balloon- and satellite-based experiments has made cosmology
into what it is today: a testing ground for particle physics beyond the Standard
Model.

1.1 Notation and conventions

The standard system of units is the SI-system, which defines 7 base units:
metre (m), kilogram (kg), second (s), ampere (A), Kelvin (K), candela (cd)
and mole (mol). We restrict ourselves to the first 5 units, and impose the 4
identities ~ = c = kB = ǫ0 = 1, where ~ is the reduced Planck constant, c
is the speed of light in vacuum, kB is the Boltzmann constant and ǫ0 is the
vacuum permitivity. This allows us to re-express any unit that can be derived
from the first 5 SI base units in terms of a unit of our choice. As is usual in
particle physics, we take GeV as our fundamental unit, and we will not write
~, c, kB or ǫ0 in any expression in this thesis.

We use the sign convention (−,+,+,+) for a general metric gµν and for the
flat metric ηµν . Greek indices run from 0 to 4, while latin indices runs from 1 to
3. Apart from the sign convention for the metric, we choose Gµν = +8πGTµν

and Rµν = +Rα
µαν . This convention is widely used.
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1. Introduction Four forces of nature

1.2 Four forces of nature

Four fundamental forces have been discovered so far: the strong force, the
weak force, electromagnetism and gravity. The strong force is mediated by
a massless spin-1 particle, called the gluon, and it is responsible for binding
quarks into mesons and hadrons. Through the exchange of mesons, a small
residual part of the strong force also binds nucleons into atomic nuclei.

The weak force is responsible for the decay of the neutron and for beta
decay of radioactive nuclei. It is mediated by three massive spin-1 particles,
the Z-boson and the W±-bosons, and the mass of these bosons (91.1876GeV
and 80.385GeV respectively) explains the weakness (or short range) of this
force.

The electromagnetic force is mediated by a massless spin-1 particle, called
the photon, exactly like the gluon in the strong force. However, contrary to
gluons, photons are not confined, so the range of the electromagnetic inter-
action is infinite. The electromagnetic force is responsible for the formation
of atoms and molecules, it makes nuclei unstable and it transfers energy from
the Sun to the Earth, just to name a few examples.

Gravity is not like any of the other forces. It couples to anything that
has mass or energy, and it is exceedingly weak: the gravitational attraction
between a positron and an electron is more than 42 orders of magnitude weaker
than the Coulomb attraction. The only reason that we have to care about
gravity at all, is due to electric charge neutrality. The positive and negative
charges are balanced to a very high degree in objects such as planets and
galaxies, so gravity becomes the most important force at that scale.

1.3 Standard Models

The Standard Model of Particle Physics

The strong force, the weak force and the electromagnetic force are described
by what is known as the Standard Model. It is a gauge theory with the gauge
group SU(3) × SU(2)L ×U(1), meaning that the force carriers are the gener-
ators of these groups and that all the matter content in the model (the par-
ticles) fall into different representations of this group. There are 8 generators
of SU(3) corresponding to the 8 gluons, 3 generators of SU(2) corresponding
to W+, W 0 and W−, and one generator of U(1) corresponding to the B0-
boson. The SU(2)L × U(1) symmetry is spontaneously broken by a vacuum
expectation value of the Higgs field, thereby giving masses to the W+ and
W− bosons. The remaining W 0 and B0 bosons form a massive and a massless
linear combination, which is the Z0-boson and the photon respectively. The
matter content of the Standard Model falls in different representations of the
gauge group.

The Standard Model of Cosmology

The Universe has expanded from a very hot and dense initial state 13.7 × 109

years ago. To quantify the expansion, we introduce the scale factor a which
measures the size of the Universe at a given time. The expansion rate depends
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1. Introduction Beyond the Standard Models

on the amount of radiation, the amount of matter and dark matter and the
amount of dark energy. A combination of different observations has shown that
we live in a flat Universe containing about 73% dark energy, 23% cold dark
matter and 5% baryonic matter. The dark energy component has negative
pressure, and for this reason it accelerates the expansion. The amount of
radiation today is very small, only about 6 × 10−3%, but it once dominated
the Universe. This is due to the scaling of the energy density with scale
factor: for matter, the energy density is just inversely proportional to volume,
i.e. ∝ a−3. The energy density in dark energy is constant1 while radiation
scale as a−4. This scaling can be loosely understood as the combination of
dilution of photons and red-shifting of individual photons by the expansion.
Using our rough numbers, we can calculate the scale factor of equality, when
matter and radiation had equal energy density:

28%a−3
eq ∼ 6 × 10−3%a−4

eq ⇒ aeq ∼ 2 × 10−4. (1.1)

This means that when the Universe was less than ten thousand times smaller
than today, it was completely dominated by radiation.

1.4 Beyond the Standard Models

I will briefly mention some of the most important problems in particle physics
and cosmology. Any effort in cosmology or particle physics should aim at
bringing us closer to answers to these problems. While only a few of these
problems are directly related to the work I have done, I will list them all for
completeness.

The cosmological constant problem

According to quantum field theory, any field would contribute of the order ∼
Λ4 to the energy of the vacuum, where Λ is the cutoff in the theory. Assuming
the cutoff is the Planck scale mPl, one finds ρvac. ∼ m4

Pl ∼ 1076GeV4, which
is 122 orders of magnitude larger than the observed value of ρvac. ≃ 3 ×
10−47GeV4. This is known as a fine-tuning problem, because it requires us to
put in a counter term which is tuned to give this low value. Nothing prevents
us from doing so, but we believe that a more general theory should be able to
explain this phenomenon.

Supersymmetry, the symmetry between fermions and bosons, would cancel
any contribution to the cosmological constant. However, it is clearly broken
at energy scales below ∼ 103GeV, so the best we could hope for is reducing
the cutoff to this value, which would still give a contribution 59 orders of
magnitude larger than the observed value. This is clearly something that we
do not understand, and it is likely that we need a theory of quantum gravity to
explain this phenomenon. Some implementation of the holographic principle
might work, since it would limit the amount of possible micro states in the
Universe.

1This is true in the Standard Model of cosmology, but there are many proposed models
where dark energy is allowed to evolve.
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1. Introduction The baryon asymmetry

The baryon asymmetry

The ratio of baryons to photons, ηb = nb/nγ = 6.2×10−10, is much larger than
what the Standard Model predicts when starting from a baryon symmetric
state. Thus, some mechanism is needed to create this asymmetry which is
responsible for all baryonic matter in the Universe. Given a lepton asymmetry,
the Standard Model can generate a baryon asymmetry by processes known
as sphalerons. This scenario is called leptogenesis, and it can be realised
in see-saw models that simultaneously explain the smallness of the neutrino
mass. The new required physics in these models often resides at the energy
scale of ∼ 1010GeV, so it is usually hard to probe these models using present
experiments.

The gauge hierarchy problem

A scalar particle such as the Higgs boson will receive radiative mass corrections
from any particle it couples to, and the mass corrections are quadratically
divergent. For instance, the mass corrections from a fermions and a heavy
complex scalar field are [140]

∆m2
H = −|λf |2

8π2
Λ2 + · · · (Fermions), (1.2)

∆m2
H =

|λf |2
16π2

Λ2 − 2m2
s ln

(
Λ

ms

)
+ · · · (Complex scalar), (1.3)

where Λ is the cutoff. This is a fine-tuning problem, since we may believe that
the very large positive and negative corrections from different parts of the
theory cancel out to give us the observed mass of 126GeV. One approach to
this problem is to invent a symmetry that cancels these contributions exactly
from some energy scale. This is what happens in low energy supersymmetry.
Another idea is to somehow lower the Planck scale to the weak scale, which is
the approach in some models of extra dimensions.

Dark Matter

Dark matter makes up about 22% of the energy density in the Universe to-
day, and its existence has been established beyond reasonable doubt by many
different observations. If the dark matter species has a thermal distribution
which is the case for the standard production scenario, the mass of the parti-
cle is bounded from below by observations of the large scale structure (LSS)
of the universe: A light particle would form less matter at small scales be-
cause of free-streaming, and observations gives the limit mξ > 1keV. An
upper limit is much harder to establish, but the lack of micro-lensing events
from dark matter ’particles’ in the Magellanic clouds gives the constraint
mx < 10−7M⊙ ∼ 1057GeV [141].

The dark matter particle should be at most weakly interacting, should
be stable on cosmological time-scales, and it should come together with a
production mechanism that can explain the amount of dark matter we observe
today. The solution to the gauge hierarchy problem could give us a nice
dark matter candidate known as the WIMP, which is an acronym for Weakly
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1. Introduction The strong CP problem
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Figure 1.1: The freeze-out process for a particle species coupled to the plasma
through s-wave annihilations for different thermally averaged cross sections.
The dashed curve is the equilibrium number density, and the number density
tracks the equilibrium density until a point x ≃ 20.

Interacting Massive Particle. The argument for the WIMP is that once we
insert new physics at the TeV-scale to protect the Higgs-mass, we usually also
needs to protect the standard model from baryon number violating operators
that would lead to (too fast) proton decay. This symmetry, which is called R-
parity in SUSY-models, also guarantees that the lightest of these new particles
is stable. The production mechanism is also given: such a particle with weak
gauge interaction would be produced thermally through freeze-out in roughly
the right amount. This coincidence is called the WIMP miracle, but there are
many other candidates. Figure 1.1 shows the abundance of a particle species
today for different thermally averaged cross sections.

The strong CP problem

The strong CP problem is again a fine-tuning problem, this time in Quan-
tum Chromo Dynamics (QCD), the SU(3) part of the Standard Model. The
problem is a certain θ̄-term in the QCD Lagrangian that breaks CP-symmetry
in the quark sector. Broken CP-symmetry in the QCD-sector would induce
an electric dipole moment on the neutron which has not been observed. The
non-detection constrain this parameter Θ̄ to be less than 10−10 while we would
expect Θ̄ to be of order 1. The offending term is [12]:

LQCD = LPerturbative + Θ̄
g2

32π2
GaµνG̃aµν , (1.4)

Θ̄ = Θvac. + Arg (det (M)) , (1.5)
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1. Introduction Initial conditions for Big Bang

where M is the quark mixing matrix. Usually M is written such that the
determinant is real, and it is understood that the phase of the determinant
has been absorbed into the Θ̄-term as shown above. Θvac. is a parameter due
to non-trivial nature of the QCD vacuum.

The smallness of Θ̄ can be explained in an elegant way by introducing a
global U(1)PQ-symmetry, known as the Peccei-Quinn symmetry, which is spon-
taneously broken at some high energy scale. The scalar-field which is charged
under this symmetry will acquire a vacuum expectation value such that Θ̄ = 0.
The spontaneous breaking of U(1)PQ leads to a light pseudo-Nambu-Goldstone
boson known as the Axion. The Axion mass and its couplings are suppressed
by 1/fPQ where fPQ is the energy scale where the Peccei-Quinn symmetry is
broken. There are three distinct Axion production mechanisms in the early
Universe: Axionic string decay, thermal production and misalignment produc-
tion. The first one is suppressed by inflation as we shall see later, the second
one could result in extra radiation, while Axions produced by the third mech-
anism are a cold dark matter candidate. Note that the lower mass bound
mentioned early does not apply here, because the production in non-thermal.

Initial conditions for Big Bang

The temperature of the Cosmic Microwave Background (CMB) radiation is
2.725K in all directions, and the anisotropies are at the level of 10−5. This
might not sound too weird if the different patches of sky had been in thermal
contact at some point, but in the standard Big Bang theory this was not
the case. In this case it is hard to understand how thousands of causally
disconnected patches of sky just happens to have the same temperature.

Another problem is the flatness of the Universe. From the Friedmann
equation (2.9) we observe that the energy in curvature scales as ∝ a−2. Since
observations show that “curvature energy” is completely negligible compared
to matter density today, this must have been even more true in the early
Universe - the Universe must have evolved from an initial state which was ex-
tremely flat and homogeneous. Both these problems can be solved if the early
Universe went through an inflationary phase where it expanded exponentially.
Such a phase can be realised by introducing a heavy scalar field known as the
inflaton. Inflation also gives an explanation for the small anisotropies, because
they can be generated as quantum fluctuations in the inflaton-field.

Unwanted relics

Looking at figure 1.1 we may wonder what happens to particles interacting
even more weakly than a WIMP. If they are stable on cosmological time scales,
they would dominate the Universe today in contradiction with observations.
This is a problem for the gravitino, the superpartner of the graviton, in some
SUSY-models.

Another kind of relic is topological defects such as magnetic monopoles and
cosmological strings. They should produced in the different2 phase-transitions

2The phase-transition producing magnetic monopoles is the hypothetical breaking of a
the grand unified gauge group down to the SU(3) × SU(2)L × U(1) gauge group of the
Standard Model.
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1. Introduction Unwanted relics

that happens when the Universe cools. Such defects should be abundant, but
they have not been observed.

This problem can also be cured by inflation. Depending on the energy
scale of inflation compared to the energy scale of the phase-transition, inflation
offers two ways out: If inflation happens before the phase-transition, the field
governing the phase-transition becomes homogeneous at large scales thereby
drastically reducing the number density of defects. If inflation happens after
the phase transition, the exponential expansion quickly dilutes the produced
defects, which again explains the non-observation.
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Chapter 2

General Relativity

General Relativity (GR) is the relativistic theory of gravitation. It relates the
local geometry of space-time to the energy content in the Universe in the form
of the energy-momentum tensor.

2.1 Formalism in GR

Field equations

The effect of gravity on the Standard Model particles in the Universe is gov-
erned by the field equations of general relativity, which relates the local ge-
ometry of space-time in the form of the metric gµν to the energy-momentum
tensor Tµν of matter. The famous equation due to Einstein is

Rµν − 1

2
Rgµν = 8πGTµν ≡ 8π

m2
Pl

, (2.1)

where Rµν is the Ricci tensor and we have defined the Planck mass mPl =
1.2209×1019GeV. The Ricci tensor is a contraction of the Riemann curvature
tensor, and it can be written in terms of the Christoffel symbols:

Rµν = Γα
µν,α − Γα

µα,ν + Γα
βαΓβ

µν − Γα
βνΓβ

µα, (2.2)

where φ,α denotes the derivative of φ with respect to xα, i.e. φ,α ≡ ∂φ
∂xα . The

Christoffel symbols themselves can be calculated from the formula

Γµ
αβ =

gµν

2
[gαν,β + gβν,α − gαβ,ν ] . (2.3)

Action for GR

The field equations of GR can be derived from an action, and the action can
be constructed using effective field theory arguments. We write a Lagrangian
containing all operators which are compatible with the symmetry, which in
the case of GR is diffeomorphism invariance. In vacuum, the lagrangian must
then be a linear combination of curvature invariants with constant coefficients,

S =

∫
d4xµ√−gc1R+ c2R

2 + c3RµνR
µν + · · · , (2.4)

11



2. General Relativity The homogeneous and isotropic Universe

where the square root of −g, the determinant of the metric, keeps the integral
iteself invariant. Inspection of equation (2.2) and (2.3), reveals that R and Rµν

has mass-dimension M2, since they are second derivatives of the metric. If we
are interested in situations where

√
R ≪ mPl, we can truncate the expansion

at the first term. This action is then called the Einstein-Hilbert action, and the
variation of this with respect to the metric gµν gives the field equations (2.1).
The constant c1 can be found from comparing the weak field approximation
of GR to Newton’s law of gravitation, and it is c1 = m2

Pl/(16π).

2.2 The homogeneous and isotropic Universe

FLRW metric

The Cosmological Principle states that our vantage point in the Universe is
not special in any way. This can be stated formally as a requirement on the
spatial part of the metric: it must describe a homogeneous and isotropic space.
Only three types of spaces fall in this category: three-dimensional Euclidean
space, a three-dimensional sphere of constant positive curvature and a three-
dimensional hyperbolic space of constant negative curvature. This was realised
by Howard Percy Robertson and Arthur Geoffrey Walker [135–138], and the
general form of the full 4 dimensional metric is given by

ds2 = gµνdxµdxν = dt2 − a2(t)

(
dr2

1 −Kr2
+ r2dΩ2

)
, (2.5)

where K is 0, 1 or −1 for Euclidean, spherical and hyperbolic space respec-
tively. In these coordinates we have xµ = (t, r, θ, φ). This metric is known
as the FLRW-metric, after Alexander Friedmann and Georges Lemaître in
addition to Robertson and Walker.

Perfect fluids

As a first approximation, we will assume all the energy content in the universe
to be of the form of perfect fluids. That restricts the energy-momentum tensor
Tµν of each species to depend on only two parameters, the energy density ρ
and the pressure p. In the rest frame of the fluid chosen to be locally flat, the
energy-momentum tensor reads

Tµ
ν =




−ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


 . (2.6)

The general covariant form of Tµν for a perfect fluid is then given by

Tµν = pgµν + (p+ ρ)uµuν , (2.7)

where the 4-velocity has been normalised such that uµuνgµν = −1. This
expression matches equation (2.6) in the fluid rest frame, and since it is also
general covariant, it is the correct expression.
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2. General Relativity Friedmann equations

Friedmann equations

It is convenient to calculate the Einstein tensor Gµν using the diagonal met-
ric (2.5). One finds

G00 = 3

(
ȧ

a

)2

+ 3
K

a2
, (2.8)

where the dot denotes derivative with respect to time. Inserting G00 and
T00 = ρ into the Einstein equation (2.1) yields the Friedmann equation

(
ȧ

a

)2

+
K

a2
=

8πG

3
ρ. (2.9)

The Einstein equation has one more independent equation for a(t), but since
we have calculated Gµν in spherical coordinates we cannot simply equate the
spatial components of Gµν to the spatial components of (2.6). However, since
the trace gµνF

µν is an invariant, we have Gµνg
µν = −ρ + 3p. Alternatively,

we can calculate the Jacobian for the transformation to spherical coordinates
and express the energy-momentum tensor in spherical coordinates. Both ap-
proaches yield the same equation as they should, and it is called the accelera-
tion equation

ä = −4πG

3
(ρ+ 3p)a. (2.10)

Energy conservation

The conservation of the energy-momentum tensor

Tµν
;ν ≡ Tµν

,ν + Γµ
ανT

αν + Γν
ανT

µα = 0, (2.11)

follows from the second Bianchi identity for the Riemann curvature tensor. It
leads to the conservation equation

ρ̇+
ȧ

a
(ρ+ 3p) = 0, (2.12)

but since it is a consequence of the Einstein equation (2.1), it is in fact not
an independent equation. It is easily derived by differentiating equation (2.9)
with respect to time and using equation (2.10) to eliminate ä. Together with
an equation of state p(ρ), any two of equations (2.9), (2.10) and (2.12) yields
a closed system.

2.3 Inhomogeneities

Perturbing the metric

We assumed that the energy distribution in the Universe was homogeneous and
isotropic, which enabled us to derive the Friedmann equations. In reality the
Universe started out with small fluctuations, which we think were generated
by quantum fluctuations in the inflaton field in the very early Universe1. In

1The quantum fluctuations could have been generated by another field which was sub-
dominant during inflation. Such a field is called a curvaton.
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2. General Relativity Gauge freedom

principle, we would have to abandon the Friedmann equations and go back
to Einstens field equations for the metric gµν . However, since the deviations
from homogeneity and isotropy are small, we can consider the metric to be a
small perturbation of the FLRW-metric. Assuming a flat geometry, we have

ds2 = (ḡµν + δgµν) dxµdxν , (2.13)

where ḡµν is the FLRW-metric and δgµν is the perturbation.
δgµν has 16 components, but since it is symmetric in indices we have only

10 independent degrees of freedom in δgµν . The metric perturbation δgµν can
be decomposed into four 3-scalars, two transverse (divergence-less) 3-vectors
and a symmetric, transverse and trace-free 3-tensor. The advantage of doing
this splitting, is that the evolution of each type of perturbations decouple to
first order in perturbation theory. We take the first scalar to be the time-time
component of the metric

δg00 = −2a2ψ, (2.14)

and then we decompose the space-time components δg0i using the Helmholtz
theorem

δg0i = a2 (B,i + Si) , (2.15)

where Si is transverse, i.e. Si
,i = 0. The 9 remaining components2 of δgij , are

decomposed as [142]:

δgij = a2 (−2φδij + 2E,ij + Fi,j + Fj,i + hij) , (2.16)

where Fi is again transverse. Counting the degrees of freedom, we have 4 from
the scalars ψ, φ, B and E, 4 from the transverse vectors Si and Fi, and 2
from hij . (A symmetric 3 × 3 matrix has 6 independent components, but 1+3
constraints are imposed by hi

i = 0 and hi
j,i = 0.) This gives 10 degrees of

freedom, the same that we started out with.

Gauge freedom

Now we must face the issue (or blessing) of gauge freedom. General covariance
implies that the physics is invariant with respect to change of coordinates.
However, a change of coordinates could affect some of our degrees of freedom.
Let us consider an infinitesimal coordinate transformation

xµ → x̃µ = xµ + ξµ. (2.17)

The effect of the coordinate transformation can be stated as a transformation
law for the field perturbation δgµν as

δgµν → δgµν,γξ
γ − gµνξ

µ
,γ − gµγξ

γ
,ν . (2.18)

The coordinate transformation ξµ can be decomposed in the same way
as we did gµν before. Take ξ0 to be a 3-scalar, and let us do the Helmholtz
decomposition of the remaining part,

ξi = ξi
T + ζ ,i, (2.19)

2There are 9 components, but only 6 independent degrees of freedom because of the
symmetry.
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2. General Relativity Fixing the gauge

where the vector ξi
T is transverse. Writing out δg̃µν in terms of ξ0, ζ and ξi

T

enables us to find the transformation laws for ψ, φ, B, E, Fi, Si and hij . It
turns out, that only ξ0 and ζ contribute to the gauge-transformations of the
scalars ψ, φ, B and E, while the vectors Fi and Si transform according to ξi

T .
hij does not transform and is thus gauge-invariant. One could hope that two
of the scalar degrees of freedom in the metric could be eliminated by a clever
choice of ζ and ξ0. This is indeed possible as we shall see now.

Fixing the gauge

We have two different methods of dealing with this gauge-dependence: Either
we form gauge-invariant physical combinations of our degrees of freedom, or
we fix the gauge by using our freedom in choosing ξµ. We will do the latter.
Considering only scalar perturbations, the metric before gauge-fixing is

ds2 = a2
[
−(1 + 2ψ)dτ2 + 2B,idx

idτ + ((1 − 2φ)δij − 2E,ij) dxidxj
]
, (2.20)

where τ denotes conformal time defined by dt = a(τ)dτ . A popular choice is
the conformal Newtonian gauge, where we put E = B = 0 in equation (2.20).
Another choice is the synchronous gauge, which is defined such that all per-
turbations are in the spatial part of the metric. Considering equation (2.20),
this amounts to setting ψ = B = 0. We find the metrics

ds2 = a2
[
−(1 + 2ψ)dτ2 + (1 − 2φ) δijdxidxj

]
, Newtonian (2.21)

ds2 = a2
[
−dτ2 + ((1 − 2φ)δij − 2E,ij) dxidxj

]
, Synchronous (2.22)

where we are again only considering scalar perturbations. Using either metric,
we can construct the perturbation to the Einstein tensor δGµν . We will be
working in the synchronous gauge for the remaining part of this chapter.

Perturbed energy momentum tensor

The energy momentum is a symmetric tensor, so like the metric it has 10
independent components. Following Ma & Bertschinger [61] we write those as

T 0
0 = T̄ 0

0 + δT 0
0 = − (ρ̄+ δρ) , (2.23)

T 0
i = T̄ 0

i + δT 0
i = (ρ̄+ p̄) vi, (2.24)

T i
j = T̄ i

j + δT i
j = (p̄+ δp) δi

j + Σi
j , (2.25)

where Σi
j is traceless and ρ̄ and p̄ are the mean energy density and pressure

of the fluid. vi ≡ dxi/dτ is the coordinate velocity, so it can be decomposed
into a transverse vector component and its divergence, θ. Σi

j is traceless, but
according to equation (2.16), it contains one more scalar degree of freedom
which is the anisotropic stress, σ. Going to Fourier space, these two scalar
degrees of freedom can be expressed as

(ρ̄+ p̄) θ ≡ ikjδT 0
j , (2.26)

(ρ̄+ p̄)σ ≡ −
(
k̂ik̂j − 1

3
δij

)
Σi

j . (2.27)
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2. General Relativity Continuity and Euler equation

Continuity and Euler equation

The conservation of the energy-momentum tensor (2.11) applies for each un-
coupled species. Defining the energy perturbation δ ≡ δρ/ρ̄, we apply the
conservation equation in Fourier space to the perturbed energy-momentum
tensor. This gives the continuity and Euler equation of the species in the
synchronous gauge [61]:

δ′ = − (1 + w)

(
θ +

h′

2

)
− 3

a′

a

(
δp

δρ
− w

)
δ, (2.28)

θ′ = −a′

a
(1 − 3w) θ − w′

1 + w
θ +

δp
δρ

1 + w
k2δ − k2σ, (2.29)

where h and η are linear combinations of the metric scalar degrees of freedom
in the synchronous gauge such that h is the trace of the spatial part of δgij .
The prime denotes derivatives with respect to conformal time τ . For most
species, δp/δρ is given by the adiabatic sound speed squared, and therefore it
is only a function of the equation of state parameter w. This means that δp is
not an independent perturbation. For massive neutrinos, this is not true, and
the deviations of δp/δρ from the adiabatic sound speed can be very significant
as we show in chapter 8.

If we know the anisotropic stress perturbation σ, equation (2.28) and (2.29)
governs the evolution of the perturbations for an uncoupled species. This is
the case for cold dark matter, for which σ = 0, and for baryons after they have
decoupled from the photons. In general however, we must solve the Boltzmann
equation for each species.

2.4 Boltzmann equation

The distribution function

The classical evolution of a particle species is in general given by the Boltz-
mann equation

df

dt
= C [f ] . (2.30)

We write the distribution function f in terms of the variables (τ, xi, q, n̂) where
q is the size of the comoving momentum and n̂ is its direction. The Bolztmann
equation then becomes

∂f

∂τ
+

dxi

dτ

∂f

∂xi
+
q

τ

∂f

∂q
+

dni

dτ

∂f

∂ni
=

(
∂f

∂τ

)

Coll.
. (2.31)

We write the distribution function as

f
(
τ, xi, q, n̂

)
= f0(q)

[
1 + Ψ

(
τ, xi, q, n̂

)]
, (2.32)

where the where background distribution f0(q) depends on the freeze-out pro-
cess. For a thermally produced species, we have

f0(q) =
gs

(2π)3

1

eǫ/T0 ± 1
(2.33)
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2. General Relativity Evolution equation for Ψ

where (+) is for fermions and (−) is for bosons. T0 is the redshifted freeze-out
temperature today, and ǫ is the energy given by ǫ ≡

√
q2 + a2m2. In CLASS

and in chapter 8, we divide both the comoving momentum q and the mass
m by T0 to make them dimensionless. This does not change the equations
of motions since it is just a rescaling of energy, but a factor of T−d

0 must
be remembered in the integrals over q. We will not do the rescaling in this
chapter.

Evolution equation for Ψ

Using the definition of Ψ
(
τ, xi, q, n̂

)
in equation (2.32), the Boltzmann equa-

tion (2.31) can be rewritten as an evolution equation for the perturbation
Ψ
(
τ, ki, q, n̂

)
, now written in Fourier space. In the synchronous gauge, it

is [61]

∂Ψ

∂τ
+ i

q

ǫ
(k · n̂)Ψ +

d ln f0

d ln q

[
η′ − h′ + 6η′

2
(k̂ · n̂)2

]
=

1

f0

(
∂f

∂τ

)

Coll.
(2.34)

For a massless neutrino we have ǫ = q, and the momentum dependence in
equation (2.34) can be integrated out. The same is true for photons because
the linearised collision operator is independent of momentum. We will now
consider the case of massive neutrinos.

Because the Boltzmann equation (2.34) depends on n̂ only through its
angle with k, the perturbation Ψ will stay axial-symmetric if it was so initially.
Assuming an axial-symmetric initial state, we can expand the perturbation in
Legendre series

Ψ
(
τ, xi, q, n̂

)
=

∞∑

0

(−1)l(2l + 1)Ψl (τ, q,k)Pl

(
k̂ · n̂

)
. (2.35)

The perturbations of the energy-momentum tensor are given in terms of Ψ by

δρ = a−4
∫
q2dqdΩǫf0(q)Ψ, (2.36a)

δp =
1

3
a−4

∫
q2dqdΩ

q2

ǫ
f0(q)Ψ, (2.36b)

δT 0
i = a−4

∫
q2dqdΩqnif0(q)Ψ, (2.36c)

Σi
j = a−4

∫
q2dqdΩǫ

(
ninj − 1

3
δij

)
f0(q)Ψ. (2.36d)

The Boltzmann hierarchy

Using the definitions of the scalar perturbations θ and σ in equation (2.26)
and (2.27), we can insert the Legendre expansion of Ψ into equations (2.36)
and perform the angular part of the integrals. Because of the orthogonality of
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2. General Relativity The Boltzmann hierarchy

the Legendre polynomials, only one multipole survives in each integral:

δρ = 4πa−4
∫
q2dqǫf0(q)Ψ0, (2.37a)

δp =
4π

3
a−4

∫
q2dq

q2

ǫ
f0(q)Ψ0, (2.37b)

(ρ̄+ p̄) θ = 4πka−4
∫
q2dqqf0(q)Ψ1, (2.37c)

(ρ̄+ p̄)σ =
8π

3
a−4

∫
q2dq

q2

ǫ
f0(q)Ψ2. (2.37d)

Inserting the Legendre expansion into the Boltzmann equation (2.34) in the
synchronous gauge finally yields the Boltzmann hierarchy

Ψ′
0 = −qk

ǫ
Ψ1 +

1

6
h′ d ln f0

d ln q
, (2.38a)

Ψ′
1 =

qk

3ǫ
(Ψ0 − 2Ψ2) , (2.38b)

Ψ′
2 =

qk

5ǫ
(2Ψ1 − 3Ψ3) −

(
1

15
h′ +

2

5
η′
)

d ln f0

d ln q
, (2.38c)

Ψ′
l =

qk

(2l + 1)ǫ
(lΨl−1 − (l + 1)Ψl+1) , l ≥ 3. (2.38d)

This set of equations is the starting point of chapter 8.
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Chapter 3

Sterile neutrinos

Sterile neutrinos are spin-1
2 fermions that has no standard model interactions;

they are not charged under the SU(3) × SU(2)L × U(1) gauge group of the
standard model. But in our definition of a sterile neutrino we will also make
the requirement, that at least one active neutrino has a non-zero probability
of oscillating into a sterile neutrino. In this chapter I will use α as a flavour
index and i to index mass eigenstates.

3.1 Neutrino oscillations

In this section I will discuss oscillations among ordinary active neutrinos. This
will set the stage for the more complicated formalism introduced in section 3.2.

Neutrino oscillations in vacuum

A neutrino in flavour eigenstate |να〉 at time t can be written as a sum over
mass eigenstates |νi〉

|να〉t =
∑

i

Uαie
−iEit|νi〉, (3.1)

where Uαi is a unitary matrix that diagonalises the mass matrix

U †MU = m2
diag = diag

[
(m2

1, m
2
2, . . .)

]
. (3.2)

We can expand the energy Ei in the small mass m,

Ei =
√
p2 +m2 ≃ p+

m2
i

2p
≃ p+

m2
i

2E
. (3.3)

Taking e−ipt outside, equation (3.1) can now be written as

|να〉t ≃ e−iptUe−i
m2

diag
2E

tU †U |νi〉, (3.4)

≃ e−iptUe−i
m2

diag
2E

tU †U |νi〉, (3.5)

≃ e−ipte−i 1
2E

Mt|νβ〉, (3.6)

showing that |να〉 is a solution to the Schrödinger equation

i
d

dt
|να〉t ≃ 1

2E
M|να〉. (3.7)
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3. Sterile neutrinos Two generation mixing

Two generation mixing

In the two generation mixing case, we may take U to be a rotation matrix

U =

(
cos θ sin θ

− sin θ cos θ

)
. (3.8)

In this case we can write

M = Um2
diagU

† =
m2

1 +m2
2

2
+
m2

2 −m2
1

2

(
− cos 2θ sin 2θ
sin 2θ cos 2θ

)
, (3.9)

and inserting M from equation (3.9) into equation (3.6) then yields the useful
result:

|να〉t =

(
cos δm2

4E t− i sin δm2

4E t cos 2θ −i sin δm2

4E t sin 2θ

−i sin δm2

4E t sin 2θ cos δm2

4E t+ i sin δm2

4E t cos 2θ

)
, (3.10)

where we have defined δm2 ≡ m2
2 − m2

1 and discarded a phase factor. The
probability for an initial flavour state of type |νe〉 = (1, 0)T to be observed
in the flavour state |νµ〉 = (0, 1)T after a time t can then be found from the
matrix elements in equation (3.10). We find:

Pνe→νµ = |〈νµ|νe〉|2 (3.11)

= sin2 2θ sin2

[
δm2

4E
t

]
. (3.12)

To get a better feeling for the scales involved, it is instructive to reinstate
factors of c and ~ and express the result in SI-units. Using the well known
relation [energy] = [mass]c2 and the time-energy relation [energy]× [time] = ~,
we make the argument in the sine dimensionless:

Pνe→νµ = sin2 2θ sin2 δm
2c4

4E~
t (3.13)

= sin2 2θ sin2 δm
2c3L

4E~
(3.14)

≃ sin2 2θ sin2

[
1.267

δm2

eV2

L

km

GeV

E

]
. (3.15)

MSW effect

The last section did not include any effect of the medium. Inside the Sun, in
supernovae and in the early Universe, the medium can not be ignored. We
will now consider the effect of the solar medium on the propagation of electron
neutrinos. Since the Sun is filled with electrons, there is a contribution to the
electron-neutrino energy given by

√
2GFne, where ne is the electron number

density. Adding the contribution to the e-e part of M in equation (3.7) yields
the Hamiltonian

H =

(
− δm2

4E cos 2θ +
√

2GFne
δm2

4E sin 2θ
δm2

4E sin 2θ δm2

4E cos 2θ

)
. (3.16)
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3. Sterile neutrinos Quantum Kinetic Equations

The eigenvalues λ1/2 of H are

4Eλ1/2 = A∓
√

(A− δm2 cos 2θ)2 + (δm2) sin2 2θ, (3.17)

where A = 2
√

2EGFne. We denote the eigenvectors corresponding to these
eigenvalues |ν̃1〉 and |ν̃2〉. The change of basis is unitary, so we can still find
some rotation matrix such that

(
νe

νµ

)
=

(
cos θm sin θm

− sin θm cos θm

)(
ν̃1

ν̃2

)
(3.18)

The effect of the medium can then be described as an effective in-medium
mixing angle θm defined by

cos (2θm) =
−A+ δm2 cos 2θm√

(A− δm2 cos 2θ)2 + (δm2)2 sin2 2θ
, (3.19)

and it is evident that a resonance occurs if A = Acrit. ≡ δm2 cos 2θ. An
electron-neutrino produced at A(ne) > Acrit. and propagating into a region
A(ne) < Acrit., can be completely converted to muon-neutrinos in the case of
a small vacuum mixing angle. This is called the MSW effect and this could
have solved the solar neutrino problem, had the mixing angle turned out to
be small.

3.2 Quantum Kinetic Equations

The simple approach of the previous section can not be used if we are interested
in a statistical ensemble of neutrinos coupled to a background plasma. If we
were not interested in neutrino oscillations, we should just solve the Boltzmann
equation for neutrino distribution function. However, if we are interested in
both oscillations and scattering, we must solve a Boltzmann-like equation for
the density matrices [67]. This system of equations is called the Quantum
Kinetic Equations (QKE).

The 1 + 1 scenario

We will now consider the system of chapter 9 consisting of one active and
one sterile neutrino. The density matrices are Hermitian, so they have 4
independent degrees of freedom. They are conveniently expressed in terms of
Pauli-matrices σ:

ρ =
1

2
f0(P0 + P · σ), ρ =

1

2
f0(P 0 + P · σ), (3.20)

where P and P are real vectors and f0 = (ex + 1)−1 is the un-normalised
Fermi-Dirac distribution with zero chemical potential for comoving momentum
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3. Sterile neutrinos Lepton asymmetry

x = p/T . The evolution equations for P0 and P are given by

dP0

dt
= Γ

[
feq

f0
− 1

2
(P0 + Pz)

]
, (3.21a)

dPx

dt
= −VzPy, (3.21b)

dPy

dt
= VzPx − VxPz, (3.21c)

dPz

dt
= VxPy, (3.21d)

where the potentials Vx and Vz are [94]

Vx =
δm2

s

2xT
sin 2θs, (3.22a)

Vz = V0 + V1 + VL, (3.22b)

V0 = −δm2
s

2xT
cos 2θs, (3.22c)

V
(a)

1 = − 7π2

45
√

2

GF

M2
Z

xT 5 [nνa + nν̄a ] ga, (3.22d)

VL =
2
√

2ζ(3)

π2
GFT

3L(a). (3.22e)

In these potentials we have introduced the number density of neutrinos nνa

and anti-neutrinos nν̄a , which are normalised such that they are 1 in thermal
equilibrium. For muon- and tau neutrinos we have no charged current (CC)
interactions, because muons and taus have annihilated at the temperatures we
are concerned about. Electrons and positrons remains so for electron neutri-
nos we have charged current interactions in addition to neutral current (NC)
interactions. This is take into account by ga. We have:

ge = 1 +
4

cos2 θW (nνe + nν̄e)
, CC+NC (3.23)

gµ,τ = 1, NC (3.24)

Lepton asymmetry

The effective lepton number L(a) is in general a combination of the different
lepton numbers Lf , see equation (9.12)-(9.14). The effective lepton number
in our system evolves only due to Lνa , which changes because of active-sterile
oscillations. We approximate the scattering kernel by an effective equilibration
rate Γ = CaG

2
FxT

5, where Ce ≃ 1.27 and Cµ,τ = 0.92. Unfortunately this
breaks lepton number conservation, so to circumvent this problem we derive
an evolution equation for L which does not explicitly depend on Γ. From the

22



3. Sterile neutrinos MSW-like resonances

definition of Lf we find:

L(a) =
2

8ζ(3)

∞∫

0

dxx2 (ρaa − ρ̄aa) , (3.25)

=
1

8ζ(3)

∞∫

0

dxx2f0

(
P0 − P̄0 + Pz − P̄z

)
⇒ (3.26)

dL

dt
=

1

8ζ(3)

∞∫

0

dxx2f0

(
dPz

dt
− dP̄z

dt

)
, (3.27)

=
1

8ζ(3)

∞∫

0

dxx2f0Vx

(
Py − P̄y

)
. (3.28)

The damping term D is given by D ≃ Γ to a good approximation. This
is the term responsible for destroying coherence and it is easy to see that it
appears as a damping factor in the equations for the off-diagonal elements
parametrised by Px and Py. The equilibrium distributions feq and f̄eq are the
Fermi-Dirac distributions with a finite chemical potential ξ calculated from
the neutrino lepton number. ξ is given by the equation

L(a)
eq =

1

4ζ(3)

∫ ∞

0
dx x2

[
1

1 + ex−ξ
− 1

1 + ex+ξ

]
=

1

12ζ(3)

(
π2ξ + ξ3

)
. (3.29)

The real root of this equation can be expressed entirely using real functions.
It is given by the Chebyshev cube root, and we find

ξ =
−2π√

3
sinh

(
1

3
arcsinh

[
−18

√
3ζ(3)

π3
L(a)

])
. (3.30)

MSW-like resonances

This system exhibits resonances as we saw with the MSW effect before. The
resonance condition is Vz = 0 for particles and V̄z = 0 for anti-particles. Let
us do a quick comparison between the two. Using E ≃ p = xT , the MSW
resonance condition reads

2
√

2EGFne − δm2 cos 2θ = 0, (3.31)

√
2GFne − δm2

2xT
cos 2θ = 0, (3.32)

(∼ VL) + V0 = 0. (3.33)

Here, ne is the actual electron number density. In the early Universe, L may be
small, but the second-order neutrino-neutrino scattering is important. Know-
ing where the resonances reside in momentum space is important, both for
numerical work and for understanding the evolution of the system qualita-
tively. There are many signs involved: the sign of δm2

s, the sign of L, and the
sign of VL which determines if it is a particle or anti-particle resonance. Too
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3. Sterile neutrinos MSW-like resonances

keep track of these signs, we find the following notation convenient:

m ≡ sign[δm2
s] (3.34)

ℓ =

{
sign[L(a)] for particles

−sign[L(a)] for anti-particles
(3.35)

The resonance conditions (Vz = 0 and V̄z = 0) can be written as

Ṽ1x
2 + ℓ |VL|x+ Ṽ0 = 0, (3.36)

which has the solution

xres = x0

[
Aℓ±

√
A2 −m

]
≡ x0F

±
ℓm (A) , x0 =

√√√√mṼ0

Ṽ1

, (3.37)

A =
|VL|

2
√
mṼ0Ṽ1

, (3.38)

F±
ℓm (A) =

[
Aℓ±

√
A2 −m

]
. (3.39)

The physical solutions are xres ≥ 0, which is equivalent to F±
ℓm (A) because x0

is positive. In the inverted hierarchy, we have m = −1 and only F+
±1,−1 (A) is

positive. This is independent of A, and we have one resonance for particles and
one for resonance. If L > 0, the anti-particle resonance is to the left of x0 and
the particle resonance is to the right. In the normal hierarchy, the resonance
can only occur if we have an asymmetry. The positivity of F±

ℓm (A) requires us
to take F±

+1,+1 (A). Even then, we still require A ≥ 1 for the square root to be
real. In this case, both resonances belongs to either particles or anti-particles
depending on the sign of L. If L > 0 they are both particle resonances, and
they will work to remove the asymmetry.
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Numerical methods
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The importance of numerical
methods

Good numerical methods are very important in cosmology today, but the
details of them are often omitted in papers for clarity and to emphasise the
physics. This limits the diffusion of good numerical methods and it makes
it harder to reproduce and test results of others. I will take this chance to
document some of the methods I have found useful. Chapter 4 describes
methods for evaluating integrals which were especially useful for the project of
chapter 8. Chapter 5 deals with the numerical solution of ordinary differential
equations with emphasis on stiffness and it introduces two solvers that I have
wrote, ndf15 and RADAU5. Chapter 6 contains a bit about sparse methods for
solving the linear equations in ndf15 and RADAU5.

Stiffness occur frequently in cosmology because the Hubble time scale is
long compared to time scales set by particle physics. One example is the
freeze-out calculation of chapter (7). Initially, the dark matter species is kept
in thermal equilibrium with the background plasma by weak interactions, but
at some point it decouples. (See figure 1.1.) The evolution of the dark matter
abundance in this regime is smooth on Hubble time scales, but even so a
non-stiff solvers will take exceedingly small time steps1. This behaviour is
explained in section 5.6.

The tight-coupling regime in Boltzmann codes are equivalent to the (some-
what simpler) dark matter case, and as we demonstrated in [2], a Runge-Kutta
method takes many orders of magnitude more time steps than a stiff method.
If you understand that the physics well, you will understand that you are
following an equilibrium solution, and you may be able to approximate the
evolution by not evolving the equilibrium solution.

1We can cheat by imposing our initial conditions just after the dark matter decouples,
but we will introduce a small mistake in doing so. The correct approach is of course to take
advantage of a stiff solver!
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Chapter 4

Quadrature

Quadrature is the numerical evaluation of integrals.

4.1 Basics

The numerical estimation of a 1-dimensional integral can always be written as
a finite sum ∫ b

a
dxf(x) ≃

N∑

i=1

wif(xi), (4.1)

where xi are the nodes and wi are the weights. Usually it is not more expensive
to evaluate f(x) successively rather than once for all xi, but note that this
is not the case when the values fi ≡ f(xi) are found by solving a differential
equation for the coupled fi’s as is the case in chapter 8.

In the usual case then, it is possible to adaptively refine the integral by
adding more points until the integral has converged. Adding more points can
be done in two ways: either we can divide the interval into a number of pieces
and use our method recursively, or we can choose a higher order method using
more points. In both cases, we have to choose how to make use of our freedom
in selecting the nodes xi.

We have freedom in the choice of the nodes which we should take advantage
of. If we are using an adaptive scheme, we could place the points such that
they will coincide with the next iteration of the method. If we are using a N -
point method, and we subdivide the interval into 2, we only need to calculate
f(x) on N new points compared to 2N points. However, we could also use
our freedom to optimise our estimate of the integral with respect to a certain
family of functions. This approach is known as Gaussian quadrature, and we
will now consider a few different methods.

4.2 Gaussian quadrature rules

Let us consider an N -point method. It gives us 2N free parameters, the nodes
and the weights. What is the optimal choice of these nodes and weights? We
are often interested in integrals of the form

∫ b

a
dxf(x) =

∫ b

a
dxW (x)g(x), (4.2)
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where g(x) is well approximated by polynomials, and W (x) is some weight
function. Judged by the number of free parameters, it seems likely that a
clever choice of N nodes and N weights should make it possible to integrate
f(x) exactly for g(x) being a polynomial of degree 2N − 1 or less. With-
out loss of generality, we can restrict ourselves to the domain [0; 1]. For the
weight function W (x) = 1, this is equivalent to solving the following non-linear
algebraic system of equations:




1 1 · · · 1
x1

1 x1
2 · · · x1

N
...

. . .
...

x2N−1
1 x2N−1

2 · · · x2N−1
N







w1

w2
...
wN




=




∫ 1
0 dxx0W (x)∫ 1
0 dxx1W (x)

...∫ 1
0 dxx2N−1W (x)




=




1
1
2
...
1

2N−1




where we have exploited the linearity of the integral. This system can be
solved using Newtons method for N . 6, but after that the system becomes
too non-linear. However, there is a much better way of finding the nodes and
weights for a given weight function. Given a weight function W (x), we can
define an inner product on the interval of interest by

〈f |g〉 ≡
∫ b

a
dxW (x)f(x)g(x), (4.3)

and we search for a family of polynomials that have exactly one polynomial
pj(x) of each order j = 0, 1, . . . and which are orthogonal with respect to
the inner product (4.3). It then turns out, that the nodes for the N -point
quadrature rule with respect to the weight function W (x) are the N zero-
points of pN (x), and the corresponding weights are [139]

wi =
〈pN−1|〉pN−1〉
pN−1(xi)p′

N (xi)
, (4.4)

where the polynomials have been assumed monic1. For the case of W (x) = 1
and the domain [−1; 1], the polynomials are Legendre polynomials and the
quadrature rule is called Gauss-Legendre quadrature. Another relevant case is
W (x) = xα exp(−x) on the domain [0; ∞], where the polynomials are Laguerre
polynomials and the quadrature rule is named accordingly.

4.3 Adaptive methods

If we are in the situation where we can evaluate the integrand at will, it is
advantageous to use an adaptive method. First off, we should have some
measure of the error we are doing in using a specific quadrature rule. This is
often accomplished by having a different quadrature rule which uses a subset
of the points of the original quadrature rule, and the error is then estimated
as some function of the difference between the two methods. If this error is
larger than our goal, we can either try again using a higher order rule, or
we can subdivide the interval and call the same method recursively on the
sub-intervals.

1A monic polynomial is a polynomial where the coefficient of the highest power is 1.
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4. Quadrature Adaptive methods

A very good method is the 15-point Gauss-Kronrod quadrature method
which has an embedded 7-point Gauss-Legendre rule. The 15-point formula is
based on Stieltjes polynomials and the 7 point method is based on Legendre
polynomials. An adaptive method based on this rule can be coded in a very
compact and transparent way using recursion. Adaptive methods are efficient
in resolving structure in the integrand, but as mentioned before, they are
only available if the function evaluations can be done successively. Sec. 8.2
in chapter 8 explains how to take advantage of adaptive methods even in the
case where nodes must be selected in advance.

The standard reference for numerical methods in physics is the excellent
book by Press et al. [139], which is freely available online. However, one
should not blindly trust any recommendation from the book: for instance,
they strongly recommend Romberg integration and gives the example integral

∫ 2

0
dxx4 log

(
x+

√
x2 + 1

)
=

1

75

[
8 − 40

√
5 + 480 sinh−1(2)

]
, (4.5)

which is computed with a target relative error of 10−6. The Romberg method
(in double precision) converges after 17 calls to the integrand, and the relative
error compared to the exact value is 3.1 × 10−8. This is a decent performance,
but note that it is a rather complex code involving a polynomial extrapolation.
The above mentioned Gauss-Kronrod method converges in the first step after
15 calls to the integrand, and the embedded error estimate reports an error of
8.2×10−10. The actual relative error is 2.0×10−14, close to machine precision.
This performance comes without any effort, since it is exceedingly easy to code.
It is very robust since it does not depend on polynomial extrapolation, and it
only evaluates points strictly inside the integration interval.
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Chapter 5

Ordinary differential
equations

In this section, I will describe some aspects of the numerical solution of ordi-
nary differential equations (ODE).

5.1 Boundary conditions

There are two kinds of ODE problems, initial value problems (IVP) and bound-
ary value problems (BVP). In an IVP, the solution of the ODE is known at
an initial time tini and the system is evolved from that point on. In a BVP,
parts of the solution may be known at each boundary point tini and tfinal. This
is the case for the thermal production of dark matter in chapter 7: we know
the initial abundance at tini, since it is in thermal equilibrium, and we know
the final value since it must match the observed abundance of dark matter,
but the relativistic scattering cross section is not known. Any BVP can be
solved by considering the n unknown parts of the solution at tini as a vector x

of independent variables in the n-dimensional system of non-linear algebraic
equations describing the difference between the known solution values at tfinal

and the result from solving an IVP with x in place of the unknown initial
conditions. This is called a shooting method, and it works well for n = 1.

5.2 Implicit and explicit formulation

The most general formulation of an ODE is

F

(
t,y,

dy

dt

)
= 0. (5.1)

Note that only a first order derivative is needed, since any higher order ODE
can be transformed to a larger first order system by the identification of higher
order derivatives as new components in y. Equation (5.1) also describes differ-
ential algebraic equations (DAEs) if some of the equations in F = 0 does not

contain derivatives. If F

(
t,y,

dy

dt

)
depends linearly on

dy

dt
, equation (5.1)

can be brought to the much simpler form

A(t)
dy

dt
− f (t,y) = 0, (5.2)
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and if A(t) is invertible, it is possible to use either completely explicit methods
or implicit methods. For the rest of this chapter, we will restrict ourselves even
more, and only consider problems on the explicit form

dy

dt
= f (t,y) , (5.3)

with the initial value y (tini) ≡ yini, and “ODE” will refer to systems of the
form (5.3).

5.3 First order methods

Forward Euler

The basic principle in solving an ODE is approximation of the derivative by
a finite difference method. The simplest one approximates the derivative by a
forward difference. Let yn be the solution at time tn, and define h ≡ tn+1 − tn.
The forward difference approximation to the derivative is then

dyn

dt

∣∣∣∣
tn

≡ fn =
yn+1 − yn

h
+ O (h) , (5.4)

which immediately leads to the forward Euler method:

yn+1 = yn + hfn + O
(
h2
)
. (5.5)

This is an explicit, first-order, one-step method. Explicit refers to the fact
that the Euler step (5.5) does not depend on yn+1 or equivalently fn+1. The
forward Euler method is first order, because the error after N ∼ (tfinal −tini)/h
steps scales as O (h). It is a one-step method because it does not use the
previously computed steps, yn−1, yn−2 etc. This method should never be
used in practice, since it is very unstable as we will show later.

Backward Euler

The Euler method (5.5) builds upon the forward difference estimate (5.4). We
could also have started with the backwards difference estimate

dyn

dt

∣∣∣∣
tn+1

≡ fn =
yn+1 − yn

h
+ O (h) , (5.6)

which leads to the backward Euler method

yn+1 = yn + hfn+1 + O
(
h2
)
. (5.7)

This expression resembles equation (5.5), but this is no longer an explicit
method. Since fn+1 depends on yn+1, equation (5.7) is a system of algebraic
equations that must be solved in each step. If f depends on y in a simple way,
the solution may be known analytically. This is the case for the freeze-out
calculation in chapter 7, where the system becomes a second-order algebraic
equation. In the general case the algebraic system is nearly always solved by
a modified version of Newton’s method. Each time step in implicit methods
are then much more expensive than in explicit methods, but as we shall see
later, the pros of implicit methods often outweighs the cons.
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5.4 Runge-Kutta methods

Runge-Kutta methods are one-step methods which may use a number of inter-
nal steps to compute the step. This number s is called the number of stages.
Any Runge-Kutta method is defined by its Butcher tableau

c1 a11 · · · a1s

...
...

. . .
...

cs as1 · · · ass

bT b1 · · · bs

, (5.8)

and the rule for calculating yn+1:

yn+1 = yn + h
s∑

i=1

biki (5.9a)

ki = f


tn + cih,yn + h

s∑

j=0

aijkj


 . (5.9b)

Inspection of equation (5.9) reveals that the explicit Runge-Kutta methods
(ERK) is exactly those methods for which the matrix A = [aij ] is lower tri-
angular. The forward and backward Euler methods, equation (5.5) and (5.7)
are actually Runge-Kutta methods with the simple [1 × 1] A-matrices [0] and
[1]. Their Butcher tableaus are

0 0

bT 1
,

1 1

bT 1
. (5.10)

There is an equivalent definition of the Runge-Kutta method (5.9) which is
not so obvious. It is

yn+1 = yn + h
s∑

i=1

bif(tn + cih,yn + zi) (5.11a)

zi = h
s∑

j=1

aijf(tn + cih,yn + zi). (5.11b)

To see the equivalence, we define F by

F (c,x) ≡



f(tn + c1h,yn + x1)

...
f(tn + csh,yn + xs)


 , (5.12)

where we are considering x as a vector of the vectors xi
1, and define k and z

accordingly. We can now write the definition for z in equation (5.11) as

z = hAF (c, z) , (5.13)

1This can be made rigorous by defining the product space R
s

⊗ R
n.
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while the definition for k in equation (5.11) is equivalent to

k = F (c, hAk)

hAk = hAF (c, hAk) ,

so it is clear that the two definitions are equivalent, and we have z ≡ hAk. It
is easy to see that the two definitions also agree on yn+1 as they should. The
number of possible Runge-Kutta methods are of course enormous, but not all
of them are good. We will now discuss one of the best explicit methods.

5.5 Explicit Runge-Kutta

We will only consider embedded methods, which are methods that have a
second set of coefficients b̂i, which gives an additional estimate of yn+1, which
we call ŷn+1. This estimate is usually one order higher or lower than the value
used to evolve the system, and the difference between the two can be used to
monitor the local truncation error (LTE). If the higher order method is used for
stepping, the method is said to use local extrapolation. Numerical studies have
shown such methods to be more efficient, and the 6-stage methods of order 5
are in general superior. Among the 6-stage 5(4) methods, the Dormand-Prince
coefficients are arguably the best:

0

1
5

1
5

3
10

3
40

9
40

4
5

44
45 −56

15
32
9

8
9

19372
6561 −25360

2187
64448
6561 −212

729

1 9017
3168 −355

33
46732
5247

49
176 − 5103

18656

1 35
384 0 500

1113
125
192 −2187

6784
11
84

bT 35
384 0 500

1113
125
192 −2187

6784
11
84

b̂T 5179
57600 0 7571

16695
393
640 − 92097

339200
187
2100

1
40

(5.14)

The method (5.14) is actually a 7-stage process, but note that the the rows a7j

and bT are identical, so in the last step we are evaluating f(tn+1,yn+1), which
can be reused in the next step. This works because k7 is not used to evolve the
solution but only to evaluate the lower order estimate. The Dormand-Prince
method has one additional feature, known as dense output. From the ki’s, one
can construct a formula accurate to 4-th order which interpolates the function
values between tn and tn+1. This is a very important feature in situations
where the solution must be known at specific points, since the code can keep
the step size at the largest possible size. Forcing a reduced step size to hit an
output point exactly compromises the step size algorithm, since it works best
when the step size makes the relative error close to the tolerance.
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5.6 Stability analysis

The stability function

Some ODE systems are hard to solve, and that is often due to a phenomenon
known as stiffness. It happens when we have vastly separated time scales
in the problem, which happens often in cosmology since we usually have a
particle physics time scale which is much shorter than the Hubble time scale
on which we are interested in the solution. We can understand this issue from
the simple linear differential equation

dy

dt
= λt, y(t) = y(0)eλt. (5.15)

One time scale is set by λ−1, and the other is set by us. If λ is negative, the
solution has decayed after a few times λ−1, and the solution should be trivial.
However, this system becomes stiff if we are interested in the evolution of y
(or in general another component of the solution vector which depend on y)
on times much longer than λ−1. One Euler step of length h applied to the test
equation (5.15) yields

yn+1 = (1 + hλ)yn ≡ RFE(hλ)yn, (5.16)

while one step using the backwards Euler method (5.7) can be written as

yn+1 =
1

1 − hλ
yn ≡ RBE(hλ)yn, (5.17)

where R(z) is called the stability function of the method.

Stability domains

When λ has a negative real part, we should at least require the solution to be
bounded in the limit t → ∞. Applying the method iteratively with the same
step size, we see that this is equivalent to the requirement |R(z)| < 1. This
leads to the definition of the stability domain for the method:

S = {z ∈ C; |R(z)| ≤ 1}. (5.18)

For real λ, this restricts the step size to h < λ−1 in the forward Euler case.
For λ > 0, this is actually not so bad, since we would already need a step
size somewhat smaller than the time scale λ−1 to get a reasonable accuracy.
However, when λ has a negative real part and after y has decayed, we must still
respect this bound on h. The stability domains for the two explicit methods
and the backwards Euler method are shown in figure 5.1. Looking at figure 5.1,
we observe that the whole complex plane with negative real part is included
in the stability domain of the backwards Euler method. This guarantees, that
this method is not limited by stability for any decaying component. This is
called A-stability. If we also require |R(z)| → 0 for z → −∞, the method
is called L-stable, and inspection of the stability function (5.17) reveals the
backwards Euler method to be L-stable as well.
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Figure 5.1: Stability domains in the complex plane for two explicit Runge-
Kutta methods to the left and the backwards Euler method to the right.

5.7 RADAU5

Method and stability

We observed that the backwards Euler method is L-stable, but because it is
an O

(
h1
)

method, the step size must be small for the solution to be accurate.
Just as we found a higher order explicit Runge-Kutta method to be superior to
forward Euler, we may look for a higher order implicit Runge-Kutta method
which still features L-stability. However, while adding stages to an explicit
Runge-Kutta method is relatively cheap, adding stages to an implicit Runge-
Kutta method is much more costly, since we must solve for all ki, i = 1, 2, . . . , s
simultaneously. This means that the non-linear algebraic system of equations
is [ns×ns] where n is the number of equations and s is the number of stages,
so we naturally prefer as few stages as possible. There is actually one method
that meets all these requirements, and it is called RADAU5. It is a 5-th order,
3-stage, L-stable method with the Butcher tableau [93]
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(5.19)

The stability domain for RADAU5 is given by the [2/3] Padé-approximation to
the complex exponential function:

RR5(z) = [2/3]exp(z) =
1 + 1

3z

1 − 2
3z + 1

3
z2

2!

. (5.20)

The stability functions of the forward Euler method (5.16) and backward Eu-
ler method (5.17) are actually also Padé approximants. We have RFE(z) =
[1/0]exp(z) and RBE(z) = [0/1]exp(z). The stability domain of RADAU5 is shown
in figure 5.2.
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Figure 5.2: The stability domain for the L-stable RADAU5 method.

Solving the non-linear equations

Since we have asj = bj for the RADAU5 method, we find from definition (5.11)

yn+1 = yn + zs. (5.21)

Let us define G by
G(z) ≡ z − hAF (z), (5.22)

where we have suppressed the dependence of F on the constant c as well as
tn and yn. We linearise G around z(k), the k-th iterative of yz, according to
Newtons algorithm. The Newton step is then

z(k+1) = z(k) + ∆z, (5.23)

where ∆z is given by the linear equation

JG

(
z(k)

)
∆z = −G

(
z(k)

)
⇒ (5.24)

(
1[s×s] − hAJF

)
∆z = −z(k) + hAF

(
z(k)

)
. (5.25)

Computing the Jacobian matrix of F , JF , requires s×n evaluations of f , and
it must be computed niter times in each time step, where niter is the number
of Newton iterations. However, we can make a good approximation for JF by
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5. Ordinary differential equations Block-diagonalisation of the linear system

assuming Jf (tn + ci,yn + zi) ≃ Jf (tn,yn). Jf is non-bold by intention, since
it is not a matrix in the “stage-space” like JF and A. In this approximation
we have

(
1[s×s] − hA1[s×s]Jf

)
∆z = −z(k) + hAF

(
z(k)

)
, (5.26)

(
1[s×s] − hAJf

)
∆z = −z(k) + hAF

(
z(k)

)
. (5.27)

Because the matrix
(
1[s×s] − hAJf

)
is now independent of the iterate z(k),

it can be LU-factorised once in each time-step and then used for solving the
system for ∆z. This still means that we need to decompose a [ns×ns] matrix,
but we can in fact do better than that as we shall see.

Block-diagonalisation of the linear system

The inverse Runge-Kutta matrix A−1 has a complex eigenvalue, and since the
characteristic polynomial is a third order polynomial with real coefficients, we
know that we have one real eigenvalue γ̂ and two complex conjugate pairs
α̂± iβ̂. There exist a real matrix T with a real inverse T−1, which brings A−1

to a simple form known as the real Jordan form. It is given by

T−1A−1T = Λ =



γ̂

α̂ −β
β α


 (5.28)

where we have

γ̂ = 3 − 3
√

3 +
3
√

32, α̂ = 3 +
1

2

(
3
√

3 − 3
√

32
)
, β̂ =

6
√

3

2

(
3 +

3
√

32
)
, (5.29)

and the inverse matrix A−1 is given by

A−1 =
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√

3
2 −6

5 + 29
5
√

6
1
15

(
6 − 4

√
6
)

−6
5 − 29

5
√

6
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3
2

1
15

(
6 + 4

√
6
)

−1 + 8
√

23 −1 − 8
√

23 5


 . (5.30)

There is no simple analytic form of the transformation matrices except
for the third row of T . I will write them out with 17 significant digits for
completeness:

T =



0.094438762488975242 0.030029194105147425 −0.14125529502095421
0.25021312296533331 −0.38294211275726194 0.20412935229379993

1 0 1




T−1 =



4.1787185915519047 0.32768282076106239 0.52337644549944955
0.50287263494578688 −2.5719269498556054 0.59603920482822493
−4.1787185915519047 −0.32768282076106239 0.47662355450055045


 .
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5. Ordinary differential equations Numerical differentiation formula

We can now make a change of basis from z to w by z = Tw. Applying
this change of basis to the Newton iteration (5.27) yields

(
1[s×s] − hAJf

)
T∆w = −Tw(k) + hAF

(
Tw(k)

)
⇒

T−1A−1
(
1[s×s] − hAJf

)
T∆w = −T−1A−1Tw(k) + hT−1A−1AF

(
Tw(k)

)
⇒

(
Λ − h1[s×s]J

)
w = −Λw(k) + hT−1F

(
Tw(k)

)
⇒

(
h−1Λ − 1[s×s]J

)
w = −h−1Λw(k) + T−1F

(
Tw(k)

)
, (5.31)

and the next iteration is w(k+1) = w(k) + ∆w. Defining γ = h−1γ̂, α = h−1α̂
and β = h−1β̂, we can finally write our linear system as

(
h−1Λ − 1[s×s]J

)
=



γ − J

α− J −β
β α− J







∆w1

∆w2

∆w3


 =




rhs1

rhs2

rhs3


 . (5.32)

We have managed to separate the system into two, one [n×n] system and one
[2n × 2n] system. The [2n × 2n] system is equivalent to the [n × n] complex
system

([α+ iβ] − J) (∆w2 + i∆w3) = (rhs2 + irhs2) , (5.33)

which is the final optimisation for the linear system.

5.8 Numerical differentiation formula

This section describes ndf15, the stiff ODE-solver for CLASS. It is a not
a Runge-Kutta method but a variable order, adaptive step size, multi-step
method.

Backwards differentiation formula

In section 5.3 we approximated the derivative by a forward difference and a
backward difference and found the Euler methods. This is an extension of this
idea. We define the backward difference operator ∇k recursively by

∇0yn ≡ yn, (5.34)

∇j+1yn ≡ ∇jyn − ∇jyn−1. (5.35)

The backwards differentiation formula (BDF) of order k is now

k∑

j=1

1

j
∇jyn+1 = hfn+1. (5.36)

For k = 1 we find yn+1−yn = hfn+1 which is just the backwards Euler method.
The advantage of equation 5.36 is that it can be of high order (the method
is order k) and it is relatively stable as we shall see later. Most importantly,
the non-linear system that we need to solve in each step is only of size [n× n]
- if we count 4 floating point operations per complex multiplication, this is
roughly 5 times cheaper than our optimised RADAU5 method!
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Figure 5.3: The stability domain for the BDF methods.

Stability

The stability of the BDF-method is quite good as indicated on figure 5.3. As
we know, the k = 1 backwards Euler method is L-stable, and the same is true
for BDF2. However, for k > 2, the BDF-methods loses A-stability.

Slightly improved formula

It is possible to add a free parameter κ to the method (5.36) without changing
the order of the method:

k∑

j=1

1

j
∇jyn+1 + κ




k∑

j=1

1

j


∇k+1yn+1 = hfn+1. (5.37)

The method (5.37) is called the numerical differentiation formula (NDF). The
parameter κ can be used to either optimise the region of stability for k ≥ 3,
or to reduce the truncation error for all methods [122]. The latter approach is
taken in ndf15.

Implementation

The implementation is an adaptive step size routine, but the step-size h is kept
constant in the formula. This means that every time the step size is changed,
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5. Ordinary differential equations Implementation

the values of the k last points must be interpolated. Integration starts with a
NDF1 step, and since the code is only allowed to change order by 1, we are
no longer restricted by a lack of memory in the sense of missing yn−j points.
The order selection is based on heuristics and works well. For the project in
chapter 9, we would some times need to restrict the maximum order to 2 to
get maximum stability.
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Chapter 6

Sparse linear algebra

6.1 Data storage

An implicit ODE solver such as RADAU5 or ndf15 spends most of their time
doing linear algebra. The Jacobian of f(t,y) is often very sparse because
many components do not couple directly. This is the case in linear Boltzmann
codes, since a multi-pole only couples to its nearest neighbour and the per-
turbations that enter into the perturbed Einstein equations which is evident
from equations (2.37). The same is true for the quantum kinetic equations of
chapter 3 and 9, since each momentum bin evolve independently of the others
except for the coupling to a few integrated quantities. For this reason we must
take advantage of sparse matrix methods. We store a sparse [n × n] matrix
S in compressed column form, such that the nz non-zero values of J is stored
column after column in S->Ax. S->Ax has length nz, and the corresponding
row-indices are stored in an integer array S->Ai. The integer array S->Ap

of length n+1 is constructed such that S->Ap[0]=0 and that the number of
entries in row j is given by S->Ap[j+1]-S->Ap[j]. Here is an example of how
to loop through the matrix S:

for(col=0; col<n; col++){

for(i=S->Ap[col]; i<S->Ap[col+1]; i++){

row = S->Ai[i];

S_dense[row][col] = S->Ax[i];

}

}

6.2 LU-factorisation

Our sparse LU factorisation is a left-looking LU with partial pivoting which
roughly reduces the problem to solving sparse, lower-triangular systems with
sparse right hand sides [143]. For dense matrices and vectors this is solved
trivially by back-substitution, but this is not so easy for a sparse method.
We must first find out which elements in the solution vector x which will be
non-zero for the method to be optimal. This step is necessary but also time
consuming. However, if the Jacobian has the same structure, and its values has
not changed by many orders of magnitude, we can reuse our partial-pivoting
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6. Sparse linear algebra LU-factorisation

scheme. Such a re-factorisation takes only a fraction of the time of a normal
factorisation, and is a prime example on what can be gained by not relying on
external black box libraries.
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Chapter 7

Sommerfeld Enhancement of
DM Annihilation:
Resonance Structure,
Freeze-Out and CMB
Spectral Bound

Steen Hannestad and Thomas Tram

Abstract In the last few years there has been some interest in WIMP Dark
Matter models featuring a velocity dependent cross section through the Som-
merfeld enhancement mechanism, which is a non-relativistic effect due to mas-
sive bosons in the dark sector. In the first part of this article, we find ana-
lytic expressions for the boost factor for three different model potentials, the
Coulomb potential, the spherical well and the spherical cone well and com-
pare with the numerical solution of the Yukawa potential. We find that the
resonance pattern of all the potentials can be cast into the same universal
form.

In the second part of the article we perform a detailed computation of
the Dark Matter relic density for models having Sommerfeld enhancement
by solving the Boltzmann equation numerically. We calculate the expected
distortions of the CMB blackbody spectrum from WIMP annihilations and
compare these to the bounds set by FIRAS. We conclude that only a small
part of the parameter space can be ruled out by the FIRAS observations.

7.1 Introduction

The most probable candidate for Dark Matter is arguably the WIMP, a Weakly
Interacting Massive Particle. This is due to what is often called the ’WIMP
miracle’; new physics is required at the TeV scale when unitarity breaks down
in the Standard Model, and some symmetry should protect the proton from
decaying too fast through new diagrams involving these new degrees of free-
dom. The symmetry may ensure that at least one of the new particles is
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7. Sommerfeld Enhancement Sommerfeld enhancement

stable on cosmological timescales, while the annihilation cross section is typi-
cally within an order of magnitude of what is required to explain the observed
relic abundance.

In the last few years there have been some observations [13–16, 21–23, 25,
26] pointing to anomalous emission within the galaxy. It is possible, that these
observations may be explained by WIMPs annihilating in the galactic halo [17–
20, 24]. Common to all these suggestions is that the necessary annihilation
rate requires an annihilation cross section a few orders of magnitude larger
than the one consistent with a thermal relic density, 〈σv〉TH ≃ 3 · 10−26cm3/s.

This apparent discrepancy, as well as the necessary suppression of hadronic
final states, has been suggested to stem from new GeV-mass force carriers in
the dark sector [5, 31] which leads to Sommerfeld enhancement of the Dark
Matter pair annihilation cross section. Although the anomalies mentioned
above may turn out to be explained by normal astrophysical processes, there
may still be force carriers in the dark sector which are light compared to the
mass of the Dark Matter particle, so the mechanism of Sommerfeld enhance-
ment is interesting and generic. Sommerfeld enhancement applied to WIMP
annihilations in general, not related to the cosmic ray excess, was first studied
in [32, 33] and later in [45] and [34].

7.2 Sommerfeld enhancement

Sommerfeld enhancement is a consequence of having light force carriers me-
diate an attractive interaction in the dark sector, which creates a Yukawa-
potential for the WIMPs. In this work we consider only s-wave annihilation.
We write this potential as

V (r) = − λ2

4πr
e−mφr = −α

r
e−mφr, (7.1)

where λ is the coupling parameter, mφ is the mass of the force carrier and
r is the relative distance between the WIMPs. Since the potential is only
a function of the relative distance, it only enters in the reduced one-particle
Schrödinger equation for the relative motion. In spherical coordinates this is

− 1

2µ
∇2ψk =

(
k2

2µ
− V (r)

)
ψk, (7.2)

where µ = mχ/2 is the reduced mass. We are interested in the probability
density of ψk when r = 0, since the boost factor for the s-wave case is given
by Sk = |ψk(0)|2, when ψk is normalized to the asymptotic form

ψ → eikz + f(θ)
eikr

r
as r → ∞. (7.3)

This form of the boost factor can be derived [5] from a simple argument:
Annihilations are assumed to proceed by a delta function interaction, so the
rate of this process must be proportional to the norm squared of the reduced
wave function at zero separation, σ ∝ |ψ(r = 0)|2. Denoting the V = 0 wave
function by ψ0, we must have

S =
σ

σ0
=

|ψ(0)|2

|ψ0(0)|2
. (7.4)
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7. Sommerfeld Enhancement Numerical solution

When the potential is rotationally symmetric, we know that the solution
of equation (7.2) becomes invariant under rotations around the axis of the
incoming particle, and hence we can expand ψ in products of Legendre poly-
nomials and a radial wave function Rkl. Only Rk0 is non-zero at the origin,
so we define χk ≡ rRk0, which leads to the equation

1

mχ

d2χ

dr2
=

(
−α

r
e−mφr −mχβ

2
)
χ ⇒ (7.5)

mφ

mχ

d2χ

dx2
=

(
−α

x
e−x − mχ

mφ
β2

)
χ ⇒ (7.6)

d2χ

dx2
= −

(
α

fx
e−x +

(
β

f

)2
)
χ, (7.7)

where we introduced the dimensionless distance x ≡ mφr and the ratio of
the two masses f ≡ mφ/mχ. Equation (7.7), together with the boundary
conditions

χ(0) = 0 (7.8a)

χ → sin

(
β

f
x+ δ

)
, as x → ∞. (7.8b)

defines the problem.

Numerical solution

In principle we should solve the boundary value problem (7.8) numerically,
but since the Schrödinger equation is linear, we can exchange the condition
(7.8b) by setting the derivative of χ to unity at x = 0 and solve what is now an
initial value problem for χ̃. The solution to the original problem is just given
by χ = χ̃/A, where A is the asymptotic amplitude of χ̃. The enhancement
factor is then given by

Sk =

∣∣∣∣∣
R2

k0(0)

k

∣∣∣∣∣

2

=

∣∣∣∣
1

k

dχk

dr
(0)

∣∣∣∣
2

=

∣∣∣∣
f

Aβ

∣∣∣∣
2

. (7.9)

In figure 7.1 we have plotted the Sommerfeld boost factor for a velocity of
150km/s for the whole (α, f)-parameter space. The vertical lines in figure 7.1
are ragged by thin, straight lines of resonance which have, as we shall see later,
a rather large impact on the freeze out process.

To calculate the amplitude A in (7.9), we must know when our waveform
χ̃ has reached its asymptotic form. This must happen when the Yukawa
potential becomes much less than the kinetic energy of the particle, so we find
the position of equality:

α

xrange
e−xrange =

β2

f
⇒

xrangee
xrange =

fα

β2
⇒

xrange = W

(
fα

β2

)
, (7.10)

51



7. Sommerfeld Enhancement Coulomb potential
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Figure 7.1: Sommerfeld boost factor in log10 for a relative velocity of 150km/s.

where W is the Lambert W-function. To calculate the amplitude we use the
asymptotic waveform (7.8b):

χ̃ = A sin

(
β

f
x+ δ

)
(7.11a)

dχ̃

dx
=
β

f
A cos

(
β

f
x+ δ

)
, (7.11b)

which leads to this expression for the amplitude A:

A =

√

χ̃2 +

(
f

β

dχ̃

dx

)2

. (7.12)

We evolve our waveform χ̃ to 1.5xrange, and after this point we calculate
A at each succeeding point until A has converged.

Coulomb potential

In the limit of a massless force carrier, the Yukawa potential becomes a
Coulomb potential. In this case, the enhancement factor can be calculated
in closed form,

SǫC
=

π/ǫC
1 − e−π/ǫC

, ǫC =
β

α
(7.13)

by solving the Schrödinger equation in terms of hyper geometric functions.
The derivation of equation (7.13) can be found in section 7.5. We want to
stress, that the applicability of this limit does not only depend on f ≪ 1,
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Figure 7.2: Boost factor in log10 for the Coulomb potential in log10 for a
relative velocity of 150km/s.

but is also dependent on α and β. The correct question to ask is whether
or not the scattering will take place in a regime in which the potential looks
like a Coulomb potential. We want the range of the potential xrange from
(7.10), to be less than something like ln(2). This would keep the exponential
in the Yukawa potential at order 1 during the interaction, so we should be safe
in assuming a Coulomb potential instead. (However, this does not take into
account the non-perturbative effects of resonances.) The boost factor (7.13)
is plotted in figure 7.2. If we compare with the Sommerfeld-case in figure
7.1, we can see that the lower left part of the Sommerfeld parameter space
is well described by the boost from the Coulomb potential. This part of the
parameter space is also the part where the range (7.10) of the potential is
less than about 0.7 as expected. However, we do not find resonances in the
Coulomb case as we do for the Sommerfeld enhancement, because the potential
is not localized. To learn more about these resonances, we relate the Yukawa
potential to two model potentials which can be solved analytically.

Spherical Well

The resonance structure of the Sommerfeld-enhancement does not appear in
the massless limit, but we can understand it qualitatively by examining the
spherical well and relating the well to the Yukawa potential1. We look at a

1In [33], the authors also related the Yukawa potential to the spherical well to understand
the effect of resonances.
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7. Sommerfeld Enhancement Spherical Well

potential of the form

V (r) =

{
−V0, r ≤ L/mφ

0, r > L/mφ.
(7.14)

We set V0 to a value such that the potential integrated over volume agrees
with the Yukawa potential (7.1). We find

V0 =
3αmφ

L3
, (7.15)

where L is the range of the potential in units of m−1
φ , and should be order 1.

The Schrödinger equation for this potential is

d2χ

dx2
= −

(
V0

mφf
+

(
β

f

)2
)
χ ⇒ (7.16)

d2χ

dx2
= −

(
K2 + ǫ2

)
, (7.17)

where we are using x = mφr and

K =

√
3α

fL3
ǫ =

β

f
. (7.18)

This equation is solved by sines and cosines, so if we define p =
√
K2 + ǫ2, we

can write the general solution as

χx<L(x) = A sin (px+ γ) (7.19a)

χx>L(x) = B sin (ǫ(x− L) + δ) , (7.19b)

and using boundary conditions (7.8), we can set γ = 0 and B = 1. We must
now match the wave function and its derivative at the boundary at x = L.
We get the equations

A sin (pL) = sin (δ) (7.20a)

Ap cos (pL) = ǫ cos (δ) (7.20b)

and we solve for the amplitude A. We find:

A2 =
1

1 +
(

K
ǫ

)2
cos2 (pL)

, (7.21)

which results in a boost factor

S =
1 +

(
K
ǫ

)2

1 +
(

K
ǫ

)2
cos2 (pL)

. (7.22)

We have plotted this boost factor for L = 1 in figure 7.3 for the same
(α, f)-parameter space as before. If we compare with figure 7.1, we can see the
same type of resonances, although they become suppressed in the Yukawa case
when the scattering becomes Coulomb-like. The structure of (7.22) tells us
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Figure 7.3: Boost factor in log10 for the spherical well with v = 150km/s.
The depth of the well is related to the strength of the corresponding Yukawa
potential.

something about the behavior of resonances, even for the Yukawa-case. First
off, since the denominator is always larger than unity, the maximal boost must
be of the order ∼ K2/ǫ2. Secondly, if the cosine is of order unity, the boost
will be order unity as well. So the resonances occur when pL/π ≃ n+ 1/2.

If we are interested in resonances giving S of order 100 or more, we can
make the approximation ǫ/K ≪ 1, which allows us to use the zeroth order
approximation p ≈ K. Using the definition of K, we find

KL

π
=

√
3α

fL3

L

π
=

√
α

f

√
3

Lπ2
, (7.23)

so the position of the resonances depends only on the ratio of α and f . This
suggests that we introduce the rotated coordinates

u =
α

f
(7.24a)

v = αf. (7.24b)

Using (7.23), we find that the resonances happens at

√
un =

√
Lπ2

3

(
n+

1

2

)
⇒

un =
Lπ2

3

(
n+

1

2

)2

, n = 0, 1, . . . (7.25)
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Figure 7.4: Boost factor for the spherical well with v = 150km/s in the new
coordinates u and v.

Since the distance between resonances increases only by n2, it is clear that
they will happen closer and closer when viewed in a logarithmic plot, just as
we saw in the Yukawa-case. The other parameter v controls the order of the
boost factor, since we have

K2

ǫ2
=

3

L3

fα

β2
=

3

L3

v

β2
. (7.26)

We have shown the boost plot in the rotated coordinates (u, v) in figure 7.4.
We suspect that this choice of coordinates would also work well in the Yukawa
case, so we calculate the Sommerfeld boost factor in the (u, v) coordinates, and
the result is shown in figure 7.5. As is clear from the plot, u alone determines
the position of the peaks, just as for the spherical well. This is in agreement
with [45], as our coordinate u is identical to their parameter ǫφ.

Spherical Slope Well

We now examine another model potential, the spherical slope well, to see how
the position of resonances change compared to the spherical well. We write
the potential

V (r) =

{
−V0

(
1 − mφ

L r
)
, r ≤ L/mφ

0, r > L/mφ,
(7.27)
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Figure 7.5: The Sommerfeld boost factor with v = 150km/s in the new co-
ordinates u and v. We have cropped the plot at the (α, f) limits from figure
7.1

and as before, we set V0 to a value such that the potential integrated over
volume agrees with the Yukawa potential (7.1). In this case we find

V0 =
12αmφ

L3
, (7.28)

where L is the range of the potential in units of m−1
φ , and should be order 1.

The Schrödinger equation for this potential is

d2χ

dx2
= −

(
V0

mφf

1

L
(L− x) +

(
β

f

)2
)
χ ⇒

d2χ

dx2
= −

(
K2(L− x) + ǫ2

)
⇒

d2χ

dx2
= −

(
−K2x+ p2

)
,

where we are using x = mφr, K =
√

12α
fL4 and p =

√
K2L+ ǫ2. If we now do

the substitution ξ = K−4/3
(
K2x− p2

)
, we get the Airy equation

d2χ

dξ2
= ξχ, (7.29)

which has the general solution

χ = c1Ai(ξ) + c2Bi(ξ). (7.30)
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7. Sommerfeld Enhancement Spherical Slope Well

We are interested in χ at two different values, ξ0 ≡ ξ(x = 0) and ξL ≡
ξ(x = L). These are given by

ξ0 = K−4/3
(
−p2

)
= −K−4/3p2 (7.31a)

ξL = K−4/3
(
K2L− p2

)
= −K−4/3ǫ2. (7.31b)

Since we have ξ < 0 in both cases, it makes sense to introduce the variable

ζ =
2

3
(−ξ)3/2 , (7.32)

and reexpress the solution χ and its derivative in terms of Bessel functions.
We have:

χ(ξ) =
√

−ξ
[
−AJ1/3(ζ) +BJ−1/3(ζ)

]
(7.33a)

dχ

dξ
(ξ) = −ξ

[
AJ−2/3(ζ) +BJ2/3(ζ)

]
. (7.33b)

where the new coefficients A and B are related to the old ones by

A = −c1/3 + c2/
√

3 B = c1/3 + c2/
√

3. (7.34)

Since we require χ(ξ0) = 0, equation (7.33a) can be used to relate A and B,
since we have

AJ1/3(ζ0) = BJ−1/3(ζ0) ⇒

B =
J1/3(ζ0)

J−1/3(ζ0)
A ≡ tA. (7.35)

At this point we have one free parameter A left to determine from the solution
χx<L. The solution outside the well is just as before, (7.19b), and contains one
free parameter, δ. Both parameters are fixed by matching the solution and its
derivative at the boundary; we have two equations with two unknowns:

sin(δ) = χx<L(x = L) (7.36a)

ǫ cos(δ) =
dχ

dx

x<L

(x = L), (7.36b)

and the interesting parameter A is most easily found by inserting the right
hand sides in the well known trigonometric identity

ǫ2 = ǫ2 sin2(δ) + (ǫ cos(δ))2

= ǫ2(−ξL)A2
[
−J1/3(ζL) + tJ−1/3(ζL)

]2
+

+ ξ2
LK

4/3A2
[
J−2/3(ζL) + tJ2/3(ζL)

]2
⇒

A2 =
K4/3/ǫ2

[
−J1/3(ζL) + tJ−1/3(ζL)

]2
+

+
[
J−2/3(ζL) + tJ2/3(ζL)

]2

. (7.37)
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Figure 7.6: Boost factor in log10 for the spherical slope well with v = 150km/s.
The depth of the well is related to the strength of the corresponding Yukawa
potential.

Using equation (7.9), we can find the boost factor S:

S =
p4

ǫ2
K−4/3A2

[
J−2/3(ζ0) + tJ2/3(ζ0)

]2
⇒

S =
p4

ǫ4

[
J−2/3(ζ0) + tJ2/3(ζ0)

]2

[
−J1/3(ζL) + tJ−1/3(ζL)

]2
+

+
[
J−2/3(ζL) + tJ2/3(ζL)

]2

. (7.38)

This is a rather complicated expression, but the numerator can be simplified
by using the series expansion for J(z) and the following identity for the gamma
function:

Γ(1/3)Γ(2/3) = Γ(1/3)Γ(1 − 1/3)

= π csc(π/3) = 2π/
√

3 (7.39a)

Jν(z) = (z/2)ν
∞∑

k=0

(−)k(z/2)2k

k!Γ(ν + k + 1)
(7.39b)

Having these, we can prove the neat identity

J−2/3(z)J−1/3(z) + J1/3(z)J2/3(z) =

√
3

πz
. (7.40)
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Reinserting t, the numerator of equation (7.38) can now be written as

num. =
[
J−2/3(ζ0) + tJ2/3(ζ0)

]2

= J−1/3(z)−2×

×
[
J−1/3(ζ0)J−2/3(ζ0) + J1/3(ζ0)J2/3(ζ0)

]2

=
3

π2ζ2
0J−1/3(ζ0)2

. (7.41)

Inserting (7.41) into (7.38) and rearranging the denominator, we find:

S =
33K4

22π2ǫ4p2

(
J1/3(ζ0)2

[
J−1/3(ζL)2 + J2/3(ζL)2

]
+

+ J−1/3(ζ0)2
[
J1/3(ζL)2 + J−2/3(ζL)2

]
+

+ J−1/3(ζ0)J1/3(ζ0)J−1/3(ζL)×

×
[
J−2/3(ζL) − J1/3(ζL)

] )−1

. (7.42)

We have plotted this boost factor in figure 7.6 in the (u, v)-coordinates we
introduced for the spherical well. We see the same behavior as before, but the
expression for the boost factor is still too complicated for us to deduce where
the resonances will be. Let us take another look at the denominator of equation
(7.42). We want to estimate the numerical value of the two arguments, ζ0 and
ζL. We got:

ζ0 =
2

3
(−ξ0)3/2 =

2p3

3K2
(7.43a)

ζL =
2

3
(−ξL)3/2 =

2ǫ3

3K2
. (7.43b)

If we are interested in regions of possibly large boost factors, we may assume
K ≫ ǫ as we did before, and we conclude that ζ0 ≫ 1 and ζL ≪ 1. It turns
out, that to a reasonable approximation, we can set the Bessel functions equal
to their asymptotic values. If we remember that

Jν(z) ≃ (z/2)ν

Γ(ν + 1)
, z ≪ 1

Jν(z) ≃
√

2

πz
cos (z − νπ/2 − π/4) , z ≫ 1

we can identify the two largest terms in the denominator of equation (7.42).
We are looking for the largest negative powers of ζL, because they will give
the largest contribution to the denominator. We have one term behaving as

∼ ζ
−4/3
L and one term from the crossproduct is behaving as ∼ ζ−1

L , and the
rest of the 6 terms has more positive powers. These two worst terms multiply
J−1/3(ζ0), so we suspect to have a resonance pattern that follow the zeros of
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7. Sommerfeld Enhancement Hulthén potential

J−1/3(ζ0), that is:

J−1/3(ζ0) ∼ cos

(
2p3

3K2
− 1

12
π

)
= 0 ⇒

2p3

3K2
− 1

12
π ≃ 2K3L3/2

3K2
− 1

12
π = π

(
n+

1

2

)
⇒

(
2

3
KL3/2

)2

=

(
n+

7

12
π

)
⇒

un =
3π2

16
L

(
n+

7

12

)2

. (7.45)

Thus, we have derived an analytic equation for the position of resonances,
just as we did for the spherical well, and this expression agrees exactly with
the resonances in figure 7.6.

Hulthén potential

Comparing equation (7.25) and (7.45), we notice that they look very similar.
Only the fraction in front and the ’phase’ is different. It seems likely that we
may fit the peaks of the resonances in the Sommerfeld case by an expression:

un = Lπ2 (n+ b)2 , (7.46)

and this is indeed the case. We find the values L = 0.1592 and b = 1.006.
The value of b is very close to 1, hinting that a similar treatment is doable
in the Yukawa case, yielding a boost factor which depends only on a sine
to lowest order. A model potential called the Hulthén potential admits an
analytic solution for the s-wave case2, and the Sommerfeld boost coming from
this potential was studied in [43] and later in [44].

The potential looks like

VH = − Aδe−δr

1 − e−δr
, (7.47)

where A and δ are parameters. We stress that this is not a general version
of the Yukawa potential, but it is a model potential just like the spherical
well and the spherical slope well. However, unlike these two potentials, the
Hulthén potential reproduces the 1/r-behavior of the Yukawa potential in the
limit r → 0, and it decays exponentially instead of having a fixed range. By a
procedure similar3 to ours, A and δ is found to be A = α and δ = kmφ = π2/6.
In our notation, the l = 0 case of the Sommerfeld boost just before equation
44 in [43], can be written as

SH =

πα
β sinh

(
2π β

kf

)

cosh
(
2π β

kf

)
− cos

(
2π β

kf

√
kαf
β2 − 1

) . (7.48)

Equation (7.48) can be derived easily under the assumption kαf ≤ β2, (which
2We wish to thank the referee for bringing this to our attention.
3 [43] argues using the Lippmann-Schwinger equation, that the first moments of the

potentials should be set equal. In our approach we set the volumes equal instead, i.e. the
second moment. We checked how using the first moment would affect our results, and the
effect was only to change the factor in front of equation (7.25) and (7.45) as well as making
them independent of L.
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Figure 7.7: Sommerfeld boost factor in log10 for the Hulthén potential at a
relative velocity of 150km/s.

is usually not the case), however, a more careful derivation reveals this equa-
tion to be true in any case. We have plotted the Hulthén boost factor in
figure 7.7, and it looks very similar to the Yukawa case in figure 7.1. Inspec-
tion of equation (7.48) reveals the resonance pattern to be

un = k (n+ 1)2

=
π2

6
(n+ 1)2 . (7.49)

However, for large n, the resonance pattern is shifted completely because of
the slight difference between π2/6 and the fit value. For a velocity of 150km/s
we found equation (7.48) to be within 10% of the numerical solution at 82% of
the plotted parameter space and within 30% at 98% of the parameter space.
For a velocity of 10km/s, the Hulthén boost factor is within 10% in only 43%
of the parameter space and within 30% in 74% of the parameter space. By
using k = 0.1592π2 and simultaneously correcting the phase by 0.006 by hand
in equation (7.48), according to the fit parameters, we did somewhat better.
The modified formula reproduced the resonance pattern perfectly, but the
agreement of the boost magnitude at the first peak became worse.
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7.3 Constraining Sommerfeld Enhancement with
the CMB

There has been some work on constraining models incorporating Sommerfeld
Enhancement using the CMB. WIMPs annihilating after recombination may
contribute to reionisation, thereby changing the predicted optical depth which
can be inferred from the CMB anisotropy spectrum. This was studied by [42].
Earlier, during the recombination phase, WIMP annihilations with Sommer-
feld Enhancement also modify the standard scenario. An upper bound on
this effect can again be inferred from the anisotropy spectrum, as was done
in [35–41]. We will focus on WIMP annihilations happening even earlier, in
the redshift range of approximately 1100 < z < 2.1 · 106. Annihilations occur-
ring in this redshift range will not influence the anisotropy spectrum, but they
will distort the Black Body spectrum.

Common to the above mentioned bounds is the fact that they use the ex-
pected cross section for a thermal relic, 〈σv〉TH ≃ 3 · 10−26cm3/s, and multiply
this with the boost factor to obtain the effective annihilation cross section. As
was pointed out in [7], this is not strictly correct, since the freeze out process
is modified by the boost mechanism. So to consistently probe the parameter
space, we must first find the relativistic annihilation cross section σ0, which
gives the correct relic abundance.

Relic density calculation

To catch the full nature of thermal freeze out in models with Sommerfeld
enhancement, we must do a full calculation of the integrated Boltzmann equa-
tion because of the non-trivial velocity dependence. It should be noted, that
we do expect something of the same order of magnitude as 〈σv〉TH, since the
Sommerfeld boost factor is very close to 1 at the time of freeze out. We start
from the integrated Boltzmann equation for Dark Matter,

a−3 d(nχa
3)

dt
= 〈σannv〉

{
n2

χ,eq − n2
χ

}
, (7.50)

where a is the scale factor, nχ is the number density of Dark Matter, nχ,eq

is the Dark Matter equilibrium number density and 〈σannv〉 is the thermally
averaged annihilation cross section. We normalize the number density to the
total entropy density s ∝ a−3 by introducing Y ≡ nχ

s :

dY

dt
= s 〈σannv〉

{
Y 2

eq − Y 2
}

(7.51)

We also want to substitute the time parameter t by the dimensionless evolution
parameter x ≡ mχ

Tγ
. After some manipulations, we find the final form of the

Boltzmann equation:

dY

dx
=

√
π

45

mpmχ

x2
h

1
2∗ 〈σannv〉

{
Y 2

eq − Y 2
}
. (7.52)

The manipulations leading up to equation (7.52) can be found in section 7.5 of
the appendix. In our case, σ = σ0S(v, . . .), where σ0 is the s-wave annihilation
cross section which is independent of velocity, and S is the Sommerfeld boost
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7. Sommerfeld Enhancement Relic density calculation

factor, which depends on velocity and the model parameters. As was noted
by the authors of [29, 30], σ0 is not a completely free parameter but is related

to α and mχ by dimensional analysis, σ0 ∼ α2

m2
χ

. However, the exact factor is

highly model dependent, and for that reason we keep σ0 as a parameter.
Inserting the Sommerfeld cross section in equation (7.52) leads to our final

equation:

dY

dx
=
mpmχ

x2
h

1
2∗ σ0 〈S(v, . . .)v〉

{
Y 2

eq − Y 2
}

(7.53)

≡ λ(x)
{
Y 2

eq − Y 2
}
. (7.54)

The parameter σ0 is then found by imposing the boundary condition that the
WIMP must make up all of Dark Matter. In this article we are considering the
case where the WIMP is not its own antiparticle, so we impose the boundary
condition ΩDM = 2Ωχ,0 assuming that there is no asymmetry between χ and
its antiparticle.

The equilibrium number density Yeq can be calculated exactly under the
assumption that Dark Matter follows a Maxwell-Boltzmann distribution. We
got

Yeq = gi
45

4π4

x2

g∗S
K2(x), (7.55)

where K2 is the modified Bessel function of the second kind. The derivation of
equation (7.55) can be found in section 7.5 of the appendix. The values of g∗S

in equation (7.55) and h
1
2∗ in equation (7.53) depends on the temperature, and

it is found by interpolation in a precomputed table. The number of internal
degrees of freedom, gi, was set to 2. We also need the thermally averaged cross
section. If we approximate the distribution function for the Dark Matter gas
by the non-relativistic Maxwell-Boltzmann distribution

f(β) =

√
2

π
x

3
2β2e− 1

2
xβ2

, (7.56)

the thermal average of S becomes

〈S(β, . . .)v〉 ≃
√

2

π
x

3
2

∫ 1

0
S(β, . . .)β2e− 1

2
xβ2

. (7.57)

This distribution is only normalized to 1 when the upper limit goes to infinity,
but if we are in the non-relativistic limit this is a small correction. (In the cal-
culation we set the upper limit dynamically to 4 times the position of the peak
of the distribution.) Before freeze out the gas is not strictly non-relativistic
and we should instead use the relativistic distribution:

f(γ)dγ =
x

K2(x)
βγ2(β)e−xγ(β) ⇒ (7.58)

f(β)dβ =
x

K2(x)
γ5β2e−γx, (7.59)

where γ is the usual gamma factor and K2 is the modified Bessel-function of
the second kind. The thermal average then becomes

〈Sv〉 =
x

k2(x)

∫ 1

0
S(β, . . .)γ5β2e−x(γ−1), (7.60)
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7. Sommerfeld Enhancement Distorting the Black Body spectrum

where k2(x) = K2(x)ex. When γ becomes close to 1 we must use the series
expansion to calculate 1 − γ for numerical stability. The difference in the
required cross section σ0 from using (7.60) compared to (7.57) was negligible,
however.

The numerical solution of equation (7.54) is not entirely trivial, especially
not since the equation is stiff and we need to solve it repeatedly. In section
7.5 of the appendix, we have described the numerical scheme we use for this
problem, which is the same used in the DarkSUSY software package [11]. We
recommend this scheme to others interested in Freeze-Out calculations.

Distorting the Black Body spectrum

When energy is injected into the CMB photons, two types of processes are
needed to restore a black body spectrum: Number changing processes and
equilibrating processes. Double Compton scattering and bremsstrahlung be-
longs to the first category, while Compton scattering and inverse Compton
scattering belongs to the second. Double Compton scattering freezes out at
zDC ≃ 2.1 · 106 and Compton scattering freezes out at zC ≃ 5.4 · 104. En-
ergy which is deposited in the photon gas after zDC but before zC will be
redistributed to give an entropy maximising Planck spectrum with a chemical
potential µ. Energy input after zC, (but before recombination), can not equi-
librate and will result in a Compton-y distortion [28] of the Planck spectrum.

The relevant quantity for deriving the size of both effects is thus the relative
energy input to the CMB during these two epochs. Following [27], we write

δργ

ργ
=

∫ t2

t1

˙ρann

ργ
dt

=

∫ t2

t1

2Fmχ 〈σannv〉n2
χ

ργ,0(1 + z)4
dt, (7.61)

where ργ is the energy density of the CMB photons and z is the redshift. F
denotes the fraction of energy which is transfered to the CMB photons. This
is independent of redshift when z & 2500, and according to table 1 of [35], this
is between 30% and 90% depending on the annihilation channel. The factor
of 2 in equation (7.61) stems from the fact that we, in consistence with our
freeze out calculation, assume that χ is not its own antiparticle.

We introduce the following relations:

H2(t) =
4π3

45m2
p

g∗T
4
γ,0(1 + z)4 ⇒ (7.62a)

dt

dz
= −

√
45

π

mp

2π
g

− 1
2∗ T−2

γ,0 (1 + z)−3 (7.62b)

nχ = nχ,0(1 + z)3 =
ρχ,0

mχ
(1 + z)3

= Ωχ

3H2
0m

2
p

8πmχ
(1 + z)3 (7.62c)

ργ = ργ,0(1 + z)4 (7.62d)

Tγ = Tγ,0(1 + z) (7.62e)

〈σannv〉 = σ0 〈S(β, . . .)v〉 (7.62f)
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Using equations (7.62) in equation (7.61) yields:

δργ

ργ
=

405

64π5

√
5

π
g

− 1
2∗ F

σ0

mχ
Ω2

χ

[
m5

pH
4
0

T 6
γ,0

]
×

×
∫ z(t1)

z(t2)
Savg(z, . . .)

1

1 + z
dz

=
405

64π5

√
5

π
g

− 1
2∗ f

[
100GeV

mχ

] [
σ0

10−26cm3/s

]
×

× (Ωχh)2C−7

∫ z(t1)

z(t2)
Savg(z, . . .)

1

1 + z
dz. (7.63)

Here C−7 ≃ 2.8696 · 10−7 is a numerical constant. Since the Dark Matter is
very cold at this time, the distribution function is strongly peaked around its
mean value, so to a good approximation, we may write Savg(z) ≃ S(βmean(z)).
We may also assume that the Sommerfeld enhancement has saturated at this
stage, making the approximation S(βmean(z)) ≃ S(βmean(z(t1))), allowing us
to pull S outside the integral which can then be done analytically:

δργ

ργ
≈ 405

64π5

√
5

π
g

− 1
2∗ F

[
100GeV

mχ

] [
σ0

10−26cm3/s

]
×

(Ωχh)2C−7S(βmean(z1)) ln

∣∣∣∣
1 + z(t1)

1 + z(t2)

∣∣∣∣ . (7.64)

In these calculations we have assumed a radiation dominated universe as de-
scribed by the Friedmann equation (7.62a), which breaks down at z ∼ zeq ≃
3300, well before recombination. But as can be seen from the analytical ap-
proximation, the dependence on z(t2) is logarithmic, so the error in doing this
is insignificant. When plotting the µ and |y|-distortions, we have put F = 1
for convenience, but since the dependence is linear in F , it can be reinstated
by multiplying the distortions by F .

Results

For each point in the (α, f)-parameter space, we solved the Boltzmann equa-
tion from x1 = 1 to x2 = mχ/Tγ,0 to find the value of σ0. This depends
weakly on the WIMP mass as well as the kinetic decoupling temperature but
the overall dependence on the Sommerfeld parameters can be seen in figure
7.8. The kinetic decoupling temperature was taken as a parameter, and the
effect on the freeze out process is shown on figure 7.9. We find that this effect
can be as large as 30% in agreement with [7, 8]. We expect σ0 to be nearly in-
dependent of the WIMP mass and this is confirmed by figure 7.10 which shows
maximally one percent difference between a 200GeV WIMP and a 1000GeV
WIMP for a kinetic decoupling value of xKD = 2 · 103 for both. However, in a
real particle physics model we expect xKD to have a slight mass dependence,
so the actual effect of different masses may be somewhat bigger [9].

For each point in the parameter space, we solve the integral in equation
(7.63) on both the interval which is relevant for Compton-|y| distortions as
well as the interval relevant for the CMB photons to develop a chemical po-
tential µ. The results for a 200GeV particle are shown in figure 7.11 and 7.12.
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Figure 7.8: Required annihilation cross section σ0 in units of 10−26cm3/s to
explain the total Dark Matter abundance for a 200GeV WIMP and a kinetic
decoupling temperature of 8MeV.
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0 for a 200GeV WIMP.
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Figure 7.10: The ratio σ0/σ
′
0 of cross sections for a 200GeV WIMP and a

1000GeV WIMP respectively, which decouples kinetically at xKD = 2 · 103.

Considering the current bounds on µ- and y-distortions from FIRAS [6] of
|µ| < 9 · 10−5, |y| < 1.5 · 10−5, only a small portion of the parameter space
can be ruled out. But there is a rather large part of lower right part of the
parameter space which is close at saturating the current bound. The analysis
for the µ-distortion was already carried out in [8], and our results agrees with
theirs.

As is evident from figure 7.11 and 7.12, the two bounds are degenerate in
the way that they both tends to rule out the resonances and the lower right
part of the parameter space. With the current limits, the |y|-bound is always
as strong or stronger than the µ-bound. One would suspect this to be the case,
since the y-distortion happens at a later time than the µ-distortion, giving the
WIMPs more time to cool. This is indeed true, but only for a small subset of
the parameter space, at the resonances in the lower left part. For the rest of
the parameter space, the Sommerfeld enhancement has already saturated at
this point, and no further enhancement is possible.

We can consider what would be the allowed possibilities for the annihilation
cross section in a halo having a fiducial velocity dispersion of 150km/s by
removing all points that exceeds either bound. We have plotted this in figure
7.13 for our 200GeV example WIMP. It is suspected that a new FIRAS-like
satellite, if built, could bring the bound on |y| down to the order ∼ 10−7.
In figure 7.14 we have shown what figure 7.13 would look like with a fiducial
bound of |y| < 10−7. It is also worth comparing this bound with the anisotropy
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Figure 7.11: The magnitude of the Compton-|y| parameter in log10 for a
200GeV WIMP and a kinetic decoupling temperature of 8MeV.

Figure 7.12: The magnitude of the chemical potential µ in log10 for a 200GeV
WIMP and a kinetic decoupling temperature of 8MeV.
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Figure 7.13: Logarithm of the annihilation cross section in units of 10−26cm3/s
in a halo with velocity dispersion of approximately 150km/s. White points are
ruled out by either µ- or |y|-bound.

bound. From [35], we have the bound

〈σannv〉saturated <
360 · 10−26cm3/s

Frc

mχ

1TeV
, (7.65)

where Frc is the average fraction of energy being transfered to the CMB at the
time of recombination. This has different values depending on the annihilation
channel, as can be seen in table 1 of [35]. However, it is roughly of order 30%
for most processes.

As we discussed earlier, plugging in the standard value 〈σannv〉TH for a
thermal relic is not strictly accurate. It is easily fixed however, by using our
calculated values of σ0, as well as the thermally averaged Sommerfeld factor
at recombination. We get

σ0

10−26cm3/s
Savg(zrc, . . .) <

360

Frc

mχ

1TeV
. (7.66)

In figure 7.15 we have again showed the effective boost factor, but this time
with the CMB bound, equation (7.66). It is clear, that this bound is stronger
than even the forecasted y-bound by roughly an order of magnitude.

7.4 Conclusion

We have analysed the Sommerfeld enhancement mechanism in detail and found
coordinates in which the position of resonances depends only on one coordi-
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Figure 7.14: Logarithm of the annihilation cross section in units of 10−26cm3/s
in a halo with velocity dispersion of approximately 150km/s. White points can
be ruled out if the bound gets improved by a factor of 500.

nate, u, and we have derived analytical expressions for the position of reso-
nances for two model potentials. A numeric treatment of the Sommerfeld case
showed that the a similar simple relationship exists for this potential, and we
found the following fit to agree excellently:

un = 0.1592 (n+ 1.006)2 n = 0, 1, . . . (7.67)

This is a nice result, since knowing the position of resonances beforehand is
helpful for doing numerical calculations.

In the second part we did the full freeze out calculation for the Sommerfeld
parameter space by solving the Boltzmann equation all the way through chem-
ical and kinetic freeze out, and we then calculated the effect of annihilations
on the CMB blackbody spectrum. We found that only a small portion of the
parameter space, directly on the resonances, can be ruled out by the current
bound from FIRAS. We also noted that a future measurement of the |y|− or
µ−distortion would rule out a huge portion of the parameter space. But as
we showed, the anisotropy bound is already stronger than this and is likely
to improve with Planck data. However, we think that it is worth mentioning,
that the |y|− and µ−bounds are obtained at a different epoch and by differ-
ent observations than the anisotropy bounds, and thus should be considered
complementary to those.
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Figure 7.15: Logarithm of the annihilation cross section in units of 10−26cm3/s
in a halo with velocity dispersion of approximately 150km/s. White points are
ruled out by the CMB anisotropy bound.

7.5 Appendix

Sommerfeld enhancement for the Coulomb potential

We want to derive equation (7.13), the boost factor for the Coulomb potential.
We start from the radial equation (7.5) with mφ = 0 and do the substitution
x = αmχr:

1

mχ

d2χ

dr2
=

(
−α

r
e−mφr −mχβ

2
)
χ ⇒

d2χ

dx2
= −

[
1

x
+

(
β

α

)2
]
χ ⇒

=

[
1

x
+ ǫ2C

]
χ. (7.68)

We analyze equation (7.68) the usual way by considering the asymptotic limits
of the equation. We got:

d2χ

dx2
≃ − 1

x
χ, x → 0 (7.69a)

d2χ

dx2
≃ −ǫCχ, x → ∞. (7.69b)
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The analytic solution of (7.69b) is just an exponential, while the analytic
solution of (7.69b) is more complicated. In general we have

χ(x) = C1

√
(x)J1(2

√
x) + C2

√
xY1(2

√
x),

where J1 and Y1 are the Bessel functions of the first and second order, respec-
tively. However,

√
xY1(2

√
x) is not well behaved for x → 0, so we are left with

the C1 term. Since we are looking at x ≪ 1, we may use J1(z) ∼ z/2. Our
Ansatz for the solution then becomes:

χ = xeiǫCxv(x), (7.70)

where v(x) interpolates between the asymptotic solutions. Taking the second
derivative of the Ansatz (7.70) yields

d2χ

dx2
= eiǫCx

[
(2iǫC − ǫ2C)v + (2 + 2iǫCx)v′ + xv′′

]
,

which can be inserted into equation (7.68). The prime on v denotes differen-
tiation w.r.t x. The result is

0 = xv′′ + (2 + 2iǫCx)v′ + (2iǫC + 1)v. (7.71)

We can bring this equation on a more recognizable form by making the sub-
stitution z = −2iǫCx. This leads to

0 = z
d2v

dz2
+ (2 − z)

dv

dz
−
(

1 − i

2ǫC

)
v, (7.72)

which is the confluent hyper geometric equation. The solution which is regular
in x = z = 0 is then:

v(z) = CF

(
1 − i

2ǫC
, 2, z

)
. (7.73)

We now need to apply the asymptotic boundary condition (7.8b) to our solu-
tion, so we need the asymptotic formula for F (a, b, z) in the limit x → ∞ or,
equivalently, z → −i∞. To do this, define the following:

g(a, b, z) ≡
∞∑

n=0

(a)n(b)n

n!
z−n

(c)n = c(c+ 1)(c+ 2) · · · (c+ n− 1), (c)0 = 1

F (a, b, z) =
Γ(b)

Γ(b− a)
g(a, 1 + a− b,−z)(−z)−a+

Γ(b)

Γ(a)
g(b− a, 1 − a, z)ezza−b.

Since g(a, b, z) → 1 as |z| → ∞, F (a, b, z) has the asymptotic form

F∞(a, b, z) =
Γ(b)

Γ(b− a)
(−z)−a +

Γ(b)

Γ(a)
ezza−b.
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Now consider the gamma-function Γ(b − a) for our values of a = 1 − i/(2ǫC)
and b = 2:

Γ (b− a) = Γ

(
2 −

(
1 − i

2ǫC

))
= Γ (a∗) = Γ (a)∗ ,

and if we now define η by Γ (a) = |Γ (a)| eiη, we find the following:

Γ (b)

Γ (b− a)
=

Γ (b)

|Γ (a)|e
iη (7.75a)

Γ (b)

Γ (a)
=

Γ (b)

|Γ (a)|e
−iη. (7.75b)

The asymptotic form F∞ can now be written like:

F∞(a, b, z) =
Γ (b)

|Γ (a)|
(
eiη(−z)−a + e−iη+zza−b

)
⇒

F∞
(

1 − i

2ǫC
, 2,−2iǫCx

)
=

e
1
2

ze
iη− π

4ǫC

Γ
(
1 − i

2ǫC

)
ǫCx

×

× sin

(
ǫCx+

1

2ǫC
ln(2ǫCx) + η

)
.

Substituting the asymptotic solution back into the Ansatz (7.70) yields

χ∞(x) = C1
e

iη− π
4ǫC

Γ
(
1 − i

2ǫC

)
ǫC

× sin

(
ǫCx+

1

2ǫC
ln(2ǫCx) + η

)
, (7.76)

where C1 is now set by the boundary condition (7.8b). We find

C1 =
ǫCΓ

(
1 − i

2ǫC

)

e
iη− π

4ǫC

, (7.77)

which we can finally insert into (7.73) and the Ansatz (7.70):

χ(x) = xeiǫCx
ǫCΓ

(
1 − i

2ǫC

)

e
iη− π

4ǫC

× F

(
1 − i

2ǫC
, 2,−2iǫCx

)
.

We are interested in the boost factor (7.9), so we calculate

SǫC
=

∣∣∣∣
Rk0

k

∣∣∣∣
2

=

∣∣∣∣
1

ǫC

dχ

dx
(x = 0)

∣∣∣∣
2

. (7.78)

We take the derivative of our solution (7.78) and evaluate it in x = 0:

dχ

dx
(x = 0) = ǫCΓ

(
1 − i

2ǫC

)
e

−iη+ π
4ǫC ⇒

SǫC
=

∣∣∣∣Γ
(

1 − i

2ǫC

)
e

−iη+ π
4ǫC

∣∣∣∣
2

=

∣∣∣∣Γ
(

1 − i

2ǫC

)∣∣∣∣
2

e
π

2ǫC

=
− π

2ǫC

sinh
(
− π

2ǫC

)e
π

2ǫC

=
π/ǫC

1 − e−π/ǫC
, (7.79)

which is the result obtained by Sommerfeld and quoted in [5].
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How to solve the integrated Boltzmann equation

We want to derive the evolution equation (7.52) for the number density of
Dark Matter. Starting from the integrated Boltzmann equation, we get:

a−3 d(nχa
3)

dt
= 〈σannv〉

{
n2

χ,eq − n2
χ

}
, (7.80)

where a is the scale factor, nχ is the number density of Dark Matter, nχ,eq

is the Dark Matter equilibrium number density and 〈σannv〉 is the thermally
averaged annihilation cross section. We normalize the number density to the
total entropy density s ∝ a−3 by introducing Y ≡ nχ

s :

dY

dt
= s 〈σannv〉

{
Y 2

eq − Y 2
}
. (7.81)

We want to substitute the time parameter t by the dimensionless evolution
parameter x ≡ mχ

Tγ
. We need a few formulas to proceed. Using s ∝ a−3, we

find:
dsa3

dt
= 0 ⇒ ṡ = −3sH. (7.82)

The entropy density s is given by

s(T ) = kg∗S(T )T 3, (7.83)

where k = 2π2

45 is a constant and g∗S is the relativistic degrees of freedom for
the entropy density. Taking the time derivative yields:

ṡ =
ds

dT
Ṫ = Ṫ

[
k

dg∗S

dT
T 3 + 3kg∗ST

3 1

T

]

= 3s
Ṫ

T

[
dg∗S

dT

1

3g∗S
+ 1

]
≡ 3s

Ṫ

T

g
1
2∗ h

1
2∗

g∗S
, (7.84)

where the last line defines the parameter h
1
2∗ . Equating equation (7.82) and

(7.84), yields

Ṫ

T
= −H g∗S

g
1
2∗ h

1
2∗

= −
√

4π345T 2g∗S(T )
1

mph
1
2∗

, (7.85)

where the Friedmann equation in the radiation dominated universe has been
used in the last equation. Using the chain rule on the left hand side of (7.51)
with this equation gives

dY

dt
=

dY

dx

dx

dT

dT

dt
=

dY

dx
x

(
Ṫ

T

)

=
dY

dx
x

√
4π3

45

(
mχ

x

)2

g∗S(T )
1

mph
1
2∗

. (7.86)

This gives our final form of the evolution equation:

dY

dx
=

√
π

45

mpmχ

x2
h

1
2∗ 〈σannv〉

{
Y 2

eq − Y 2
}
. (7.87)
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Calculating the average number density

The number density of Dark Matter in equilibrium, neq, can be found by in-
tegrating the distribution function f(x,p) over momentum space. We assume
a Maxwell-Boltzmann distribution with zero chemical potential:

f(x,p) = ge
−E(p)

T . (7.88)

Using E(p) =
√
p2 +m2, and introducing x = mχ/T and α = p/T we get:

neq = g

∫
d3p

(2π)3
e− E

T

=
4πgT 3

(2π)3

∫ ∞

1
dαα2e−

√
α2+x2

=
4πgT 3

(2π)3
x3
∫ ∞

1
dtt
√
t2 − 1e−xt

=
4πgT 3

(2π)3
x2K2(x) =

gm3
χ

2π2x
K2(x) ⇒

Yeq = g
45

4π4

x2

g∗S
K2(x), (7.89)

where K2 is the modified Bessel function of the second kind.

Solving the differential equation

Equation (7.54) is an example of a stiff differential equation, meaning that it
involves vastly different scales. In this case it is roughly the timescale at which
annihilations take place versus the timescale at which expansion happens.
Explicit solvers like Runge-Kutta either fails or need a very low step size to
maintain stability. We implement the implicit scheme, which is also used in
the software package DarkSUSY [10, 11]. The derivative y′ of a function can
be approximated as follows:

y′
i ≃ yi+1 − yi

h
Forward difference (7.90a)

y′
i+1 ≃ yi+1 − yi

h
Backward difference. (7.90b)

Equation (7.90b) inserted in the general ODE y′ = f(x, y) gives rise to the
implicit backward euler scheme:

yi+1 = yi + hfi+1(x, y) + O (h) . (7.91)

Adding equations (7.90) yields the implicit trapezoidal rule

yi+1 = yi +
h

2
(fi+1 + fi) + O

(
h2
)
. (7.92)

These two schemes are the s = 0 and s = 1 Adams-Moulton methods respec-
tively. We can use the difference between the two methods as an error-estimate
for controlling the step size. An implicit scheme like this usually results in a
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system of non-linear algebraic equations which must then be solved numeri-
cally in each step. Fortunately, for the Boltzmann-equation, and using method
(7.91) or (7.92), this is just a second order equation which can be solved ana-
lytically. We introduce the variables suggested in [11]:

Yeq ≡ q (7.93a)

u ≡ hλi+1 (7.93b)

ρ ≡ λi

λi+1
(7.93c)

c ≡ 2Yi + u
[
(q2

i+1 + ρq2
i ) − ρY 2

i

]
(7.93d)

c′ ≡ 4(Yi + uq2
i+1). (7.93e)

The Euler method (7.91) for the Boltzmann equation (7.54) is

4Yi+1 = 4yi + 4hλi+1(q2
i+1 − Y 2

i+1)

= c′ − 4uy2
i+1 ⇒

Yi+1 = −1 ∓
√

1 + uc′

2u
⇒

Yi+1 =
1

2

c′

1 +
√

1 + uc′ , (7.94)

where we have chosen the solution which gives a positive Yi+1. It works the
same way for the trapezoidal rule (7.92):

2Yi+1 = 2Yi + h
[
λi(q

2
i − Y 2

i ) + λi+1(q2
i+1 − Y 2

i+1)
]

= 2Yi + u
[
ρq2

i + q2
i+1 − ρY 2

i

]
− uY 2

i+1

= c− uY 2
i+1 ⇒

Yi+1 =
−1 ±

√
1 + ucu

u
⇒

Yi+1 =
c

1 +
√

1 + uc
. (7.95)

If we let Y ′
i+1 denote the Euler estimate of the next step, we estimate the

relative error err as

err =

∣∣∣∣∣
Y ′

i+1 − Yi+1

Yi+1

∣∣∣∣∣ , (7.96)

and since the trapezoidal rule is second order in h, we modify the step size
according to

hnext = min

(
hS

√
eps

err
, 5h

)
, (7.97)

where S is a safety factor set at 0.9 and eps is the wanted accuracy. We have
also demanded that h can only grow with a factor of 5 in each step.
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Chapter 8

CLASS III: Non-cold Relics

Julien Lesgourgues and Thomas Tram

Abstract We present a new flexible, fast and accurate way to implement
massive neutrinos, warm dark matter and any other non-cold dark matter
relics in Boltzmann codes. For whatever analytical or numerical form of the
phase-space distribution function, the optimal sampling in momentum space
compatible with a given level of accuracy is automatically found by compar-
ing quadrature methods. The perturbation integration is made even faster
by switching to an approximate viscous fluid description inside the Hubble
radius, which differs from previous approximations discussed in the literature.
When adding one massive neutrino to the minimal cosmological model, CLASS

becomes just 1.5 times slower, instead of about 5 times in other codes (for
fixed accuracy requirements). We illustrate the flexibility of our approach by
considering a few examples of standard or non-standard neutrinos, as well as
warm dark matter models.

8.1 Introduction

The inclusion of massive, non-cold relics in a Boltzmann code is complicated
by the fact that it is necessary to evolve the perturbation of the distribution
function on a momentum grid. A grid size of N points together with L terms
in the expansion of the perturbation leads to N ·L added equations to the sys-
tem. In public Boltzmann codes like CMBFAST [59], CAMB [58] and CMBEASY [57],
distributions are sampled evenly with fixed step size and maximum momen-
tum, adapted to the case of a Fermi-Dirac shaped distribution function f(p).
Moreover, the analytic expression for f(p) is hard-coded in many places in
those codes, and implicitly assumed e.g. in the mass to density relation, so
that exploring other models like neutrinos with chemical potentials and flavour
oscillations, neutrinos with non-thermal corrections, extra sterile neutrinos or
any kind of warm dark matter candidate requires non-trivial changes to these
codes.

We present here the way in which generic Non-Cold Dark Matter (NCDM)
relics are implemented in the new Boltzmann code CLASS1 (Cosmic Linear

1available at http://class-code.net. This paper is based on version v1.1 of the code.
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Anisotropy Solving System), already presented in a series of companion pa-
pers [54–56]. In order to ensure a complete flexibility, CLASS assumes an arbi-
trary number of NCDM species, each with an arbitrary distribution function
fi(p). For each species, this function can be passed by the user under some
(arbitrarily complicated) analytic form in a unique place in the code, or in a
file in the case of non-trivial scenarios that requires a numerical simulation of
the freeze-out process. All other steps (finding a mass-density relation, op-
timising the momentum sampling and computing the derivative of fi(p)) are
done automatically in order to ensure maximum flexibility.

In Sec. 8.2, we present an automatic quadrature method comparison scheme
which allows CLASS to find an optimal momentum sampling, given fi(p) and
some accuracy requirement, and in Sec. 8.3, we devise a new approximation
scheme allowing us to drastically reduce the computational time for wave-
lengths inside the Hubble radius. Finally, in Sec. 8.4 and 8.5, we illustrate
these methods with several examples based on standard and non-standard
massive neutrinos, and different types of warm dark matter candidates.

8.2 Optimal momentum sampling

The formalism describing the evolution of any NCDM species is given by the
massive neutrino equations of Ma & Bertschinger [61]. We will follow the
notations from this paper closely, with the exceptions

q ≡ qMB

Tncdm,0
, ǫ ≡ ǫMB

Tncdm,0
=

(
q2 + a2 m2

T 2
ncdm,0

) 1
2

, (8.1)

where Tncdm,0 is the temperature of the non-cold relic today, in the case of a
thermal relic. If the relic is non-thermal, Tncdm,0 is just a scale of the typical
physical momentum of the particles today. Note that the perturbation equa-
tions Eq. (8.4) are still the same as in [61], since they depend only on the ratio
q/ǫ which is not affected by this rescaling.

Perturbations on a grid

We are not interested in the individual momentum components of the pertur-
bation, Ψl, but only in the perturbed energy density, pressure, energy flux and
shear stress of each NCDM species, which are integrals over Ψl [61]:

δρncdm = 4π

(
Tncdm,0

a

)4 ∫ ∞

0
f0(q)dqq2ǫΨ0, (8.2a)

δpncdm =
4π

3

(
Tncdm,0

a

)4 ∫ ∞

0
f0(q)dq

q4

ǫ
Ψ0, (8.2b)

(ρ̄ncdm + p̄ncdm) θncdm = 4πk

(
Tncdm,0

a

)4 ∫ ∞

0
f0(q)dqq3Ψ1, (8.2c)

(ρ̄ncdm + p̄ncdm)σncdm =
8π

3

(
Tncdm,0

a

)4 ∫ ∞

0
f0(q)dq

q4

ǫ
Ψ2. (8.2d)

In the rest of the article, we will omit all ncdm subscripts, and dots will denote
derivatives with respect to conformal time, τ .
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Note that Ψ0 and Ψ1 are gauge-dependent quantities, while higher mo-
menta are not. The gauge transformation can be derived from the correspond-
ing gauge transformation of the integrated quantities. The relation between
Ψ1 in the conformal Newtonian gauge and in the synchronous one reads:

Ψ1,Con. = Ψ1,Syn. + αk

[
ǫ

q
+

1

3

q

ǫ

]
, (8.3)

with α ≡ (ḣ + 6η̇)/(2k2), where h and η are the usual scalar metric pertur-
bations in the synchronous gauge. In the rest of this paper, we will work
exclusively in the synchronous gauge. The evolution of the Ψl’s are governed
by the Boltzmann equation as described in [61], and leads to the following
system of equations:

Ψ̇0 = −qk

ǫ
Ψ1 +

ḣ

6

d ln f0

d ln q
, (8.4a)

Ψ̇1 =
qk

3ǫ
(Ψ0 − 2Ψ2) , (8.4b)

Ψ̇2 =
qk

5ǫ
(2Ψ1 − 3Ψ3) −

(
ḣ

15
+

2η̇

5

)
d ln f0

d ln q
, (8.4c)

Ψ̇l≥3 =
qk

(2l + 1) ǫ
(lΨl−1 − (l + 1) Ψl+1) . (8.4d)

We can write the homogeneous part of this set of equations as

Ψ̇ =
qk

ǫ
AΨ ≡ α (τ)AΨ, (8.5)

where A is given by

A =




−1
1
3 −2

3
. . .

. . .
l

2l+1 − l+1
2l+1

. . .
. . .

. . .




(8.6)

The solution can be written in terms of the matrix exponential,

Ψ (τ) = e

∫ τ

τi
dτ ′α(τ ′)A

Ψ (τi) (8.7)

= Ue

∫ τ

τi
dτ ′α(τ ′)D

U−1Ψ (τi) , (8.8)

where A has been diagonalised such that A = UDU−1 and D is a diagonal
matrix of eigenvalues of A. The largest eigenvalue of A (using the complex
norm) goes toward ±i for lmax → ∞, so the largest frequency oscillation in
the system is

ωmax ≃ k

∫ τ

τi

dτ ′
(

1 +
M2

q2
a
(
τ ′)2

)− 1
2

. (8.9)
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8. CLASS III: Non-cold Relics Quadrature strategy

Quadrature strategy

There is no coupling between the momentum bins, so our only concern is
to perform the indefinite integrals numerically with sufficient accuracy while
using the fewest possible points. We are interested in the integrals in Eq. (8.2),
which are all on the form

I =

∫ ∞

0
dqf0 (q) g (q) , (8.10)

where f0(q) is the phase space distribution and g(q) is some function of q. We
will assume that g(q) is reasonably well described by a polynomial in q, which
we checked explicitly for the functions in Eq. (8.2). Under this assumption,
we can determine the accuracy of any quadrature rule on I by performing the
integral

J =

∫ ∞

0
dqf0 (q) t (q) , (8.11)

where t(q) is a test function. Given a set of different quadrature rules for
performing the integral I, the idea is to choose the rule which can compute J
to the required accuracy tol_ncdm using the fewest possible points.

We define a quadrature rule on I to be a set of weights Wi and a set of
nodes qi, such that

I ≃
n∑

i=1

Wig (qi) . (8.12)

Note that the distribution function itself has been absorbed into the weights.
The optimal quadrature rule will depend on both the distribution f0(q) and the
accuracy requirement tol_ncdm, but the specific method used for obtaining
the rule is decoupled from the rest of the code; the output is just two lists
of n points, {qi} and {Wi}. CLASS tries up to three different methods for
obtaining the most optimal quadrature rule, each with its own strength and
weaknesses. These are Gauss-Laguerre quadrature, adaptive Gauss-Kronrod
quadrature and a combined scheme. We will now discuss each of them.

Gauss-Laguerre quadrature

Most of the time, the distribution function will be close to a Fermi-Dirac
distribution, and the integrand is exponentially decaying with q. The Gauss-
Laguerre quadrature formula is well suited for exponentially decaying inte-
grands on the interval (0; ∞), so this is an obvious choice. The rule is

∫ ∞

0
dqe−qh (q) ≃

n∑

i=1

wih (qi) , (8.13)

where the nodes qi are the roots of Ln, the Laguerre polynomial of degree n
and the weights can be calculated from the formula

wi =
qi

(n+ 1)2 [Ln+1 (qi)]
2 . (8.14)
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8. CLASS III: Non-cold Relics Adaptive sampling

If we put h(q) = eqf0(q)g(q) we obtain the rule

Wi = wie
qif0 (qi) . (8.15)

This rule will be very effective when the ratio f0/e
−q is well described by a

polynomial, but it will converge very slowly if this is not the case.

Adaptive sampling

When an integrand has structure on scales smaller than the integration in-
terval, an adaptive integration scheme is often the best choice, since it will
subdivide the interval until it resolves the structure and reach the required
accuracy. We will use the 15 point Gauss-Kronrod quadrature formula as a
basis for our adaptive integrator; 7 of the 15 points can be used to obtain a
Gauss quadrature estimate of the integral, and the error estimate on the 15
point formula is then errest. = 200|G7 −K15|1.5.

The Gauss-Kronrod formula is defined on the open interval (−1, 1), but it
can be rescaled to work on an arbitrary open interval (a, b). We transform the
indefinite integral into a definite integral by the substitution x = (q + 1)−1:

∫ ∞

0
dqf (q) = −

∫ 1

0
dx

dq

dx
f (q (x)) =

∫ 1

0
dxx−2f (q (x)) . (8.16)

This integral can then be solved by the adaptive integrator. If the tolerance
requirement is not met using the first 15 points, the interval is divided in two
and the quadrature method is called recursively on each subinterval.

This method is very efficient when the integrand is smooth. For practical
purposes, this will be the case unless the phase-space distribution is read
from a file with sparse sampling: in this case, the code must interpolate or
extrapolate the file values in order to cover the whole momentum range, and
the next method may be more efficient.

Integration over tabulated distributions

If some distribution function is not known analytically, but only on a finitely
sampled grid on (qmin, qmax), we have to interpolate the distribution function
within the interval, and we have to extrapolate the behaviour outside the
interval. Inside the interval we use a spline interpolation, while we assume
f(q < qmin) ≡ f(qmin) close to zero. For the tail, we assume the form f(q) =
αe−βq. Requiring the function and its first derivative to be continuous at the
point q = qmax leads to the following equations for α and β:

α = f(qmax)eβqmax , (8.17)

β = −f(qmax)−1 df

dq

∣∣∣∣
q=qmax

. (8.18)

In the combined scheme we use the 4 point Gauss-Legendre method on the
interval (0, qmin), adaptive Gauss-Kronrod quadrature on (qmin, qmax) and the
6 point Gauss-Laguerre rule on the tail (qmax,∞)2. This scheme works well
when the integrand is interpolated from tabulated points.

2This version of the rule is obtained by a simple substitution.
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8. CLASS III: Non-cold Relics Implementation in CLASS

Implementation in CLASS

When CLASS initialises the background structure, it will find optimal momen-
tum samplings for each of the species. More specifically, we start by computing
the integral of the distribution function multiplied by the test function at high
accuracy, which gives a reference value which can be used for comparison. It
also creates a binary tree of refinements, from which we can extract integrals
at various levels, where level 1 is the best estimate. We choose the highest
possible level which results in an error which is less than the input tolerance,
and we extract the nodes and weights from that level.

The code will now search for the lowest number of nodes required for com-
puting the integral with the desired accuracy using Gauss-Laguerre quadra-
ture. The most efficient method, the method using the lowest number of
points, is then chosen. For a distribution not departing too much from a
Fermi-Dirac one, this will usually be Gauss-Laguerre quadrature.

The scheme suggested here has the benefit, that there is just one tol-
erance parameter directly related to how well the integral is approximated,
independently of the distribution function. However, for this to be exactly
true, we require the test function to be a sufficiently realistic representation
of qnΨl for n = 2, 3, 4 and l = 0, 1, 2 for the perturbations. We have checked
this using different test functions, but in the end we found the polynomial
f(q) = a2q

2 + a3q
3 + a4q

4 to be adequate. The coefficients were chosen such
that

an

∫ ∞

0
dq

qn

eq + 1
= 1. (8.19)

When the phase-space distribution function is passed in the form of a file
with tabulated (qj , fj) values, the code compares the three previous methods
(still with a common tolerance parameter) and keeps the best one, which is
usually the third one in the case of a poor sampling of the function, or one of
the other two in the opposite case.

Note that higher accuracy is needed for integrating background quantities
(density, pressure, etc.) than perturbed quantities (the Ψl’s). On the other
hand, the code spends a negligible time in the computation of the former,
while reducing the number of sampling points for perturbations is crucial for
reducing the total computing time. Hence, CLASS calls the quadrature opti-
misation algorithm twice for each NCDM species, with two different accuracy
parameters. The background tolerance is set to a smaller value leading to a
finer sampling.

We conclude this section by noticing that this whole process sounds very
sophisticated, but requires a negligible computing time in CLASS. What really
matters is to reduce the number of discrete momenta in the perturbation
equations, and this is indeed accomplished thanks to the previous steps (as we
shall see in Sec. 8.5).
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8. CLASS III: Non-cold Relics Sub-Hubble Approximation

8.3 Sub-Hubble Approximation

Fluid approximation

Various kinds of approximations for massive neutrino perturbations have been
discussed in the past [47, 60, 62]. The approximation discussed here is different
and consists in an extension of the Ultra-relativistic Fluid Approximation pre-
sented in [55], applying only to the regime in which a given mode has entered
the Hubble radius. The idea is that after Hubble crossing, there is an effective
decoupling between high multipoles (for which power transfers from smaller
l’s to higher l’s, according to the free-streaming limit) and low multipoles (just
sourced by metric perturbation). Hence, when kτ exceeds some threshold, we
can reduce the maximum number of multipoles from some high lmax down to
lmax = 2. We showed in [55] that this Ultra-relativistic Fluid Approximation
(UFA) allows simultaneously to save computing time (by reducing the num-
ber of equations) and to increase precision (by avoiding artificial reflection of
power at some large cut-off value lmax).

In the case of massive neutrinos, we expect the same arguments to hold in
the relativistic regime, while in the non-relativistic limit all multipoles with
l > 1 decay and the species behave more and more like a pressureless fluid.
Hence, some kind of fluid approximation is expected to give good results in
all cases.

We write the continuity equation and the Euler equation in the usual way.
In the synchronous gauge we have

δ̇ = − (1 + w)

(
θ +

ḣ

2

)
− 3

ȧ

a

(
c2

Syn. − w
)
δ, (8.20a)

θ̇ = − ȧ

a

(
1 − 3c2

g

)
θ +

c2
Syn.

1 + w
k2δ − k2σ. (8.20b)

Here, c2
g is the adiabatic sound speed, and c2

Syn. ≡ δp
δρ is the effective sound

speed squared in the synchronous gauge. The latter can be related to the
physical sound speed defined in the gauge comoving with the fluid, that we
denote ceff. The above equations can then be written as:

δ̇ = − (1 + w)

(
θ +

ḣ

2

)
− 3

ȧ

a

(
c2

eff − w
)
δ + 9

(
ȧ

a

)2

(1 + w)
(
c2

eff − c2
g

) θ

k2
,

(8.21a)

θ̇ = − ȧ

a

(
1 − 3c2

eff

)
θ +

c2
eff

1 + w
k2δ − k2σ. (8.21b)

Later on, we will close the system by an evolution equation for the shear σ,
but first we will discuss how to calculate the adiabatic sound speed and how
to approximate the effective sound speed c2

eff.

Sound speeds

The adiabatic sound speed can be expressed as

c2
g =

ṗ

ρ̇
= w

ṗ

p

(
ρ̇

ρ

)−1

= −wṗ
p

(
ȧ

a

)−1 1

3 (1 + w)
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8. CLASS III: Non-cold Relics Evolution equation for the shear

=
w

3 (1 + w)

(
5 − p

p

)
, (8.22)

where the quantity p (called the pseudo-pressure inside CLASS) is a higher
moment pressure defined by

p ≡ 4π

3
a−4

∫ ∞

0
f0(q)dq

q6

ǫ3
. (8.23)

With this formulation, we can compute the adiabatic sound speed in a sta-
ble and accurate way, without needing to evaluate the time-derivative of the
background pressure ṗ. When the ncdm species is no longer relativistic, its
pressure perturbation δp defined in Eq. (8.2b) is an independent quantity.
Since we do not have an evolution equation for δp, we approximate c2

eff by
c2

g. This approximation is sometimes as much as a factor 2 wrong as shown
on Fig. 8.1.
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Figure 8.1: Effective sound speed squared c2
eff for a mass of m = 2.0 eV. Left

panel: The effective sound speed plotted together with the adiabatic sound
speed squared c2

g and the equation of state parameter w. In the relativistic
and the non-relativistic limit we have c2

eff = c2
g as expected, but the behaviour

of c2
eff in between the two limits are non-trivial. Right panel: The ratios c2

eff/c
2
g

and c2
eff/w. One can see that c2

g is a better approximation to c2
eff than w, but

neither catches the full evolution.

Evolution equation for the shear

Given an ansatz for Ψ3, we can derive a formally correct evolution equation
for the shear. We follow Ma and Bertschinger, and close the system using
their suggested recurrence relation for massive neutrinos3. The truncation
law presented in Ma and Bertschinger is valid for lmax > 3: in this case, all
quantities are gauge-invariant. When writing the same ansatz for lmax = 3,
we have to face the issue of the gauge dependence of Ψ1. Asssuming that
the truncation law holds for gauge-invariant quantities, one obtains in the
synchronous gauge:

Ψ3 ≈ 5ǫ

qkτ
Ψ2 −

(
Ψ1 + αk

[
ǫ

q
+

1

3

q

ǫ

])
. (8.24)

3The recurrence relation in the massless limit is better motivated theoretically, since Ψl ∝

jl (kτ) when metric perturbations vanish or satisfy a simple constraint (namely, φ̇+ ψ̇ = 0 in
the Newtonian gauge). In the massive case, the formal solution involves more complicated
oscillating functions with arguments going from ∼ kτ in the massless limit to ∼ (kτ)−1 in
the massive limit, as can be checked from eq. (8.9).
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Throughout this subsection and the next one, one can recover Newtonian
gauge equations by simply taking α = 0. We now differentiate equation (8.2d):

σ̇ +
ȧ

a

(
1 − 3c2

g

)
σ =

1

ρ+ p

8π

3
a−4

∫ ∞

0
f0(q)dqq4 ∂

∂τ

(
Ψ2

ǫ

)
. (8.25)

We can compute the right-hand side using Eq. (8.4c) and replace Ψ3 with its
approximate expression from (8.24). After carrying out integrals over momen-
tum, one gets:

σ̇ = −3

(
τ−1 +

ȧ

a

[
2

3
− c2

g − 1

3

Σ

σ

])
σ +

2

3

[
Θ + αk2 w

1 + w

(
3 +

p

p

)]
, (8.26)

where we have borrowed the notation

(ρ+ p) Θ = 4πka−4
∫ ∞

0
f0(q)dqq3 q

2

ǫ2
Ψ1, (8.27)

(ρ+ p) Σ =
8π

3
a−4

∫ ∞

0
f0(q)dq

q4

ǫ

q2

ǫ2
Ψ2, (8.28)

from [62]. From the definition it is clear that Θ → θ and Σ → σ in the
relativistic limit, and that Θ and Σ become suppressed in the non-relativistic
regime compared to θ and σ. Our differential equation for σ differs from its
Newtonian gauge counterpart in [62], because we have used the recurrence
relation to truncate the hierarchy, while Shoji and Komatsu have used Ψ3 =
0. The evolution equation for the shear can be further simplified by using
Eq. (8.22), leading to:

σ̇ = −3

(
τ−1 +

ȧ

a

[
2

3
− c2

g − 1

3

Σ

σ

])
σ+

2

3

[
Θ + αk2

(
8

w

1 + w
− 3c2

g

)]
. (8.29)

Estimating higher order momenta

One way to close the system governing the fluid approximation is to replace Θ
and Σ by the usual quantities θ and σ multiplied by functions depending only
on background quantities (in the same way that we already approximated δp
by c2

gδρ). More explicitly, our aim is to write an approximation of the type
Σ = 3wσσ, where wσ could be any function of time going from one third in
the relativistic limit to zero in the non-relativistic one. Since θ and Θ are
not gauge-independent, we should search for a similar approximation holding
on their gauge-independent counterpart. In the synchronous gauge, such an
approximation would read

[
Θ + αk2

(
8

w

1 + w
− 3c2

g

)]
= 3wθ

[
θ + αk2

]
. (8.30)

However, we will stick to the notations of [60], who introduced a viscosity
speed related to our wθ through

c2
vis =

3

4
wθ(1 + w) . (8.31)

With such assumptions, the approximate equation for the shear would read

σ̇ = −3

(
1

τ
+
ȧ

a

[
2

3
− c2

g − wσ

])
σ +

4

3

c2
vis

1 + w

[
2θ + 2αk2

]
. (8.32)
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Since the suppression factor q2/ǫ2 which appears in Eq. (8.27, 8.28) compared
to Eq. (8.2c, 8.2d) is also found in the pressure integral compared to the
energy density integral, we may guess that the relative behaviour is similar,
i.e. related by w. This leads to a guess wσ = w and wθ = w which implies
c2

vis = 3
4w (1 + w). However, the same logic would imply c2

eff = w, which we
have shown in Fig. 8.1 is not exactly true.

Let us investigate a bit how to approximate higher momenta quantities
like Θ and Σ. If we want to approximate Θ for instance, we may assume some
functional form of Ψ1(q) described by a single (time dependent) parameter.
We can make the ansatz Ψ1(q/ǫ) ≈ a1n(t)

( q
ǫ

)n
, and then use θ to determine

the parameter a1n(t). We then find

Θ ≈ θ

∫∞
0 f0(q)dqq3 q2

ǫ2

( q
ǫ

)n
∫∞

0 f0(q)dqq3
( q

ǫ

)n . (8.33)

The guess c2
vis = 3

4w (1 + w) can be seen to be a special case of this approach
having n = −1. The problem is that the value of n best approximating
the behavior of Ψ1 and other momenta is not the same in the relativistic
and non-relativistic limit. In fact our testing shows that this guess sources σ
too much during the relativistic to non-relativistic transition compared to the
exact solution. Instead we got much better results by using c2

vis = 3wc2
g, which

avoids this excessive sourcing during the transition, while still reducing to 1/3
in the relativistic limit.

For the ratio Σ/σ, the assumption of a q-independent Ψ2 (i.e. n = 0)
yields wσ = p/(3p), which provides satisfactory results and is adopted in the
schemes described below.

We speculate that by pushing these kinds of considerations further, one
could find better approximations for c2

eff, c2
vis and wσ. It is also possible that

another independent equation could be found, and that it would allow a better
determination of ceff.

Implementation in CLASS

For comparison, we have implemented 3 different Non-Cold Dark Matter Fluid
Approximations (NCDMFA) in CLASS which differ only in their respective
equation for the shear. In correspondence with the Ultra-relativistic Fluid
Approximation discussed in [55], we have named the approximations MB, Hu

and CLASS: in the relativistic limit, they reduce to their relativistic counterpart
in [55]. In all three approximations we are using Eq. (8.21a) and (8.21b) as
the first two equations with ceff = cg. The respective equations for the shear
read

σ̇MB = −3

(
1

τ
+
ȧ

a

[
2

3
− c2

g − 1

3

p

p

])
σ +

4

3

c2
vis

1 + w

[
2θ + ḣ+ 6η̇

]
, c2

vis = 3wc2
g,

(8.34a)

σ̇Hu = −3
ȧ

a

c2
g

w
σ +

4

3

c2
vis

1 + w

[
2θ + ḣ+ 6η̇

]
, c2

vis = w,

(8.34b)
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σ̇CLASS = −3

(
1

τ
+
ȧ

a

[
2

3
− c2

g − 1

3

p

p

])
σ +

4

3

c2
vis

1 + w

[
2θ + ḣ

]
, c2

vis = 3wc2
g.

(8.34c)

The second shear equation, named Hu, corresponds exactly to the prescription
of Ref. [60] for approximating massive neutrinos. The first shear equation,
MB, comes directly from (8.32) with the values of wσ and cvis motivated in the
previous subsection. Finally, in [55], we found that removing the η̇ term leads
to slightly better results for the matter power spectrum, and can be justified
using an analytic approximation to the exact equations. By analogy, we also
define in the massive neutrino case a CLASS approximation identical to the MB

one except for the omission of this term.

In Fig. 8.2 we have tested these three fluid approximations in a model
with no massless neutrinos and 3 degenerate massive neutrinos. The three
approximations work very well as long as the neutrinos are light and become
non-relativistic after photon decoupling. Like in the massless case, the CLASS

approximation is slightly better for predicting the matter power spectrum
on small scales, and we set it to be the default method in the code. When
the mass increases, the fluid approximation alters the CMB spectra on small
angular scales (l ≥ 2500), but the error remains tiny (only 0.02% for l = 2750
for three species with m = 1eV). The effect on the matter power spectrum
is stronger: with three 1 eV neutrinos, the P (k) is wrong by 1 to 3% for k ∈
[0.05; 1]hMpc−1. Hence, we recommend to use the fluid approximation for any
value of the mass when computing CMB anisotropies, and only below a total
mass of one or two eV’s when computing the matter power spectrum. However,
cosmological bounds on neutrino masses strongly disfavour larger values of the
total mass. This means that in most projects, CLASS users can safely use the
fluid approximation for fitting both CMB and large scale structure data.

8.4 Standard massive neutrinos

We first illustrate our approach with the simple case of standard massive
neutrinos with a Fermi-Dirac distribution. In this case, for each neutrino,
the user should provide two numbers in the input file: the mass m, and the
relative temperature T_ncdm ≡ Tν/Tγ (the ratio of neutrino to the photon
temperature). The CLASS input file explanatory.ini recommends to use
the value T_ncdm=0.71599, which is “fudged” in order to provide a mass-
to-density ratio m/ων = 93.14 eV in the non-relativistic limit. This number
gives a very good approximation to the actual relic density of active neutrinos,
resulting from an accurate study of neutrino decoupling [53]. However, when
comparing the CLASS results with those from CAMB, we take T_ncdm=0.7133 in
order to recover the mass-to-density ratio assumed in that code. Finally, if no
temperature is entered, the code will default to the instantaneous decoupling
value of (4/11)1/3.

Agreement with CAMB

In Fig. 8.3, we compare the CMB and matter power spectrum from CAMB and
CLASS (without the NCDM fluid approximation) for two massless and one
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Figure 8.2: On the left, we have shown the percentage difference in the CT
l

for three degenerate neutrino species with mass m = 0.001eV, m = 0.01eV,
m = 0.1eV and m = 1eV respectively, in runs with/without the fluid approxi-
mation. The fluid approximation works very well as long as the neutrinos are
relativistic, so this is what we expect. On the right we have shown the matter
power spectrum for the same masses. Here the agreement is not so good as
the mass becomes higher.

massive neutrino with Ων = 0.02 (corresponding to a mass m ≃ 0.923eV).
We used high accuracy settings for CAMB, described in [56] under the name
[CAMB:07]. For CLASS, we used the input file cl_ref.pre, which corresponds
to the setting [CLASS:01] in [56] for parameters not related to NCDM; for
the latter, cl_ref.pre contains the settings described in the first column of
Table 8.1. For such settings and in absence of massive neutrinos, the two
temperature spectra would agree at the 0.01% level in the range l ∈ [20; 3000];
at the 0.02% level for polarization in the same range; and at the 0.01% level
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Figure 8.3: Relative difference between CAMB and CLASS spectra in a model
with Ων = 0.02, two massless neutrinos, and reference accuracy settings. The
two codes agree rather well.

for the matter power spectrum for k < 1hMpc−1. With a neutrino mass close
to 1 eV, we see in Fig. 8.3 that the discrepancy is approximately six times
larger than in the massless case. However, it remains very small: even with
massive neutrinos the two codes agree to better than 0.1% for the CMB and
matter power spectra. This is by far sufficient for practical applications.

In a perfect implementation of massless and massive neutrinos in Boltz-
mann codes, we expect that in the relativistic limit m ≪ T 0

ν (where T 0
ν is the

neutrino temperature today) the spectra would tend towards those obtained
with three massless species (provided that we are careful enough to keep the
same number of relativistic degrees of freedom Neff). We performed this ex-
ercise for both codes, and the results are presented in Fig. 8.4. It appears
that with a small enough mass, CLASS can get arbitrarily close to the fully
relativistic case: with a mass of 10−8eV, the difference is at most of 0.03%
in the Cl’s and 0.05% in the P (k). This test is another way to validate the
accuracy of our implementation.

Accuracy settings

We now come to the question of defining degraded accuracy settings for com-
puting the spectra in a fast way, while keeping the accuracy of the results
under control. For such an exercise, we need to define a measure a precision.
Like in [56], we will use an effective χ2 which mimics the sensitivity of a CMB
experiment like Planck to temperature and E-polarisation anisotropies. Tak-
ing the runs with accuracy settings cl_ref.pre as a reference, we decrease
the precision for each parameter while keeping the ∆χ2 roughly below a given
limit, chosen to be either 0.1 or 1. This exercise was already performed in [56]
for all parameters not related to NCDM, leading to the definition of two preci-
sion files chi2pl0.1.pre and chi2pl1.pre which are available on the CLASS

web site. Here, we only need to set the NCDM precision parameters in these
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Figure 8.4: This is a test of how well CAMB and CLASS recovers the massless
limit. We compute a model with Ων = 1.2 · 10−4 and 3 massive neutrinos
with degenerate mass. This setting corresponds to a neutrino mass of mi =
2.8 · 10−4eV, which is not exactly massless, but it is the best we can do since
the mass parameter can not be set directly in CAMB. Setting the mass parameter
in CLASS to mi = 10−8eV reveals that we are in part seeing the effect of the
neutrino going slightly non-relativistic at late times.

two files to correct values. Our results are listed in Table 8.1, in the second
and third columns. They take advantage of the fluid approximation, and use
an extremely small number of momenta (8 or 5 only). We checked that these
settings provide the correct order of magnitude for ∆χ2 within a wide range
of neutrino masses, at least up to 2 eV. This is shown in Table 8.2 for the two
cases chi2pl0.1.pre and chi2pl1.pre, as well as for the case chi2pl1.pre

with the fluid approximation removed. Around m = 2 eV, the error induced
by the fluid approximation starts increasing significantly: when exploring this
region, the user should either turn off the approximation, or increase the value
of the kτ trigger. Given current limits on active neutrino masses, the interest-
ing mass range to explore is below 2 eV, and in most projects, the CLASS users
can safely employ the default settings of chi2pl0.1.pre and chi2pl1.pre

including the fluid approximation.

These settings are optimised for fitting the CMB spectra only. For the
matter power spectra, the files chi2pl0.1.pre and chi2pl1.pre produce
an error of the order of a few per cents in the range k ∈ [0.05; 1]hMpc−1

(for any neutrino mass and with/without the fluid approximation). In or-
der to get accurate matter power spectra, it is better to employ the settings
cl_permille.pre, cl_2permille.pre, cl_3permille.pre, which lead to a
precision of 1, 2 or 3 per mille for CT T

l in the range 2 < l < 3000, even in the
presence of neutrino masses. In these files, we fixed the fluid approximation
trigger to a rather larger value in order to get a precision of one permille for
the matter power spectrum for k < 0.2hMpc−1 and m < 2 eV, or a bit worse
for mildly non-linear scales k ∈ [0.2; 1]hMpc−1. The power spectrum accuracy
with such settings is indicated in Table 8.3 for various values of the mass.
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cl_ref.pre chi2pl0.1.pre chi2pl1.pre

tol_ncdm_bg 10−10 10−5 10−5

tol_ncdm 10−10 10−4 10−3

l_max_ncdm 51 16 12
fluid approximation none ncdmfa_class ncdmfa_class

kτ trigger – 30 16

number of q (back.) 28 11 11
number of q (pert.) 28 8 5
number of neutrino equations 1428 136→3 65→3

Table 8.1: Accuracy parameters related to NCDM in the three precision files
cl_ref.pre, chi2pl0.1.pre and chi2pl1.pre. When the fluid approxima-
tion is used, the method described in section 8.3 is employed, and the switching
time is set by the above values of kτ . Below these parameters, we indicate
the corresponding number of momenta sampled in background quantities and
in perturbation quantities, as well as the number of neutrino perturbation
equations integrated over time, equal to (l_max_ncdm + 1) times the number
of sampled momenta when the fluid approximation is not used, and to three
afterwards.

mass (eV) chi2pl0.1.pre chi2pl1.pre same without approx.

10−3 0.087 0.94 0.90
10−2 0.087 0.93 0.92
0.1 0.092 0.90 0.92
1 0.083 0.96 0.82
2 0.157 1.10 0.93

Table 8.2: For a CMB instrument with the sensitivity of Planck, χ2 difference
between the spectra obtained with reference accuracy settings and with de-
graded accuracy settings, for various values of the neutrino mass (all models
have two massless and one massive neutrinos). This shows that our accu-
racy settings chi2pl0.1.pre and chi2pl1.pre always lead to an accuracy of
roughly ∆χ2 ∼ 0.1 or ∆χ2 ∼ 1 respectively. The last column correspond to
the settings of chi2pl1.pre, but without the fluid approximation.

mass (eV) k < 0.2hMpc−1 k ∈ [0.2; 1]hMpc−1

10−3 0.04% 0.12%
10−2 0.04% 0.12%
0.1 0.05% 0.12%
1 0.06% 0.8%
2 0.2% 1.5%

Table 8.3: Maximum error induced by any of the cl_permille.pre,
cl_2permille.pre or cl_3permille.pre precision settings on the linear mat-
ter power spectrum P (k), for approximately linear scales k < 0.2hMpc−1 (first
column) or mildly non-linear scales k ∈ [0.2; 1]hMpc−1 (second column), and
for various values of the neutrino mass (all models have two massless and
one massive neutrinos). The fluid approximation introduces an error which
remains below the per mille level until k = 0.2hMpc−1 for m < 2 eV, and
exceeds this level for larger masses.
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Performance

The quadrature method reveals to be extremely useful since even with five
values of the momenta, we get accurate results leading to 0.2%-0.3% accuracy
on the C ′

ls, 0.1% accuracy on the P (k) and ∆χ2 ∼ 1. Traditional Boltzmann
codes employ 14 momenta in order to achieve a comparable precision. In the
presence of massive neutrinos, the total execution time of a Boltzmann code
is dominated by the integration of the perturbation equations, which depends
on the total number of perturbed variables, itself dominated by the number
of massive neutrino equations. By reducing the number of momenta from 14
to 5, the quadrature method speeds up the code by more than a factor two.
We find that the use of the fluid approximation leads to an additional 25%
speed up for standard accuracy settings (like those in the file chi2pl1.pre).
In total, for a single massive neutrino, our method speeds up the code by a
factor 3. This means that instead of being 4.5 times slower in presence of
one massive neutrino, CLASS only becomes 1.5 times slower. We checked these
numbers with various masses and accuracy settings.

Realistic mass schemes

We have proved in this section that CLASS can be employed in any project
requiring high-precision computations of cosmological observables in presence
of massive neutrinos. It is of course perfectly suited for realistic situations
with different neutrino species and masses.

To illustrate this, we display in Figure 8.5 the ratio of pairs of matter
power spectra for models with three massive neutrinos satisfying constraints
from atmospheric/solar oscillation experiments [46] (∆m2

21 = 7.6 × 10−5eV2,
∆m2

32 = ±2.4 × 10−3eV2). Each pair of models corresponds to one normal
hierarchy and one inverted hierarchy scenario, with the same total mass Mν ,
equal to 0.100 eV, 0.115 eV or 0.130 eV. The first total mass is very close to
the minimum allowed value for the inverted hierarchy, Mν ≃ 0.0994 eV. For
each pair or models with a given Mν :

• on intermediate scales, the bump reflects the difference in the three free-
streaming scales involved in the two models.

• in the large k limit, the two spectra are offset by 0.03% to 0.22%: it is
known that in this limit, the suppression in the power spectrum induced
by neutrino free-streaming depends mainly on the total mass (through
the famous −8fν approximate formula), but also slightly on the mass
splitting (in [52], a more accurate formula gives the suppression as a
function of both the total mass and number of degenerate massive neu-
trinos). When Mν increases, the two models are less different from each
other (they go towards a common limit, namely the degenerate mass
scenario), and the discrepancy is less pronounced.

• in the small k limit, the two spectra are nearly identical. The tiny
difference, which increases when Mν decreases, is due to the fact that in
the inverted hierarchy model, there is a very light neutrino just finishing
to complete its non-relativistic transition today. It therefore has a non-

94



8. CLASS III: Non-cold Relics Beyond standard massive neutrinos

-0.2

-0.1

 0

 0.1

 0.2

 0.0001  0.001  0.01  0.1  1

pe
rc

en
ta

ge
 d

iff
er

en
ce

 in
 P

(k
)

k   (h/Mpc)

Normal vs. Inverted, Σmi=0.100 eV
Normal vs. Inverted, Σmi=0.115 eV
Normal vs. Inverted, Σmi=0.130 eV

Figure 8.5: Ratio of matter power spectra for pairs of models with three
massive neutrinos, obeying either to the normal or inverted hierarchy scenario,
but with a common total mass for each pair: Mν = 0.100 eV, 0.115 eV or
0.130 eV. The various effects observed here are discussed in the text.

negligible pressure, which slightly affects metric perturbations on large
wavelengths.

Observing the difference between these two models would be extremely chal-
lenging, although 21 cm surveys could reach enough sensitivity [51].

8.5 Beyond standard massive neutrinos

In this section we will illustrate the power and flexibility of the non-cold Dark
Matter implementation in CLASS, by implementing different models which have
already been studied elsewhere in the literature.

Massive neutrinos with large non-thermal corrections

It is plausible that some new physics can introduce non-thermal corrections to
an otherwise thermal Fermi-Dirac distribution function. One might think of
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8. CLASS III: Non-cold Relics Massive neutrinos with large non-thermal corrections

using CMB and large scale structure data to put bounds on such non-thermal
corrections, as was described e.g. in [63]. CLASS is ideally suited for playing
with such models. As a test case, we take the following distribution from [63]:

f(q) =
2

(2π)3

[
1

eq + 1
+

Aπ2

q2
√

2πσ
exp

(
−(q − qc)

2

2σ2

)]
, (8.35)

which is the Fermi-Dirac distribution with an added Gaussian peak in the
number density. This distribution could presumably be the result of some
particle suddenly decaying into neutrinos at a late time.

In practise, we only need to change the expression for f(q) in CLASS, which
appears in a unique line (in the function background_ncdm_distribution()).
All the rest, like density-to-mass relation and computation of the logarithmic
derivative, is done automatically by the code. In particular, we do not need to
change the accuracy parameters tol_ncdm and tol_ncdm_bg: the momentum
sampling algorithm automatically increases the number of momenta by a sig-
nificant amount, in order to keep the same precision. If this was not the case,
the effect of the peak would be underestimated because of under sampling,
and the parameter extraction would then likely be biased.
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Figure 8.6: Cl’s and P (k)’s for a model of 3 degenerate neutrinos with the non-
thermal distribution (8.35) using parameters m = 1.0 eV, A = 0.018, σ = 1.0
and qc = 10.5. This corresponds to Neff = 3.98486. We have compared this
model to a model with degenerate thermal neutrinos with the same mass and
Neff. The signal is due to a combination of background and perturbation
effects: although the mass and the relativistic density are the same, the non-
relativistic density and the average momentum differ significantly in the two
models.

In Fig. 8.6, we show the CMB and matter power spectra for this model,
relative to a standard model with three thermally distributed neutrinos. The
two models are chosen to share exactly the same masses and the same initial
number of relativistic degrees of freedom Neff. Nevertheless, they do not have
the same non-relativistic neutrino density and average neutrino momentum; in
particular, non-thermal neutrinos in the decay peak become non-relativistic
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slightly later. This induces a combination of background and perturbation
effects affecting CMB and matter power spectra in a significant way.

Warm dark matter with thermal-like distribution

There is an infinity of possible warm dark matter models, since the phase-
space distribution of warm dark matter depend on the details of its produc-
tion mechanism. The most widely studied model is that of non-resonantly
produced warm dark matter with a rescaled Fermi-Dirac distribution, having
the same temperature as that of active neutrinos. This model is implemented
in the default CLASS version: when the user enters a temperature, a mass and
a density Ωncdm (or ωncdm) for the same species, the code knows that the degen-
eracy parameter in front of the Fermi-Dirac distribution must be rescaled in
order to match these three constraints simultaneously. The code will also en-
sure that the perturbations begin to be integrated when the non-cold species is
still relativistic, in order to properly follow the transition to the non-relativistic
regime.
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Figure 8.7: P (k)’s for a Warm Dark Matter model with m = 1 keV (left) and
m = 10 keV (right). The fluid approximation can be seen to be a very good
approximation in this case, though it does not catch the acoustic oscillations
precisely.

We illustrate this by running a ΛWDM model with a mass of m = 1keV
or m = 10keV and a density Ωncdm = 0.25, with or without the fluid approx-
imation. We compare the results with those of ΛCDM with Ωcdm = 0.25, in
order to show the well-known suppression effect of WDM in the small-scale
limit of the matter power spectrum. It appears that the fluid approximation
works very well in those cases, unless one wants to resolve the details of the
WDM acoustic oscillations on very small scales, first predicted in [48].

Warm dark matter with non-trivial production mechanism

Non-resonantly produced warm dark matter candidates are severely constrained
by Lyman-α bounds, but such bounds do not apply to other warm particles
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8. CLASS III: Non-cold Relics Conclusions

which could have been produced through more complicated mechanisms (e.g.
resonant production), leading to a non-trivial, model-dependent phase-space
distribution function [50]. It is not always easy to find a good analytic approx-
imation for such a distribution; this is anyway not an issue for CLASS, since
the code can read tabulated values of f(p) from an input file.
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Figure 8.8: P (k)’s for a Warm Dark Matter model with a non-trivial produc-
tion mechanism for a mass of m = 2 keV compared to the same model with
Cold Dark Matter. Note that the normalisation of the distribution function is
arbitrary; when both m_ncdm and one of {Omega_ncdm,omega_ncdm} is present
for some species, CLASS will normalise the distribution consistently.

We illustrate this case by taking a particular model for resonantly produced
sterile neutrinos, which distribution was computed numerically by [49] (sim-
ulating the details of sterile neutrino production and freeze-out), and stored
in a file with discrete qi, fi values. Again, we only need to specify the name
of this file in the CLASS input file, to enter a value for the mass and for the
density Ωncdm, and the rest is done automatically by the code (finding the
mass-density relation and the correct normalization factor for f(q), defining
the new momentum steps, deriving [d ln f ]/[d ln q] with a good enough accu-
racy). The assumed f(q) and the resulting matter power spectrum when the
mass is set to m = 2keV is shown in Fig. 8.8. By eye, this spectrum seems
identical to a thermal-like WDM one, but the cut-off is in fact much smoother
due to an excess of low-momentum particles in this model (which behave like
a small cold dark matter fraction).

8.6 Conclusions

A large fraction of the activity in cosmology consists in deriving bounds on
particle physics in general, and on the neutrino and dark matter sector in
particular. Fitting cosmological data with non-standard neutrinos or other
non-cold relics require non-trivial changes in existing public Boltzmann codes.
Moreover, running parameter extraction codes including massive neutrinos or
more exotic non-cold relics is computationally expensive due to a significant
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increase in the number of differential equations to be solved numerically for
each set of cosmological parameters.

The newly released Cosmic Linear Anisotropy Solving System aims at ren-
dering this task easy and fast. The code provides a very friendly and flexible
input file in which users can specify a lot of non-standard properties for the
NCDM sector: masses, temperatures, chemical potentials, degeneracy param-
eters, etc. Moreover, the Fermi-Dirac distribution function is not hard-coded
in CLASS; it is just a default choice appearing in one line of the code, which
can be very easily modified. Even when a non-thermal distribution f(q) does
not have a simple analytic expression, the code can be told to read it directly
from a file. After reading this function, CLASS performs a series of steps in
a fully automatic way: finding the mass-density relation, defining an opti-
mal sampling in momentum space with a sophisticated but fast algorithm,
and accurately computing the derivative of f(q), needed in the perturbation
equations.

In this paper, we presented the main two improvements related to the
NCDM sector in CLASS: an adaptive quadrature sampling algorithm, which is
useful both for the purpose of flexibility (the sampling is always adapted to any
new distribution function) and speed (the code sticks to a minimum number
of momenta, and hence, of perturbation equations); and a fluid approximation
switched on inside the Hubble radius. We showed that the latter approxima-
tion works very well for realistic active neutrinos (with a total mass smaller
than 1−2eV), and for warm dark matter candidates becoming non-relativistic
during radiation domination. In between these two limits, there is a range
in which the accuracy of the fluid approximation is not well established, and
in which the user may need to keep the approximation off, at the expense of
increasing the execution time. However, the range between a few eV and few
keV is usually not relevant in most realistic scenarios.

The adaptive quadrature sampling algorithm and the fluid approximation
both contribute to a reduction in the total execution time of the code by
a factor of three for ordinary neutrinos. This means that when one massive
neutrino species is added to the ΛCDM model, CLASS becomes 1.5 times slower
instead of 4.5 times slower like other codes. Since the code is already quite fast
in the the massless case, we conclude that the global speed up is significant
and appreciable when fitting cosmological data.
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Chapter 9

Thermalisation of light sterile
neutrinos in the early
universe

Steen Hannestad, Irene Tamborra and Thomas Tram

Abstract Recent cosmological data favour additional relativistic degrees of
freedom beyond the three active neutrinos and photons, often referred to as
“dark” radiation. Light sterile neutrinos is one of the prime candidates for
such additional radiation. However, constraints on sterile neutrinos based on
the current cosmological data have been derived using simplified assumptions
about thermalisation of νs at the Big Bang Nucleosynthesis (BBN) epoch.
These assumptions are not necessarily justified and here we solve the full
quantum kinetic equations in the (1 active + 1 sterile) scenario and derive
the number of thermalised species just before BBN begins (T ≃ 1 MeV) for
null (L = 0) and large (L = 10−2) initial lepton asymmetry and for a range
of possible mass-mixing parameters. We find that the full thermalisation as-
sumption during the BBN epoch is justified for initial small lepton asymmetry
only. Partial or null thermalisation occurs when the initial lepton asymmetry
is large.

9.1 Introduction

Sterile neutrinos are hypothetical SU(2) × U(1) singlets. They are supposed
to mix with one or more of the active states without interacting with any other
particle. Low-mass sterile neutrinos have been invoked to explain the excess
ν̄e events in the LSND experiment [75–77] as well as the MiniBooNE excess
events in both neutrino and antineutrino channels. Interpreted in terms of
flavour oscillations, the MiniBooNE data require CP violation and thus no
less than two sterile families [78–80] or additional ingredients such as non-
standard interactions [82]. Recently a new analysis of reactor ν̄e spectra and
their distance and energy variation [90–92] suggested indication for the possible
existence of eV-mass sterile neutrinos. However the IceCube collaboration
excluded part of the parameter space [81].
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The most recent analysis of cosmological data suggest a trend towards the
existence of “dark radiation,” radiation in excess with respect to the three
neutrino families and photons [83, 98, 99]. The cosmic radiation content is
usually expressed in terms of the effective number of thermally excited neu-
trino species, Neff. Its standard value, Neff = 3.046, slightly exceeds 3 because
of e+e− annihilation providing residual neutrino heating [53]. The Wilkinson
Microwave Anisotropy Probe (WMAP) collaboration found Neff = 4.34+0.86

−0.88

based on their 7-year data release and additional LSS data [100] at 1σ. Includ-
ing the Sloan Digital Sky Survey (SDSS) data release 7 (DR7) halo power spec-
trum, [98] found Neff = 4.78+1.86

−1.79 at 2σ. Measurements of the CMB anisotropy
on smaller scales by the ACT [114] and SPT [113] collaborations also find ten-
tative evidence for a value of Neff higher than predicted by the standard model
(see also [109–112, 115] for recent discussions of Neff).

Also, cosmological constraints coming from big bang nucleosynthesis (BBN)
suggest that the relatively high 4He abundance can be interpreted in terms of
additional radiation during the BBN epoch [87, 88]. Low-mass sterile neutrinos
have been considered among possible candidates for the extra-radiation con-
tent [84, 85, 89]. The cosmic microwave background anisotropies and big-bang
nucleosynthesis in combination seem to favor an excess of radiation compatible
with one family of sub-eV sterile neutrinos [83–86]. On the other hand, eV-
mass sterile neutrinos are cosmologically viable only if additional ingredients
are included since otherwise sterile neutrinos would contribute too much hot
dark matter [89] (see also [107]).

However, cosmological constraints during the BBN epoch have usually been
derived under the assumption that the extra sterile neutrino families were fully
thermalised [89]. However, the validity of this assumption is not a priori clear
and some preliminary studies [96, 97] already pointed toward this direction. It
was shown in [95] that for plausible values of the mass and mixing parameters,
and initial lepton asymmetries not excluded by current observations there are
cases where little or no thermalisation occurs. For the charged fermions of
the standard model the particle anti-particle asymmetry is known to be of
order 10−10. For neutrinos, however, no such bound exists, and the asymme-
try can be many orders of magnitude larger without violating observational
constraints. In the standard model with no sterile states the upper bound on
the neutrino chemical potential is of order µ/T . few × 10−2 [108, 117–121]
and while no exact bound has been derived in models with sterile neutrinos,
we expect that the upper bound is of the same order of magnitude.

The purpose of this paper is to quantitatively derive the amount of thermal-
isation as a function of neutrino parameters (mass, mixing, and initial lepton
asymmetry). We solve the full quantum kinetic equations in the 1 active+1
sterile approximation, calculate the effective number of thermalised species
just before BBN starts (at T ≃ 1 MeV) and define under which conditions the
thermalisation hypothesis holds. The assumption of (1+1) families to evaluate
the thermalisation degree is justified for small lepton asymmetries since the
resonances in the active sector are decoupled from the conversions occurring
in the active-sterile sector due to the larger mass difference. However, for large
asymmetries active-sterile conversion is delayed and can occur simultaneously
with active-active conversion. While this does not qualitatively change the
overall picture there are some issues which we will return to in Section 3.
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9. Thermalisation of light sterile neutrinos Equations of motion

In our study, we calculate the number of thermalised extra families for
the allowed mass-mixing parameter space for different initial lepton asym-
metries. In Section 2 we introduce the adopted formalism and the quantum
kinetic equations. In Section 3, we present our results for initial null and large
(L = 10−2) lepton asymmetry. Conclusions and perspectives are presented in
Section 4.

9.2 Equations of motion

In this section, we introduce the quantum kinetic equations (QKEs) governing
the evolution of neutrinos in the early universe [64–69]. We adopt a mapping
of the Bloch vectors in terms of new vectors related to the active and sterile
species grouping large and small dynamical variables.

Quantum Kinetic Equations

We consider oscillations of one active flavour νa (with a = e or µ, τ) with a
sterile neutrino state νs. Denoting with θs the mixing angle in vacuum and
with ν1 and ν2 the two mass eigenstates, separated by the mass difference δm2

s,
we have:

νa = cos θsν1 − sin θsν2 , (9.1)

νs = sin θsν1 + cos θsν2 . (9.2)

In what follows we will refer δm2
s > 0 as the normal hierarchy scenario (NH)

and δm2
s < 0 as the inverted hierarchy scenario (IH). Structure formation data

strongly disfavour models with a total thermalised neutrino mass (the sum of
all fully thermalised mass states) in excess of 0.5-1 eV. Given that all the
active states are fully thermalised this disfavours the inverted hierarchy for
sterile masses above 0.2-0.3 eV. However, for masses below this the inverted
hierarchy is not disfavoured and for completeness we study the same mass and
mixing parameter space for both NH and IH.

In order to describe the evolution of sterile neutrinos in the early uni-
verse, we use the density matrix formalism and we express the density matrix
associated with each momentum p in terms of the Bloch vector components
(P0,P) = (P0, Px, Py, Pz) [64, 65, 67],

ρ =
1

2
f0(P0 + P · σ) , ρ =

1

2
f0(P 0 + P · σ) , (9.3)

where σ are the Pauli matrices and f0 = 1/(1+ep/T ) is the Fermi-Dirac distri-
bution function with no chemical potential. The neutrino kinetic equations in
terms of the components of the Bloch vectors for each momentum mode are:

Ṗ = V × P −D(Pxx + Pyy) + Ṗ0z , (9.4)

Ṗ0 = Γ

[
feq

f0
− 1

2
(P0 + Pz)

]
(9.5)

where the dot denotes the time derivative (dt = ∂t −Hp∂p, with H the Hubble
parameter) and feq = 1/(1 + e(p−µ)/T ).
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Defining the comoving momentum x = p/T , the vector V has the following
components

Vx =
δm2

s

2xT
sin 2θs , (9.6)

Vy = 0 , (9.7)

Vz = V0 + V1 + VL. (9.8)

and

V0 = −δm2
s

2xT
cos 2θs, (9.9)

V
(a)

1 = − 7π2

45
√

2

GF

M2
Z

xT 5 [nνa + nν̄a ] ga (9.10)

VL =
2
√

2ζ(3)

π2
GFT

3L(a). (9.11)

Here, gµ,τ = 1 for νµ,τ –νs mixing, ge = 1 + 4 sec2 θW /(nνe + nν̄e) for νe–
νs mixing and θW is the Weinberg angle. The dimensionless number densities
nνa,(ν̄a) are the equilibrium active neutrino (antineutrino) densities normalised

to unity in thermal equilibrium. The effective neutrino asymmetries L(a) are
defined by

L(e) =

(
1

2
+ 2 sin2 θW

)
Le +

(
1

2
− 2 sin2 θW

)
Lp − 1

2
Ln + 2Lνe + Lνµ + Lντ ,(9.12)

L(µ) = L(e) − Le − Lνe + Lνµ , (9.13)

L(τ) = L(e) − Le − Lνe + Lντ , (9.14)

where Lf ≡ (nf −nf̄ )Nf/Nγ with Nf (Nγ) the integrated active (photon) num-
ber density in thermal equilibrium. The potential VL, defined as in Eq. (9.11),
is the leading order contribution to Vz. The V1 term is the finite temperature
correction and for example in the case of νe–νs mixing it includes coherent in-
teractions of νe with the medium through which it propagates. The condition
for a matter induced resonance to occur is Vz = 0, and because Vz depends
on L(a) any non-zero lepton asymmetry can have dramatic consequences for
oscillation driven active-sterile neutrino conversion. In Appendix A we discuss
the location of resonances in detail for all possible values of mass, mixing, and
lepton asymmetry.

A detailed derivation of the quantum kinetic equations is presented in
[66, 73]. Here we choose to adopt minimal assumptions on the collision terms.
In particular, the term D is the damping term, quantifying the loss of quan-
tum coherence due to νa collisions with the background medium. For example,
considering νe, the elastic contribution should come from the elastic scattering
of νe with e− and e+ and with the other active flavours νa and ν̄a. The inelas-
tic contribution comes from the scattering of νe with ν̄e (producing e− and e+

or νa and ν̄a). In terms of the Bloch vectors such terms have the effect of sup-
pressing the off-diagonal elements of the density matrix (Px,y). The effective
potentials contributing to this term have been previously calculated [72–74]
and if thermal equilibrium is aasumed and the electron mass neglected, it is
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approximately half the corresponding scattering rate Γ [65, 66, 70]

D =
1

2
Γ . (9.15)

The evolution of P0 is determined by processes that deplete or enhance
the abundance of νa with the same momentum and its rate of change re-
ceives no contribution from coherent νa-νs oscillations. The repopulation term
Γ(feq/f0 − 1/2(P0 + Pz)) is an approximation for the correct elastic collision
integral [70] with

Γ = CaG
2
FxT

5 (9.16)

where Ce ≃ 1.27 and Cµ,τ ≃ 0.92 [64]. Note that the term including the ef-
fective collision rate, Γ, is an approximation to the full momentum dependent
scattering kernel which repopulates neutrinos from the background plasma.
The full expression has been derived in [66]. In [70] it was proven that the
general form of D (and Γ) exactly reduces to Eqs. (9.15,9.16) for weakly inter-
acting species in thermal equilibrium with zero chemical potential, and that it
is the zero order approximation for particles with non-null chemical potential.
The respective equations of motion for anti-neutrinos can be found by substi-
tuting L(a) = −L(a) and µ = −µ in the above equations. In our treatment we
have not included the rate equations for the electrons and positrons since we
are assuming that all the species electromagnetically interacting are kept in
equilibrium.

Mapping with the active and the sterile variables

We can distinguish among large and small linear combinations of the dynam-
ical variables in the particle and antiparticle sector to simplify the numerical
treatment. For each momentum mode, we define for each component i (with
i = 0, x, y, z) of the Bloch vector

P±
i = Pi ± P i . (9.17)

We also separate active (a) and sterile (s) sectors

P±
a = P±

0 + P±
z = 2

ρ±
aa

f0
, (9.18)

P±
s = P±

0 − P±
z = 2

ρ±
ss

f0
. (9.19)

Therefore, in terms of the new vectors Eqs. (9.4, 9.5) become

Ṗ±
a = VxP

±
y + Γ

[
2f±

eq/f0 − P±
a

]
, (9.20)

Ṗ±
s = −VxP

±
y , (9.21)

Ṗ±
x = −(V0 + V1)P±

y − VLP
∓
y −DP±

x , (9.22)

Ṗ±
y = (V0 + V1)P±

x + VLP
∓
x − 1

2
Vx(P±

a − P±
s ) −DP±

y , (9.23)

where we have defined f±
eq = feq(p, µ) ± feq(p,−µ).
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The lepton number can be directly calculated from the integral over the
difference between the neutrino and the antineutrino distribution functions,
i.e. P−

a :

L(a) =
2

8ζ(3)

∞∫

0

dxx2ρ−
aa =

1

8ζ(3)

∞∫

0

dxx2f0P
−
a . (9.24)

However, since the repopulation term is approximated by Eq. (9.16) which
does not explicitly conserve lepton number we independently evolve L(a) as
in [71] using an evolution equation where the repopulation term does not enter.
Taking the time derivative of Eq. (9.24) and ignoring the repopulation part of
Ṗ−

a , the evolution equation for L(a) is

L̇(a) =
1

8ζ(3)

∞∫

0

dxx2f0VxP
−
y . (9.25)

Note that, in kinetic equilibrium, µ, or rather the degeneracy parameter
ξ ≡ µ/T , is related to the lepton number L(a) through the integral over f−

eq

[121]

L(a)
eq =

1

4ζ(3)

∫ ∞

0
dx x2

[
1

1 + ex−ξ
− 1

1 + ex+ξ

]
=

1

12ζ(3)

(
π2ξ + ξ3

)
. (9.26)

This is a third order equation, and using Chebyshev’s cubic root, one can ex-
tract the corresponding and expression for ξ valid for any L(a) using trigono-
metric functions:

ξ =
−2π√

3
sinh

(
1

3
arcsinh

[
−18

√
3ζ(3)

π3
L(a)

])
. (9.27)

In order to numerically solve the QKEs, we define the momentum grid
in comoving coordinates (x = p/T ). Therefore the grid becomes stationary
and the partial differential equations become ordinary differential equations
coupled through integrated quantities only. Using the temperature T as the
evolution parameter, time derivatives, dt, are replaced by → −HT∂T in the
above equations, provided that the time derivative of the effective number of
degrees of freedom can be ignored.

9.3 Results: thermalised sterile species

The fraction of sterile thermalised species is defined as

δNeff,s =

∫
dxx3f0P

+
s

4
∫

dxx3f0
. (9.28)

However, the total amount of radiation is given by the sum of active and sterile
energy densities

δNeff =

∫
dxx3f0

(
P+

s + P+
a − 4

)

4
∫

dxx3f0
. (9.29)

Note that when the active state is in thermal equilibrium (P+
a = 4), δNeff,s =

δNeff. When L(a) is large, the sterile sector may be populated so late that
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the active sector does not have time to repopulate before it decouples. In this
section, we discuss the fraction of thermalised species for initial L(a) = 0 and
L(a) = 10−2 and for a range of (δm2

s, sin2 2θs).

In terms of late-time cosmological constraints on light neutrinos both
δNeff,s and δNeff can be relevant quantities. Models with a modified light
neutrino sector are most often parametrised in terms of the neutrino mass,
mν , and Neff in such a way that Neff neutrino species all share the same
common mass mν (i.e. it is assumed that the mass spectrum is degenerate).
However, in models with a single sterile state one instead has either δNeff,s

steriles with mass ms and 3.046 + δNeff − δNeff,s massless active states (NH)
or 3.046 + δNeff − δNeff,s massive active state with degenerate mass and δNeff,s

massless sterile states (IH). These two cases are different when it comes to
structure formation and should in principle be treated separately (see e.g. [116]
for a discussion about this point). Since the goal of this paper is to calculate
δNeff, not to provide quantitative constraints on specific models, we simply
use δNeff from this point on.

Numerical solution of the quantum kinetic equations

Solving the quantum kinetic equations numerically is non-trivial task. The
number of differential equations are roughly 8N where N is the number of
momentum bins, and since the resonances can be very narrow we need a few
hundred points to obtain good precision. There are many vastly separated
time-scales involved, so the problem is stiff, and once L changes, the system
becomes extremely non-linear. We used two different solvers, one based on the
numerical differentiation formulae of order 1−5 (ndf15) due to Shampine [122],
and one based on the fifth order implicit Runge-Kutta method RADAU5 due to
Hairer and Wanner [93]. If the maximum order of the first method is reduced to
two, both solvers are L-stable, and thus excellent for stiff problems. Because
of the large number of equations and the sparsity of the Jacobian we must
use sparse matrix methods for the linear algebra operations needed in both
solvers. For this purpose, we are employing a small sparse matrix package
based on [123].

To sample the momentum-space in an optimal way we are mapping the
x-interval [xmin;xmax] to a u-interval [0; 1] by

u(x) =
x− xmin

xmax − xmin
× xmax + xext

x+ xext
, (9.30)

where xext is the extremal point of some moment of the Fermi-Dirac distribu-
tion. We chose the values xmin = 10−4, xext = 3.1 and xmax = 100, and then
sampled u uniformly. This is the same mapping employed in [94], but they go
one step further and introduce an adaptive grid that follows the resonances.
This is not necessary for this project since our mixing angles are comparably
larger, and we are not looking at chaotic amplification of an initially small
value of L.

We evolved the system from an initial temperature of 60 MeV to a final
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temperature of 1 MeV for the following grid of masses and mixing angles:

10−3 eV2 ≤ δm2
s ≤ 10 eV2 and 10−4 ≤ sin2 2θs ≤ 10−1 for L(a) = 0 ,

(9.31a)

10−1 eV2 ≤ δm2
s ≤ 10 eV2 and 10−3.3 ≤ sin2 2θs ≤ 10−1 for L(a) = 10−2 .

(9.31b)

We ran the complete grids for different number of momentum bins, different
accuracy parameters and both differential equation solvers with no noticeable
difference.

Sterile neutrino production for zero lepton asymmetry

The simplest case, and the one most often studied in the literature, is the one
where the lepton asymmetry is zero. For L(a) = 0, the evolution of P+

i is
decoupled from P−

i [see Eqs. (9.20,9.23)] and the asymmetry remains zero for
the whole evolution (as can be seen from Eq. (9.25)).

From Eqs. (9.35,9.39) in Appendix A it can be seen that there is either
no resonance (NH) or that the resonances are identical for neutrinos and anti-
neutrinos (IH). As it is well known, in IH the resonance propagates to higher
values of x as the universe expands and eventually covers the entire momentum
distribution of neutrinos.

In Fig. 9.1 we show the fraction of thermalised neutrinos, δNeff, for the
range of mixing parameters given in Eq. (9.31a) with initial asymmetry L(µ) =
0. The top panel shows the normal hierarchy, δm2

s > 0, and the bottom panel
the inverted hierarchy, δm2

s < 0. The smaller parameter space described
by (9.31b) is denoted with a dashed rectangle to facilitate comparison with
the results presented in Sec 9.3.

We mark with a green hexagon the best fit point of the 3 + 1 global anal-
ysis presented in [106], obtained from a joint analysis of Solar, reactor, and
short-baseline neutrino oscillation data (δm2

s, sin
2 2θs) = (0.9eV2, 0.089). For

that point δNeff = 1 in both hierarchies, i.e. complete thermalization occurs.
In addition we show the parameter range preferred by CMB and large scale
structure (LSS) data. The 1 − 2 − 3σ contours have been obtained interpo-
lating the likelihood function obtained in [84] for each fixed δm2

s and Neff. In
both cases the lower left corners of parameter space where little thermalization
occurs are disfavoured because of the CMB+LSS preference for extra energy
density.

It is also of interest to see how the thermalization proceeds as a function
of temperature. In Fig. 9.2 we show the evolution of δNeff as a function of
temperature for the NH scenario for a variety of different δm2

s and sin2 2θs.
For the non-resonant NH, the thermalization rate of sterile neutrinos is ap-
proximately Γs ∼ 1

2 sin2 2θsΓ. The maximum thermalisation rate occurs at a

temperature of approximately Tmax ∼ 10 (δm2
s)1/6 MeV and the final δNeff de-

pends only on sin2 2θm at that temperature (see [64] for a detailed discussion).
In the top panel of Fig. 9.2 this behaviour can be seen. For very large vacuum
mixing Γs/H > 1 already before Tmax such that complete thermalisation has
occurred already before Tmax reached. For smaller mixing Γs/H never exceeds
1 and even though thermalisation proceeds fastest around Tmax it is never fast
enough to equilibrate the sterile states.
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Figure 9.1: Iso-δNeff contours in the sin2 2θs − δm2
s plane for L(µ) = 0 and

δm2
s > 0 (top panel) and δm2

s < 0 (bottom panel). The green hexagon de-
notes the νs best-fit mixing parameters as in the 3 + 1 global fit in [106]:
(δm2

s, sin
2 2θs) = (0.9 eV2, 0.089). The 1 − 2 − 3σ contours denote the

CMB+LSS allowed regions for νs with sub-eV mass as in [84]. In order to
facilitate the comparison with the results presented in Sec 9.3, a dashed rect-
angle denotes the parameter-space described by (9.31b).

In the bottom panel the change in Tmax as δm2
s varies is evident, and

provided that Tmax is higher than the active neutrino decoupling temperature
the vacuum mixing in this case is large enough that complete thermalisation
always occurs. For the non-resonant case the end result is that isocontours of
δNeff always lie at constant values of δm2

s sin4 2θs, as can be seen in the top
panel of Fig. 9.1.

In the inverted hierarchy the resonance conditions are always satisfied.
Therefore, we expect full thermalization for a larger region of the mass-mixing
parameters than in NH, as confirmed in Fig. 9.1. In this case, thermalisation
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Figure 9.2: Top panel: δNeff as a function of the temperature for four different
mixing angles (sin2 2θs = 10−4, 2×10−3, 5×10−2, 10−1) and fixed mass differ-
ence (δm2

s = 0.93 eV2). Bottom panel: δNeff as a function of the temperature
for four different mass differences (δm2

s = 10−3, 3.5 × 10−2, 9.3 × 10−1, 10 eV2)
and fixed mixing angle (sin2 2θs = 0.051). Thermalisation begins earlier and
is more effective for larger mass differences and for larger mixing angles.

may proceed through resonant conversions alone. For illustration, we choose
the point of Fig. 9.1 with (δm2

s, sin
2 θs) = (−3.3 eV2, 6 × 10−4) for which

δNeff = 0.55 and we show the percentage of active (Na) and sterile (Ns)
neutrinos as a function of x for different T in Fig. 9.3. The thermalisation is
not complete and it is nearly instantaneous as the resonance moves through
the momentum spectrum and the resulting dip in the active sector is quickly
repopulated from the background.

We have presented results for L(µ) = 0 only, but the case of L(e) = 0 shows
exactly the same trend as in Fig. 9.1. However, the region with δNeff = 1 is
slightly smaller than the one shown in Fig. 9.1. This is due to the fact that νe’s
have a larger potential than νµ,τ (because of the charged current interaction
contribution) and therefore resonances occur at slight lower temperatures.
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Figure 9.3: Temperature evolution of active and sterile neutrino distributions
for the resonant case (δm2

s, sin
2 θs) = (−3.3 eV2, 6 × 10−4) and L(µ) = 0.

The case of large initial lepton asymmetry

We now discuss the thermalisation degree for initial large lepton asymmetry.
In principle, one would expect a lepton asymmetry of the same order of mag-
nitude as the baryon asymmetry (η ≃ 10−10). However, since neutrinos are
neutral particles, L(a) = 10−2 − 10−1 is not presently excluded [108, 117, 126]
by the requirement of charge neutrality. A large lepton asymmetry is re-
sponsible for blocking the active-sterile flavor conversions by an in-medium
suppression of the mixing angle; therefore it has been invoked as a means of
significantly reducing the sterile abundance [96]. A large lepton number can
be generated by e.g. an Affleck-Dine mechanism [125] or other models that are
able to produce large lepton asymmetries and small baryonic ones [127, 128].
Another interesting possibility is to grow the lepton asymmetry from some
initial L(a) ∼ O(10−10) using active-sterile oscillations [69, 124, 132]. Solving
the QKE’s in IH and with an initially small but non-zero lepton number, our
preliminary results point toward a final lepton number varying between 10−5
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Figure 9.4: Iso-δNeff contours in the sin2 2θs − δm2
s plane for L(µ) = 10−2 and

δm2
s > 0 (top panel) and δm2

s < 0 (bottom panel), as in Fig. 9.1.

and 10−2 depending on the mixing parameters. For illustrative purposes, we
choose to adopt L(a) = 10−2.

Figure 9.4 shows the δNeff contour plot for L(µ) = 10−2 and δm2
s > 0 (top

panel) and δm2
s < 0 (bottom panel). The region with full thermalisation is

now much smaller than in Fig. 9.1.

As we discuss in detail in Appendix A, a large value of L(a) confines the
resonances to very small or large values of x, far away from the maximum of
the active neutrino momentum distribution (see also [101]). Only at relatively
low temperature does the resonance begin to move through the momentum
distribution. What happens next is qualitatively very different for normal
and inverted hierarchy. For NH the lepton asymmetry decreases as the res-
onance moves. This causes a run-away effect because as L(a) decreases the
resonance moves faster, causing a faster decrease in L(a). When L(a) becomes
less than approximately 10−5 (see Eq. (9.40)), the resonance disappears and
the remaining evolution after this point is equivalent to the L(a) = 0 NH case.
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For sufficiently large δm2
s and sin2 2θs the non-resonant production after the

resonance disappears can be significant. However, the required mass difference
and mixing to obtain the same degree of thermalisation are much larger than
in the L(a) = 0 case.

The rapid depletion of L(a) in NH causes the numerical solution to continue
after this point with a very small time step. No further resonant production
will occur after this point, but as we discuss above, some non-resonant ther-
malisation has yet to happen at this stage. To circumvent this problem, we
stop the code when L(a) becomes very close to zero and restart it again with
L(a) = 0 using the static approximation discussed in Appendix B.

For IH the lepton asymmetry increases when the resonance moves, causing
it to move slower and effectively blocking population of the sterile state until
very late. For the range of mixing parameters studied here production of sterile
neutrinos is effectively blocked until after the active species decouples, leading
to a very small δNeff. In Appendix A we give equations for the position of the
resonances for finite L(a) along with useful approximations valid in different
limits.

For νs mixing parameters as in [106], δNeff ∼ 0 in IH and δNeff = 0.05
in NH. Constraints from BBN, CMB, and LSS have usually assumed a fully
thermalised sterile state, but as also mentioned in [84] a finite lepton asym-
metry can effectively block thermalisation and make this assumption invalid.
In that case an eV sterile neutrino will not be in conflict with the cosmologi-
cal neutrino mass bound, but of course the extra energy density preferred by
CMB and LSS will then not be associable with the light sterile neutrino.

We finally note that since we have solved the quantum kinetic equations
using the 1 sterile + 1 active approximation, only one lepton asymmetry is
relevant in our equations (either e or µ). However, in the real 3+1 scenario
there will be 3 separate flavour asymmetries and active-active oscillations will
lead to some degree of equilibration between these asymmetries. While there
will be some quantitative differences between our 1+1 treatment and the full
3+1 scenario we do expect the same qualitative behaviour, i.e. a blocking of
thermalisation due to confinement of the active-sterile resonances.

9.4 Conclusions

Recent cosmological data seem to favor an excess of radiation beyond three
neutrino families and photons, and light sterile neutrinos are possible candi-
dates. The upcoming measurement of δNeff by Planck will confirm or rule out
the existence of such extra radiation with high precision [104, 105].

Light sterile neutrinos could thermalise prior to neutrino decoupling, con-
tributing to the relativistic energy density in the early universe. Present data
coming from CMB+LSS, and BBN allow the existence of one sub-eV mass
sterile family but do not prefer extra fully thermalised sterile neutrinos in
the eV-mass range since they violate the hot dark matter limit on the neu-
trino mass. However, the assumption of full thermalisation is not necessarily
justified. In this paper, we have studied the evolution of active and sterile
neutrinos in the early universe in order to calculate the effective number of
thermalized species after T ∼ 1 MeV when active neutrinos have decoupled
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and slightly before BBN commences. We have studied the amount of thermal-
isation for initial null and large (L(a) = 10−2) lepton asymmetry, for a range of
mass-mixing parameters and for both normal and inverted mass hierarchies.

Assuming null initial lepton asymmetry, we find that the assumption of full
thermalisation is justified for eV-mass sterile neutrinos with relatively large
mixing (as suggested by short-baseline oscillation data). This inevitably leads
to tension between CMB+LSS data which prefers very light sterile neutrinos
and Solar, reactor and short-baseline data which prefers a mass around 1 eV
or higher.

On the other hand, for large initial lepton asymmetries light sterile neutri-
nos are not (or only partially) thermalised for almost all the scanned param-
eter space. This provides a loophole for eV sterile neutrinos to be compatible
with CMB+LSS constraints. For lepton asymmetries around 10−2 almost
no thermalisation occurs for the parameters preferred by Solar, reactor and
short-baseline data, and the sterile neutrinos would contribute very little to
the current dark matter density.

One remaining open question neglected in this work is related to the impact
of sterile neutrinos on BBN. The νe and ν̄e flux distributions are affected by
active-sterile conversions and they enter the weak rates regulating the neutron-
proton equilibrium (see [129] for a review on the topic). Therefore the 4He
abundance is sensitive to the presence of sterile families. In particular δNeff > 0
and a less populated νe spectrum are both responsible for increasing the freeze-
out temperature of the ratio n/p and therefore for a larger 4He abundance.

For small L(a) and the mixing parameters discussed here the active-sterile
oscillations occur well before BBN commences, while for large L(a) the active-
sterile oscillations are no longer decoupled from the active ones and can occur
close to the BBN temperature. We refer the reader to [130] for a discussion of
BBN constraints on the sterile sector, but also stress that for large values of
L(a) any quantitative exclusion limits in mixing parameter space would require
solving the full QKEs including all three active species. This is clearly beyond
the scope of the present paper, but remains an interesting and important
calculation.

Note added: After the initial version of this paper was finalised, a semi-
analytic estimate of the BBN effect in the 3+1 scenario using the quantum
rate equations has appeared [131].
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9.5 Appendix

Location of the resonances

Imposing the resonance condition for neutrinos (Vz = 0) and for antineutrinos
(V z = 0), one finds the locations of the resonances [94]. In order to make
explicit the x-dependence, we define

V0 =
Ṽ0

x
and V1 = Ṽ1x . (9.32)

Introducing

ℓ =

{
sign[L(a)] for particles

−sign[L(a)] for anti-particles
(9.33)

the resonance conditions (Vz = 0 and V z = 0) can be written

Ṽ1x
2 + ℓ |VL|x+ Ṽ0 = 0 . (9.34)

We define m ≡ sign[δm2
s] and write the solution in the following way

xres = x0

[
Aℓ±

√
A2 −m

]
≡ x0F

±
ℓm (A) , (9.35)

where we have defined

x0 =

√√√√mṼ0

Ṽ1

, (9.36)

A =
|VL|

2
√
mṼ0Ṽ1

, (9.37)

F±
ℓm (A) =

[
Aℓ±

√
A2 −m

]
. (9.38)

Note that x0 is always real and positive. In order to have a physical solu-
tion, F±

ℓm has to be real and positive. This condition is satisfied for F+
±1,−1(A)

for any A and F±
+1,+1(A) for A ≥ 1. Thus, we always have two physical so-

lutions when m = −1, one for particles and one for anti-particles. On the
other hand, when m = +1 and A ≥ 1, we have two resonances: when ℓ > 0,
they occur for particles and when ℓ < 0, they occur for anti-particles being
in both cases responsible for destroying the lepton number. These equations
reproduce the ones reported in [94] when m = −1.

We can expand the solutions for small and large L(a):

F+
−1,−1 = −A+

√
1 +A2 ≃

{
1 −A+ A2

2 − · · · A → 0+

1
2A − · · · A → ∞ (9.39a)

F+
+1,−1 = A+

√
1 +A2 ≃

{
1 +A+ A2

2 − · · · A → 0+

2A+ 1
2A − · · · A → ∞ (9.39b)

F+
+1,+1 = A+

√
A2 − 1 ≃

{
1 +

√
2
√
A− 1 + · · · A → 1+

2A− 1
2A − · · · A → ∞ (9.39c)

F−
+1,+1 = A−

√
A2 − 1 ≃

{
1 −

√
2
√
A− 1 + · · · A → 1+

1
2A − · · · A → ∞ (9.39d)
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with A and x0 assuming the following expressions

A =
6ζ (3)

π3

√
10

7
√

2

T
∣∣∣L(a)

∣∣∣Mz

√
GF

√
cos 2θs |δm2

s| (nν + nν̄) g
(9.40)

≃ 7.28 × 104 TMeV

∣∣∣L(a)
∣∣∣

√
cos 2θs |δm2

s|eV2 (nν + nν̄) g

x0 =
3

π

√
5

7
√

2

Mz√
GFT 3

√
cos 2θs |δm2

s|
(nν + nν̄) g

≃ 1.81 × 104 T−3
MeV

√
cos 2θs |δm2

s|eV2

(nν + nν̄) g
.

For L(a) = 10−2 we have A ≫ 1 and therefore the lowest resonance will be

xres,low ≃ x0

2A
=

π2 cos 2θs

∣∣δm2
s

∣∣
4
√

2ζ (3)T 4
∣∣L(a)

∣∣GF

≃ 0.12
cos 2θs

∣∣δm2
s

∣∣
eV2

T 4
MeV

∣∣L(a)
∣∣ . (9.41)

Note that xres,low is independent on the sign of the mass hierarchy and the
total neutrino density. Moreover, from the previous equation, we can extract
the temperature at which the lowest resonance starts sweeping the bulk of
the Dermi-Dirac distribution. This provides a good estimate of when resonant
thermalisation sets in. For example, in the limit of large lepton number, assum-
ing xres,low ≃ 0.1, we find Tres,low ≃ 3 MeV for (δm2

s, sin
2 2θs) = (1 eV2, 10−2).

On the other hand, the higher resonance has no effect at all. In fact

xres,high ≃ x0 × 2A =
180ζ (3)

∣∣∣L(a)
∣∣∣M2

z

7π2T 2
MeV (nν + nν̄) g

≃ 2.6 × 1010

∣∣∣L(a)
∣∣∣

(nν + nν̄) gT 2
MeV

.

(9.42)
Therefore, for L(a) = 0.01, xres,high will pass through the peak of the Fermi-
Dirac distribution at T ≃ 1 GeV. At that temperature, the damping term is
so strong that no oscillations occur and thermalisation is inhibited.

9.6 Adiabatic approximation

The so-called “adiabatic” approximation was first introduced in [102] and,
under certain conditions, it allows one to derive an approximate analytic so-
lution of the QKE’s. In this section, we closely follow the derivation from
first principles of [70]. Such derivation assumes that the rate of repopulation
(Ṗ0) vanishes, however the more careful analysis of [103], including a non-zero
repopulation rate, turns out to give the same final formula for Py. Therefore
we choose to adopt the simpler derivation.

Assuming Ṗ0 = 0, Eq. (9.4) can be written as a homogeneous matrix
equation:

d

dt



Px

Py

Pz


 =




−D −Vz 0
Vz −D −Vx

0 Vx 0


Pz , (9.43)

or using a vectorial notation

dP

dt
= KP . (9.44)
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The matrix K can be diagonalised by a time-dependent matrix U , such that
UKU−1 = D. The matrix U defines an instantaneous diagonal basis through
Q ≡ UP and, in principle, the evolution equation for Q is non-trivial:

dQ

dt
= KQ − U dU−1

dt
Q . (9.45)

However, if we assume that Eq. (9.45) is dominated by the first term, the
differential equation can be easily solved. This is the so-called “adiabatic” ap-
proximation and its applicability has been analysed thoroughly in [70]. Quot-
ing [70], it is applicable when

Vx√
D2 + V 2

z

≪ 1 , (9.46a)

T ≪ 3MeV , (9.46b)
∣∣∣∣∣

dL(a)

dTMeV

∣∣∣∣∣ ≪ 5 × 10−11T 4
MeV . (9.46c)

Equation (9.46a) is not easily stated as just a limit on temperature. If we
are not close to the resonance and Vz is dominated by V0, we find tan 2θs ≪ 1
which is true for our parameter space. If we are close to the resonance, the
criterion depends on L(a) through xres (see Appendix A for a discussion of the
position of the resonances). Using Eqs. (9.35,9.39), we find

L(a) ≫ 10−5 :
|Vx|
D

&

∣∣δm2
s

∣∣ sin 2θs

CaG2
Fx

2
res,lowT

6
∼ 5 × 1011 T

2
MeV

|δm2
s|

sin 2θs

cos2 2θs
L(a)2 , (9.47)

L(a) ≪ 10−5 :
|Vx|
D

&

∣∣δm2
s

∣∣ sin 2θs

CaG2
Fx

2
0T

6
∼ 50 tan 2θs . (9.48)

For large L(a), we almost always break the approximation at the lowest
resonance. But, since the resonance occurs at a very low momentum, it would
have no effect on the physics anyway. In principle, it could still affect numerics
but we did not encounter problems on this particular front. For small L(a), we
are safe for most of the parameter space and, as for large L(a), if the resonance
is not sitting in a populated part of the Fermi-Dirac distribution, there should
not be any impact on the physics from breaking this approximation slightly.
This also applies to the third condition: If the resonance is not in the middle
of a populated part of the distribution, we do not have a fast evolution of L(a)

and the approximation is valid.
Equation (9.45) can be formally solved by

Qi(t) = exp

(∫ t

t0

ki(t
′)dt′

)
Qi(t0), (9.49)

where the ki’s are the eigenvalues of K. Expanding those to lowest order in
Vx, we have

k1 = −D + iVz, k2 = −D − iVz, k3 = − V 2
x D

D2 + V 2
z

. (9.50)

Assuming that D is large and Vx satisfies Eq. (9.46a), we find

Q1(t) = Q2(t) = 0, Q3(t) = Q3(t0). (9.51)
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The adiabatic approximation allows us to relate Px, Py and Pz through



Px(t)
Py(t)
Pz(t)


 = U−1(t)



Q1(t)
Q2(t)
Q3(t)


 = U−1(t)




0
0

Q3(t0)


 = Q3(t0)s3(t), (9.52)

where s3(t) is the third column in U−1(t) which is also the normalised eigen-
vector corresponding to k3. We have

s3(t) = N




1
−(D + k3)/Vz

−Vx(D + k3)/(Vzk3)


 , (9.53)

with N a normalisation constant. We can now relate Px and Py to Pz to lowest
order in Vx:

Px(t) =
VxVz

D2 + V 2
z

Pz(t) , (9.54)

Py(t) = − VxD

D2 + V 2
z

Pz(t) . (9.55)

Substituting Vz by V z gives the corresponding relations for anti-particles.
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Chapter 10

Current and upcoming
experiments

10.1 Planck and Neff

The data from the Planck satellite is currently being analysed by the Planck
collaboration, and the results should appear in December 2012. The projected
sensitivity on Neff should be around 0.2, so within 6 months we will know
if Dark Radiation exists or not. If Planck finds Neff = 3.0 ± 0.2, the sterile
neutrino hypothesis as an explanation for the experimental anomalies will
be disfavoured. However, if the anomalies persists in future ground based
neutrino experiments, we might need to think about ways to suppress sterile
neutrino production in the early Universe. As we have demonstrated, this can
be accomplished by a large lepton asymmetry. It is also possible that Planck
confirms the hints of Neff > 3, and that would of course boost interest in Dark
Radiation considerably.

10.2 LHC and Dark Matter

The LHC will be running until the end of 2012 in the current configuration,
but so far there are no signs of physics beyond the Standard Model. (I am
counting the Higgs boson as part of the Standard Model). Since the dark
matter particle is at most weakly interacting, it is hard to detect in the LHC,
so two different strategies are used. They look for hints of specific models
of new physics (SUSY models, etc), and given these parameters they might
conclude something about the dark matter particle. Or, they look for missing
energy events.
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Chapter 11

Final conclusions

In this chapter I will give an update on the subjects covered in the papers in
part III.

11.1 Sommerfeld enhancement

The cosmic ray excesses are still there, but the dark matter explanation does
not look very good any more. One reason is the fact that dark matter annihi-
lating with large boost factors are severely constrained by now, both from the
energy spectrum as we showed, but even more so from the impact on reionisa-
tion which affects the CMB anisotropy spectrum. It turned out to be hard to
make dark matter annihilate primarily into leptons, and even in models where
this was realised at tree-level, hadronic states would often emerge through
electroweak bremsstrahlung. It was also realised, that the spectrum could be
explained quite easily with astrophysics, more specifically by nearby pulsars.
This is a likely explanation, although it has not been proved. The anisotropy
bounds are so strong that they can in fact be used to set bounds on ordinary,
thermal WIMP dark matter depending on the dark matter mass, so this will
be an interesting observable for Planck. The forecast for Planck [144] suggests
that a thermal WIMP can be ruled out for mξ . 100GeV.

11.2 Non-cold relics

Taking advantage of the freedom in selecting the quadrature nodes is quite
important for good performance in Boltzmann codes, and similar ideas were
subsequently implemented in the widely used Boltzmann code CAMB. There
might still be room for improvement in CLASS and in general. One idea would
be to use the Fermi-Dirac distribution as a weight function. Since the integrals
over the Laguerre polynomials multiplied by the Fermi-Dirac distribution can
be found analytically

∫ ∞

0
dx

L0(x)

ex + 1
= log(2), (11.1)

∫ ∞

0
dx

L0(x)

ex + 1
= log(2) − π2

12
, (11.2)

... =
..., (11.3)
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we could use Wheeler’s algorithm [139] to compute the nodes and weights. It
is hard to say if it will be a significant improvement over Laguerre quadrature,
but it could be worth trying. Regarding the fluid approximation for massive
neutrinos, it is not obvious how to improve it.

11.3 Thermalisation of sterile neutrinos

This paper was an important first step for my code LASAGNA1. I have tried to
make it relatively user friendly, and I intent to make it public within a year.
Our original goal for LASAGNA, was to study the chaotic amplification of the
lepton number which occurs in the inverted hierarchy. With the upcoming
Planck satellite, the thermalisation project seemed more timely, so I did not
have time to complete the chaos project in time for the dissertation.

I am currently also involved in a project to calculate the production of
hidden photons using a modified version of LASAGNA. In this case we will in-
terchange the effective interaction with the actual collision-terms for Coulomb-
scattering, bremsstrahlung and pair-production. The advantage of solving the
full QKE-system is that we get the spectral distortions to the CMB black body
spectrum directly, and that could potentially constrain the parameter space
of such models.

If Planck confirms the presence of Dark Radiation, it would natural to
study the thermalisation in even more detail by extending LASAGNA to 3 species
and/or including a more realistic scattering kernel.

1It could be an acronym for Lepton Asymmetric Sterile-Active momentum-Grid Neutrino
Analyser...
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