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Abstract (English)
Suspended drum-shaped micro-/nano-mechanical resonators possessing high frequency and high quality factor resonances are ubiquitous in sensing and metrology
applications, as their vibrations can be extremely sensitive to small external perturbations/forces and can efficiently couple to pressure due to their interaction with
electromagnetic radiation or with a fluid. In this thesis, we investigate assemblies
of suspended silicon nitride nanodrums oscillating at MHz frequencies with high
mechanical quality factors (∼ 105 ) for pressure sensing and electro-optomechanics
applications.
In the first part of the thesis, after discussing the generic mechanical and optical
properties of such drums, the assembly and characterization of optomechanical
sandwiches consisting of pairs of such membranes, suspended parallel and close to
each other are presented.
The second part of the thesis reports on an investigation of the effects of air
pressure on the mechanical properties of these membrane sandwiches. The resonance frequency shifts, damping and couplings between the resonators induced
by the compression of the gas inside the gap between the membranes are studied
in detail and the pressure responsivity and sensitivity of the realized squeeze film
pressure sensors are evaluated.
In the last part, we investigate the electromechanical couplings induced in
these membrane arrays via piezoelectricity. By applying a compressive force to the
frame supporting the membranes in order to piezoelectrically control their tensile
stress, noninvasive tuning of their vibrational mode spectrum, intermembrane
coupling and enhancement of their nonlinear response under parametric actuation
are demonstrated.
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Abstract (Danish)
Suspenderede højkvalitets nanomekaniske resonatorer udnyttes hyppigt som sensorer og for præcisionsmålinger, idet deres vibrationer kan være ekstremt følsømme
over for små perturbationer, induceret fx af trykket fra elektromagnetisk stråling
eller fra en væske. I denne afhandling undersøger vi rækker af suspenderede silicium
nitrid membraner, med MHz resonansfrekvenser og høje mekaniske kvalitetsfaktorer
(∼ 105 ), for tryksensor og elektro-optomekaniske anvendelser.
I den første del af afhandlingen, efter en diskussion af de generelle mekaniske og
optiske egenskaber of sådanne resonatorer, præsenteres fabrikationen og karakteriseringen af optomekaniske sandwicher bestående af et par membraner, suspenderet
parallelt tæt på hinanden.
I den anden del af afhandlingen undersøges hvordan lufttrykket påvirker de
mekaniske egenskaber af sådanne sandwicher. Resonansfrekvensskift, dæmpning og
kobling mellem membranerne induceret af sammentrykingen af gasset mellem membranerne måles og diskuteres grundigt, og tryksensorernes respons og følsomhed
evalueres.
I den sidste del undersøges elektromekaniske koblinger i disse rækker. Ved hjælp
af en piezoelektrisk induceret sammentrykkende kraft på membranernes ramme,
demonstreres en ikke invasiv kontrol af membranernes resonansfrekvenser, kobling
mellem dem, såvel som en forstærket ikke-lineær respons til parametrisk excitering.
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1

Introduction

Optomechanics is a fastly developing field that deals with the interaction of electromagnetic (EM) radiation with mechanical motion as a result of radiation pressure [1, 2]. Radiation pressure results from the exchange of momentum between a
movable object and electromagnetic radiation impinging on it. The existence of
radiation pressure was first conjectured in the 17th century by Kepler while observing a comet transit, and put later on firmer theoretical grounds by Maxwell before
the first experimental observations in 1901 by Nichols and Hull, and Lebedew [1].
On the other hand, interferometry with EM radiation is a widespread technique
to measure extremely small displacements and detect small forces. An important
motivation for studying the effects of radiation pressure on movable mirrors was
provided by the early gravitational wave detectors built in the 1970s and 1980s
which were large Michelson interferometers, with kilometers-long optical cavity
(as arms) and suspended kilogram mirrors, that have been used to detect very
small displacements caused by the gravitational waves [3–5]. Since then, progress
in micro/nano fabrication has led to the design of very small and high-quality
mechanical resonators for which the operation regime is dominated by the optical
forces [6–10] and which can be used in MEMS sensing, telecommunication or even
to investigate mechanics in the quantum regime [11–13].
Micro/nano mechanical resonators can efficiently couple to EM radiation pressure over a broad spectrum, from low frequency (radiofrequency, microwave) to high
frequency (optical) domain. Hence, using micro-opto-electromechanical (MOEM)
systems, such as micro-/nano-beams, cantilevers, and membranes, it is possible
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to bridge the gap between these two domains [14]. In that context, suspended
drum resonators made of low loss material such as silicon nitride are particularly
interesting, as their vibrations can be made to strongly coupled to either cavity
microwave [15, 16] or optical [10] fields and be used in the context of cavity optomechanics [1, 17] for e.g. electro-optical conversion or transduction of signals [18–20].
Electro- or optomechanical arrays consisting of multiple drum resonators are
also interesting and may offer attractive features as compared to single resonators,
such as the enhancement of radiation pressure force [21, 22], the emergence of collective dynamics [21–25], the exploitation of synchronization [26], the engineering
of phonon dynamics [27, 28], the generation of multimode squeezing or entanglement [29–32]. To illustrate the principle of radiation pressure force enhancement, for
instance, Fig. 1.1a shows a pair of parallel suspended drum resonators transmitting
an EM wave. The multiple momentum exchanges between the resonators and the
photons bouncing back and forth between them can create strong optomechanical
correlations [21]. Such optomechanical arrays –their fabrication, characterization,
and applications– are the focus of this thesis.

Figure 1.1: Schematic picture of a pair of parallel resonators experiencing (a) radiation pressure
and (b) pressure from a compressed fluid. The dashed vertical lines indicate the equilibrium
positions.

Suspended drums with a large area/small thickness are also naturally sensitive
to the pressure exerted by a surrounding fluid, as the interaction with the fluid
affects their mechanical properties [33], and this makes them excellent candidates
for pressure sensing [34]. At high pressures, where pressure sensors based on
diaphragms and capacitive drums are typically used, fluid-structure interactions
typically become the dominant source of damping and limit the quality factors
of the mechanical resonances [34]. At low pressures, the damping of vibrating
suspended membranes is essentially determined by material properties and boundaries [35]. However, not only damping is influenced by the interaction with the
gas. For instance, for a pair of parallel suspended resonators as depicted in Fig.
1.1b, the isothermic compression of a fluid in the free molecular regime between
the resonators results in can substantially modify the mechanical frequencies and
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damping (squeeze film effect). The squeeze film induced-spring constant in particular can be directly related to the pressure in a species-independent fashion [36–41].
Squeeze film effects have been investigated by different research groups for pressure
sensing application [38, 39, 41–49] and squeeze film pressure sensors [36, 50] allow in
principle absolute and direct pressure measurements. In this project, we studied
the effect of pressure on suspended membrane sandwiches and investigated their
potential use as absolute pressure sensors in the free molecular flow regime.
As above-mentioned, for MEOM applications, e.g. electro-optical conversion,
integrating both electrical and optical actuation to the mechanics can be obtained in
different ways, such as patterning of electrodes on membrane resonators [18, 20, 51].
For membrane arrays, dynamical tuning of the mechanics and engineering of couplings can be achieved by modifying the stress of the mechanical resonator e.g.
capacitively [50, 52], electro- or photo-thermally [53, 54], by bending [55] or by
heating [56]. Engineering linear and nonlinear couplings in such arrays is desirable
for a wide range of collective dynamics studies such as synchronization [57, 58] or
coherent phonon manipulations between them [59–65]. Later on in this thesis, by
applying a compressive force to the frame supporting the membranes, we investigate
the electromechanics in fabricated electro-optomechanical membrane arrays and
demonstrate noninvasive tuning of their linear and nonlinear mechanical response
–properties which are essential for the above-mentioned applications.
The resonators studied in this thesis are commercial Si3 N4 (SiN) membranes
(see Fig. 1.2) made by NORCADA [66] using Low Pressure Chemical Vapour Deposition (LPCVD). These are thin (100 nm), high tensile stress (GPa) silicon nitride
square drums with ∼mm2 area, exhibiting mechanical modes in the MHz range
with record high-quality factors (> 106 ) [67, 68] and small effective masses (ng). In
addition to these outstanding mechanical properties, the low loss of silicon nitride
allows for inserting them into standard Fabry Perot cavities without deteriorating
the cavity finesse. This approach –also referred to as ”membrane in the middle”–
was pioneered by J. Harris’ group at Yale [69] and has since then been widely used,
particularly in the context of quantum optomechanics [17–20, 26, 32, 51, 70–76].
Some recent experimental achievements with SiN membrane resonators include the
observation of the radiation pressure shot-noise [19], the optomechanical cooling of
their vibrations to or close to the ground state [51, 73], the observation of ponderomotive squeezing [32], the observation of optomechanically induced transparency
at room temperature [77], their coupling to cold atoms [78, 79], or electro-optical
conversion [18, 20, 80]. The first experiments of coupling arrays of SiN membranes,
as pioneered in Aarhus [81], to optical cavity fields have also very recently been
performed [74, 82, 83], opening new avenues for exploring collective optomechanics

4

Introduction
with these outstanding resonators.
In this thesis, progress in assembly, characterizing and functionalizing such SiN
membrane arrays for optomechanics and sensing applications are reported and the
outline of the thesis is the following:

Figure 1.2: Picture of commercial SiN membrane on Si chip.

• Chapter 2 introduces the theoretical models that will be used to describe
the mechanical and optical properties of the resonators, as well as their interferometric measurements. It begins with the description of the vibrations
of square drum resonators and discusses generic dynamics of single/coupled,
harmonic/anharmonic oscillators. The optics section discusses light propagation in systems of one-dimensional scatterers and introduces the transfer
matrix formalism. The chapter ends with a discussion on the basic principles
of the optical interferometer which will be used to measure the mechanical
motion of the membranes.
• Chapter 3 reports on the fabrication process and optomechanical characterization of SiN membrane arrays. The chapter begins with an overview of these
resonators and after a brief review of the work carried out by Bhagya Nair in
her PhD thesis [84] on the first generation of arrays, as well as the challenges
for achieving high parallelism. The new experimental setup to improve the
assembly process is detailed and the assembly and optical characterization of
various double-membrane arrays are discussed. Finally, the interferometry
setup and methods used for monitoring the vibrations of the resonators is
presented.
• Chapter 4 presents a practical application of SiN membrane sandwiches as
pressure sensors containing the results published in [85, 86]. The chapter
begins with a general discussion of the dynamics of plates oscillating in a
fluid and introduces the hydrodynamics models, including the squeeze film
effect, required to interpret the experimental observations. The results of the

5
experimental investigations of the effect of pressure on the mechanical properties of various membrane sandwiches are then reported, and the potential
of these resonators for absolute pressure sensing are discussed.
• Chapter 5 deals with the investigation of electromechanical couplings induced
in double-membrane arrays by piezoelectrical control of their tensile stress
presented in [87, 88]. The experimental details including the fabrication and
installation of the samples are first described as well as the experimental
setup. The chapter continues with an experimental investigation of the
noninvasive tuning and coupling of the mechanical modes of the membranes.
Their dynamical actuation and the tuning of their nonlinear response via
piezoelectricity is also reported. Such an activation is achieved by performing
parametric amplification of the thermal fluctuations of membranes’ fundamental modes, which is demonstrated, along with observations of an enhancement
of the nonlinear response evidenced by reduction of the parametric oscillation
thresholds due to the bias voltage.
• Chapter 6 concludes with a summary of the results achieved in this thesis
and the future prospects of using such resonator arrays for optomechanics
and sensing.
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2

Basic theory
In order to understand and model the experimental observations presented in
the next chapters, this chapter introduces basic theoretical tools in mechanics,
optics, and optomechanics. The chapter begins with how the vibrational modes of
square drum membranes are described and discusses their dynamics in terms of
single and coupled mechanical oscillator models in Sec. 2.1. It is followed by Sec.
2.2 where the propagation of electromagnetic plane waves in a lossless medium
using Maxwell’s equations leads to the introduction of the transfer matrix model
(TMM). The optical properties and transmission of membranes and membrane
arrays are then discussed in the framework of this one-dimensional scattering theory.
Section 2.3 ends the chapter by explaining the principle of the measurement of the
vibrations of the membranes via optical interferometry.

2.1
2.1.1

Mechanics
Square drum mechanical oscillator

The mechanical oscillators used in this project and shown in Fig. 2.1 are thin,
high tensile stress square membranes having uniformly distributed density across
the square region and clamped to a frame which defines boundary conditions for
the deformations of the square drum and allows for the existence of transverse
vibrations (two-dimensional standing waves). The study of such structures is based
on discussions in [70, 89–92].
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Figure 2.1: (a) Schematic picture of a thin membrane with thickness l and transverse dimension
a, clamped on a square frame with transverse dimension af ≫ a and thickness lf ≫ l. (b)
Amplitudes of the square drum modes (1,1), (2,2) and (3,3).

A first assumption comes from the bending properties of the vibrating place.
Since the membrane has a very large transverse size (0.5 mm) as compared to
its thickness (100 nm), one can make use of the ”thin” plate approximation and
neglect the volume changes due to the transverse vibrations (see Fig. 2.1a). Due
to the boundary conditions imposed by the frame in the (yz)-plane, the amplitude
and the speed of the standing waves at the boundary have to be equal to zero and
the elastic wave equation describing the displacement in the x-direction, u(y, z, t),
leads to
−

D 4
∂ 2u
▽ u + T ▽2 u = ρ 2 ,
l
∂t

(2.1)

where ρ is the membrane density, l is the thickness and T is the in-plane tension.
The right-hand side represents the kinetic energy of the mass element ρdydz of the
membrane, while the left-hand side represents its potential energy deformations
due to flexural rigidity and tension. The flexural rigidity D is defined as:
D=

El3
12(1 − υ 2 )

(2.2)

where E and υ are Young’s modulus and Poisson’s ratio, respectively.
In order to satisfy the boundary condition, u = ∂ 2 u/∂n2 = 0, where n is the
coordinate normal to the boundary and we also have y ∈ [0, a], z ∈ [0, a]. Solutions

2.1 Mechanics
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for the displacement are two-dimensional standing waves fluctuating harmonically
with a frequency ωmn :
umn (y, z, t) = x(t) sin (

mπy
nπz
) sin (
)
a
a

,

x(t) = x0 sin(ωmn t + φ),

(2.3)

where ωmn is the normal mode frequency characterized by two integers m and
n, and φ is an arbitrary phase. The variations of the amplitude are given as a
function of y, z and are presented in Fig. 2.1b for the lowest m = n modes.
The membranes that we consider acquire high tensile stress (∼ GPa) during
the deposition process, which means that the bending terms can effectively be
neglected with respect to the tensile stress terms in Eq. (2.1):
∂ 2u
.
(2.4)
∂t2
This gives the following expression for the resonance frequencies of a tensile
stress-dominated square drum:
√
π T√ 2
ωmn ∣D=0 =
m + n2 ,
(m, n ∈ N+ ).
(2.5)
a
ρ
T ▽2 u = ρ

2.1.2

Single mode dynamics

For the silicon nitride membranes we consider in this work, intrinsic damping
is essentially due to clamping losses [70] and it can be considered as a viscous
force [92], although generally, it is possible to have some other forms of dissipation
in such a structure. The study of the dynamics of a single vibrational mode in this
section follows the discussions in [70, 91, 92].
We focus on the evolution of the amplitude x(t) of a single vibrational mode,
whose displacement is of the form Eq. (2.3) and whose effective mass is m. Including
a viscous damping force, its evolution can be described by a single damped harmonic
oscillator equation:
2
mẍ(t) + mγ ẋ(t) + mωm
x(t) = Fth (t) + Fd (t),

(2.6)

where m is the effective mass of the mode considered, ωm is the resonance
frequency, γ is the mechanical damping rate which gives the loss of mechanical
energy to the environment and Fth and Fd are the thermal fluctuation force and
the potential external driving force, respectively. The thermal fluctuation force Fth
describes the coupling with a thermal bath at equilibrium temperature T . The
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driven force Fd can be an oscillating force applied externally to coherently drive
the mechanical oscillations, as will be discussed later.
A key parameter for the dynamics of the mechanical oscillator is the dimensionless quality factor, Q, which is defined as 2π times the total energy of the system,
divided by the energy loss per cycle of oscillation:
Wm
.
(2.7)
∆Wm
Based on the ratio of the damping γ to the resonant frequency ωm , the mechanical system can evolve in an under-damped (ωm ≫ γ ), an over-damped (ωm ≪ γ )
or a critically-damped (ωm = γ ) regime. For an under-damped harmonic oscillator
in absence of external force, ∆Wm can be determined by the work done via the
oscillator on the environment over a single cycle:
Q = 2π

2π/ωm

∆Wm = ∮ mγ ẋdx = ∫

0

ẋ2 dt = 2π

γ
Wm ,
ωm

(2.8)

which gives:
ωm
.
γ

Qm =

(2.9)

The modes of the membrane resonators used in this work, typically have Q
factors in the range 104 − 106 and operate well in the under-damped regime.
2.1.2.1

Thermal oscillations

In the absence of the external drive force (Fd = 0), the motion dynamics of the
system are only affected by thermal fluctuations:
Fth (t)
.
(2.10)
m
In order to discuss the spectral content of the solution to this equation, we
introduce the Fourier transform (FT) and inverse Fourier transform (IFT) as:
2
ẍ(t) + γ ẋ(t) + ωm
x(t) =

+∞

x(t) = ∫

dω
,
2π

(2.11)

x(t)e−iωt dt.

(2.12)

x(ω)eiωt

−∞
+∞

x(ω) = ∫

−∞

Using this convention we can introduce the Dirac-delta function:
δ(ω − ωm ) = ∫

+∞
−∞

e−iωm t e−iωt dt,

(2.13)

2.1 Mechanics
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which gives:
x(t) = x0 cos ωm t =

x0 iωm t −iωm t
(e
+e
),
2

(2.14)

x0
[δ(ω − ωm ) + δ(ω + ωm )].
(2.15)
2
If x(t) is a stationary fluctuating variable, both x(t) and x(t + τ ) have the same
statistics, so that:
x(ω) =

T
2

⟨x(t)x(t + τ )⟩ = lim ∫ T x(t)x(t + τ )dt.
T →∞ −

(2.16)

2

The FT of this correlation function gives the (double-sided) spectral density:
Sxx (ω) ≡ ∫

+∞

⟨x(t)x(t + τ )⟩e−iωτ dτ.

(2.17)

−∞

The variance of the fluctuations of x(t) is then given by integration of the
spectral density over all positive and negative frequencies:
dω
.
(2.18)
2π
−∞
If x(t) is real, one can show that Sxx (ω) = Sxx (−ω) and then it is possible to
introduce the ”single-sided” spectral density:
⟨x(t)2 ⟩ = ∫

+∞

Sxx (ω)

Sx (ω) ≡ 2Sxx (ω)

for ω ≥ 0.

(2.19)

In this case,
dω
.
(2.20)
2π
0
Now, by Fourier transforming Eq. (2.10), we get the Fourier component of the
fluctuations of x at frequency ω:
⟨x2 (t)⟩ = ∫

x(ω) =

+∞

Sx (ω)

Fth (ω)
m
.
2 − ω 2 − iγω
ωm

(2.21)

For thermal fluctuations, Fth (t) has a zero mean value in time :
⟨Fth (t)⟩ = 0,

(2.22)

and a nonzero correlation function given by
⟨Fth (t)Fth (t′ )⟩ = Kδ(t − t′ ),

(2.23)
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where K is a constant; it shows that the noise is entirely uncorrelated for
different times and no memory exists between each excitation. This implies:
(2.24)

⟨Fth (ω)⟩ = 0,
and the correlation function in Fourier space is
′ ′

⟨Fth (ω)Fth (ω ′ )⟩ = ∫ dtdt′ ⟨Fth (t)Fth (t′ )⟩e−iωt e−iω t = Kδ(ω + ω ′ ).

(2.25)

Using the Fluctuation-dissipation theorem one can show that
(2.26)

K = SFth (ω) = 4kB T γm,
where kB is the Boltzmann constant.
Using Eq. (2.21), the thermal noise spectrum of x(ω) is given by:
Sxx (ω) =

SFth (ω)
m2
,
2 − ω 2 ) + iγ 2 ω 2 ∣2
∣(ωm

Sx (ω) = 2Sxx (ω) =

(2.27)

4kB T γ
m
.
2 − ω 2 )2 + γ 2 ω 2
(ωm

(2.28)

Making the high-Q oscillation assumption (ωm ≫ γ) and assuming velocity
damping (i.e γ is independent of ω), one can use the following approximations
(2.29)

2
ωm
− ω 2 ≃ 2ωm (ωm − ω),

and
2
2
(ωm
− ω 2 )2 + γ 2 ω 2 ≃ 4ωm
[(ωm − ω)2 +

γ2
],
4

(2.30)

to obtain
Sx (ω) ≃

2kB T γ
1
,
2
mωm (ωm − ω)2 + γ 2

(2.31)

4

which is a Lorentzian function of ω, centered at ωm with a Full Width at Half
Maximum (FWHM) given by γ. Figure 2.2 shows power spectra density for a
weakly damped mechanical mode at resonance frequency ωm /(2π) = 1 MHz using
m = 8.4 ng, T = 298 K, kB = 1.38 × 10−23 m2 kg/(s2 K) for Q = 10 (Fig. 2.2a) and
Q = 104 (Fig. 2.2b) and two models of with (Eq. (2.31) in blue) and without (Eq.
(2.28) in red) the high-Q assumption. Since both models in Fig. 2.2b, are mostly
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the same except in off-resonant frequencies where there is a small fraction of energy
(∼ 1/Q) difference, one can use the Lorentzian approximation to describe this system.

Figure 2.2: Power spectral density of displacement flucctuations for a Brownian oscillator with
ωm /(2π) = 1 MHz, m = 8.4 ng, T = 298 K, kB = 1.38 × 10−23 m2 kg/(s2 K), (a) Q = 10 and (b)
Q = 104 . Red and blue lines in both plots represent the model for velocity damping in Eq. (2.28)
and the Lorentzian approximation in Eq. (2.31), respectively.

The variance of the thermal fluctuations is obtained by integrating the thermal
noise spectrum:

⟨x2 (t)⟩ = ∫

∞
0

Sx (ω)

dω
2π

dω
2kB T γ ∞
2π
2 ∫0
mωm
(ωm − ω)2 + ( γ2 )2
kB T
=
,
2
mωm

=

(2.32)

which is consistent with the principle of energy equipartition:
1
1
2
mωm
⟨x2 ⟩ = kB T .
2
2

(2.33)

14

Basic theory
2.1.2.2

Periodically driven oscillations

In the case where a periodic force at (or close to) the mechanical resonance
frequency, Fd (t) = F0 cos(ωt), is applied with an amplitude much larger than
the typical thermal fluctuation amplitude, the system reaches a driven steady
state [70, 93]. The amplitude of the Fourier component at ω is then given by:
F0

(2.34)

2m
∣x(ω)∣ = √
.
2
(ωm − ω 2 )2 + γ 2 ω 2

Figure 2.3: An example of an exponentially damped mechanical oscillation. The blue line shows
damped oscillation of the resonator for ωm /(2π) = 1 MHz, γ/(2π) = 6 Hz and φ0 = 0. The red
dot line is the envelope of damped function which represents the maximum amplitude of the
oscillations.

By abruptly turning off the external force at a certain time, say t = 0, the
system returns to thermal equilibrium on a time scale given by the inverse of the
mechanical damping rate, as the energy of the driven motion slowly dissipates into
the bath as a result of damping (see Fig. 2.3).
Solving Eq. (2.6) with Fth = 0, and Fd (t) = F0 cos(ωm t)Θ(−t), where Θ(t) is
the Heaviside (step) function [Θ(t) = 1 if t ≥ 0, 0 otherwise], yields an amplitude of
the form
x(t) = x0 cos(ωm t + φ0 )e

−γ(t−t0 )
2

= x0 cos(ωm t + φ0 )e

−ωm (t−t0 )
2Q

,

(2.35)

whose envelope exponentially decays with a time constant 2/γ = ωm /2Q, that
depends on the mechanical quality factor.
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Monitoring the energy dissipation by perturbing the system and measuring the
return to thermal equilibrium is the principle of ringdown spectroscopy, which will
be discussed in Chap. 3.
2.1.2.3

Parametrically driven oscillator

A periodic modulation of a harmonic oscillator’s frequency or damping at certain
frequencies can cause a strong, ”parametric” excitation of its motion [94–96]. Parametric resonances occur when the external periodic force (pump) has a frequency
ωp ≃ (2/n)ωm , where n is a positive integer, and the most intense parametric
excitation happens when n = 1 [97]. Indeed, while a ”direct” driving at ωm increases
the amplitude linearly (Eq. (2.34)), a small parametric driving at 2ωm can lead to
exponential amplification of the motion [98].
During the parametric excitation of driven oscillations, the amplitude of the
oscillations around the equilibrium can be amplified or deamplified, depending on
the relative phase between the driving force and the parametric force. Here, we
focus on the parametric amplification of thermal fluctuations: there is no external
drive force at the resonance frequency of the mechanical oscillator and we only
have a sinusoidal frequency modulation due to an external force Fp (t) = f0 sin(ωp t),
where f0 is the amplitude of applied force and ωp is the pump frequency. Such
parametric amplification dynamics can be described by the damped Mathieu
equation [71, 96, 97, 99–101]:
Fth
,
m
where ξ is a constant proportional to modulation amplitude.
2
ẍ(t) + γ ẋ(t) + ωm
(1 + ξ sin(ωp t))x(t) =

(2.36)

Let us take a pump frequency ωp = 2(ωm + δ) close to the second harmonic
frequency and consider the high Q oscillator regime as before. It is convenient to
introduce the slowly-varying envelope A(t), such that
1
x(t) = (A(t)e−iωm t + A∗ (t)eiωm t ) = R(A) cos ωm t + I(A) sin ωm t.
2

(2.37)

Neglecting the second-order derivatives of the A(t) and A∗ (t) under the rotating
wave approximation (RWA), Eq. (2.36) becomes:
γ
ωm ξ ∗
Ȧ + A + iδA −
A = F̃ ,
2
4
where F̃ = Fth eiωm t /mωm . Fourier transforming Eq. (2.38) gives:

(2.38)

16

Basic theory

γ
ωm ξ ∗
( + iω + iδ)A(ω) −
A = F̃ ,
2
4
and its complex conjugate

(2.39)

γ
ωm ξ
( + iω + iδ)A∗ −
A = F˜∗ ,
2
4

(2.40)

from which one can obtain
(Γ + iω − iδ)F̃ (ω) + ΓF̃ ∗ (ω)
,
(Γ + iω + iδ)(Γ + iω − iδ) − (Γ)2
(Γ + iω + iδ)F̃ ∗ (ω) + ΓF̃ (ω)
A∗ (ω) =
,
(Γ + iω + iδ)(Γ + iω − iδ) − (Γ)2

(2.41)

A(ω) =

(2.42)

where
=

ωm ξ
Qξ
=
4(γ/2)
2

and

Γ=

γ
.
2

(2.43)

In terms of the quadratures X1 = R(A) and X2 = I(A) and using Eqs. (2.39)
and (2.40), one gets
F̃ + F˜∗
= (Γ + iω + iδ − Γ)X1 ,
2
F̃ − F˜∗
= (Γ + iω + iδ − Γ)X2 .
2i
The noise spectrum of an arbitrary quadrature

Xθ = X1 cos θ + X2 sin θ =

F̃ +F˜∗
2

Γ(1 − ) + iω + iδ

cos θ +

(2.44)
(2.45)

F̃ −F˜∗
2i

Γ(1 + ) + iω + iδ

sin θ

(2.46)

is given by:
SXθ (ω) = ⟨Xθ (ω)Xθ (−ω)⟩
=

1 SF̃
2
2 m2 ωm
Γ2 (1 − )2 + ω 2

cos θ +
2
2

+δ

1 SF̃
2
2 m2 ωm
Γ2 (1 + )2 + ω 2

+δ

sin2 θ,
2

(2.47)

where we used the fact that
⟨Fth (ω)Fth (ω ′ )⟩ = akB T mγδ(ω + ω ′ ),

(2.48)
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such that only ⟨F̃ (ω)F˜∗ (−ω)⟩ and ⟨F˜∗ (ω)F̃ (−ω)⟩ are non-zero and equal to
2 , where T is the thermal bath temperature. Furthermore, if one does
4kB T Γ/mωm
not keep the track of the phase of the quadratures in the experiment, one observes
an average noise spectrum which is equivalent to a random average over all the
quadratures
S̄(ω) ≡ S̄Xθ (ω) =
as

2kB T γ
Γ2 (1 + 2 ) + ω 2 + δ 2
.
2 [Γ2 (1 − 2 ) + δ 2 − ω 2 ]2 + 4Γ2 ω 2
mωm

(2.49)

At the parametric resonance (δ = 0), the average noise spectrum can be written

S̄(ω) ≡ S̄Xθ (ω) =

kB T γ
1
1
[
+
],
2
mωm
Γ2 (1 − )2 + ω 2 Γ2 (1 + )2 + ω 2

(2.50)

which, for this choice of phase, is the sum of two Lorentzians with HWHMs
Γ(1 − ) and Γ(1 + ), respectively. If  → 0 or  → 1, the average spectrum is close
to Lorentzian. Lorentzian spectrum with the narrowed width Γ(1 − ) corresponds
to the noise spectrum of the amplified X1 quadrature and the Lorentzian with the
broadened width Γ(1 + ) to that of the deamplified X2 quadrature.
The parametric oscillation threshold is obtained when the ”linewidth” of the first
1
Lorentzian goes to 0, i.e: threshold = 1, i.e ξthreshold = 2Q
and at the parametric
threshold, the linewidth of the noise spectrum diverges (in the absence of nonlinearities). In order to reach the parametric oscillation threshold the amplitude
of the parametric modulation has to be large enough (as compared to the damping).
As we can see in Fig. 2.4, for low values of  (e.g. 0.1 in Fig. 2.4a), we get a
Lorentzian noise spectrum due to the fact that the HWHM of both quadratures
is almost the same and is given by γ. For very high  (e.g. 0.9 in Fig. 2.4c), the
HWHM of the average spectrum is dominated by the amplified quadrature spectrum
HWHM and the form of the function is again expected to be quite like a Lorentzian,
whereas in case of 0 <  < 1 (e.g.  = 0.5 in Fig. 2.4b), the function is less Lorentzian.
The variance of the amplitude –and consequently the average energy in the
2 ⟨x2 ⟩– can be obtained by
mode Ē = 12 mωm
∆x2 = ⟨x2 ⟩ = ∫

∞

S̄(ω)
0

dω kB T
1
=
.
2
2
2π mωm 1 −  /(1 + δ 2 /Γ2 )

(2.51)

In the absence of parametric modulation, the average energy is Ē0 = 12 kB T ,
whereas, in the presence of parametric modulation, the average energy increases as
1/(1 − 2 ) and diverges at the threshold. For a nonzero pump detuning, the gain
in energy is reduced following Eq. (2.51) and the parametric resonance linewidth
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Figure 2.4: Noise spectra of mechanical oscillator with γ/(2π) = 1 Hz and the resonance frequency
at ωm /(2π) = 1 MHz for (a)  = 0.1, (b)  = 0.5 and (c)  = 0.9. Red line represents a Lorentzian
fit to the parametric noise spectrum.

depends on both Γ and .
In a linear parametric excitation, the average energy increases and in principle,
it diverges at the threshold. In practice, nonlinearities prevents the linewidth to be
infinitely narrow and self-oscillations with finite amplitudes are observed above the
threshold.
2.1.2.4

Duffing oscillator

Nonlinear behavior can also be exhibited by oscillators driven to high amplitudes.
A common case is the case of an oscillator experiencing a nonlinear (e.g. cubic)
restoring force in the displacement, which is also referred to as the Duffing oscillator
model. In this model the equation of motion (modified by introducing a cubic
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nonlinearity in the displacement) according to [102, 103] is:
2
mẍ + mγ ẋ + mωm
(x + βx3 ) = 0

(2.52)

where m and β are the mass and Duffing nonlinearity coefficient of the system,
respectively.
In the presence of an external sinusoidal force Fd = Fω cos(ωt) applied to the
system, the forced Duffing equation can also be used to model the forcing of the
damped nonlinear elastic structure:
Fω
cos(ωt),
(2.53)
m
where the sign of β determines whether the nonlinear force becomes more
restoring as the amplitude increases (spring hardening) or, on the contrary, less
restoring (spring softening).
2
ẍ + γ ẋ + ωm
(x + βx3 ) =

For a small nonlinearity, the amplitude of the Fourier component at ω can be
approximated by [102]:
Fω /2m
∣x(ω)∣ = √
.
2 (1 + 3 β∣x(ω)∣2 ) − ω 2 )2 + γ 2 ω 2
(ωm
4

(2.54)

The results of Eq. (2.54) for 34 β = ± x12 × 10−12 with different Fω s for a damped
0
oscillator with γ = 10−6 ωm are shown in Fig. 2.5. One observes asymmetric profiles,
distorted towards lower (spring softening) or higher (spring hardening) frequencies.
As can be seen, when β ≠ 0 the maximum amplitude no longer happens at ωm and
is shifted due to the nonlinear frequency shift. When this nonlinear shift is at the
order of the linewidth, bistability may occur with an hysteresis behavior depending
on the direction of the scanning frequency of the force.
Figure 2.6 illustrates this behavior for a Duffing oscillator with β > 0 by scanning
the frequency around ωm . By moving towards the higher frequencies, after reaching
the maximum value of the amplitude (1), a sudden drop happens (2) and going
to higher frequencies no longer increases the amplitude. When going backward in
frequencies, the amplitude grows (3), jumps to a higher amplitude (4) which is not
the same as before. [102]
Interestingly, Eq. (2.54) can also be interpreted as describing the amplitude
of an oscillating solution of the form cos(ωt + φ). It means that the term in x3 in
(2.54) can be seen as an effective parametric modulation in the Mathieu equation
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Figure 2.5: Amplitude-frequency curves of Eq. (2.54) for ωm /(2π) = 1 MHz and γ = 10−6 ωm with
(a) 34 β = + x12 × 10−12 , (b) 34 β = − x12 × 10−12 and (c) β = 0, for different Fω s in red (5×105 kgHz2 ),
0

0

green (4×105 kgHz2 ), orange (3×105 kgHz2 ) and blue (2×105 kgHz2 ).

Figure 2.6: An example of a hysteresis behaviour of amplitude-frequency curve of Eq. (2.54) for
ωm /(2π) = 1 MHz, γ = 10−6 ωm , Fω = 5 × 105 kgHz2 and β = 10−12 /x0 .
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cos(2ωt)x. The mathematical connection between the forced Duffing equation and
the damped Mathieu equation is discussed in [102].

2.1.3

Coupled oscillators

We have so far discussed the dynamics of a single isolated mechanical mode.
However, a mechanical resonator typically possesses many vibrational modes. Or
the modes of distinct mechanical resonators can also be coupled together, as we will
see several examples in the next chapters. In order to discuss in a simple fashion
generic features of coupled-oscillator modes, we consider here two mechanical
oscillators connected to one another by a spring (see Fig. 2.7). The bare spring
constants are denoted by κ1 and κ2 and the spring constant connecting the two
masses is denoted by κ12 . Assuming a linear harmonic response, the restoring
forces on each mass are given by:

Figure 2.7: Schematic picture of a two linearly coupled harmonic oscillators with masses m1 and
m2 attached to two springs with the spring constants κ1 and κ2 . The third spring with the spring
constant κ12 represents the linear coupling between them.

F1 = −κ1 x1 + κ12 (x2 − x1 ),

(2.55)

F2 = −κ2 x2 + κ12 (x1 − x2 )

(2.56)

which give the equations of motion:
m1 ẍ1 + (κ1 + κ12 )x1 − κ12 x2 = 0,

(2.57)

m2 ẍ2 + (κ2 + κ12 )x2 − κ12 x1 = 0.

(2.58)

Assuming the same mass (m1 = m2 = m) and adding damping and the thermal
fluctuation forces, the equations of motion become:
ẍ1 + γ1 ẋ1 + ω12 x1 = κ(x2 − x1 ) + Fth1 ,

(2.59)
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(2.60)

ẍ2 + γ2 ẋ2 + ω22 x2 = κ(x1 − x2 ) + Fth2 ,

where κ = κ12 /m is the intermode spring constant due to the coupling, Fth1,2
are
√ the thermal noise forces (divided by the mode effective mass), γ1,2 and ω1,2 =
κ1,2 /m are the mechanical damping rates and resonance frequencies of each mode,
respectively.
In the presence of the coupling, Fourier transforming of Eqs. (2.59)and (2.60) gives:

as:

[−ω 2 − iωγ1 + ω12 ]x1 (ω) = κ(x2 (ω) − x1 (ω)) + Fth1 (ω),

(2.61)

[−ω 2 − iωγ2 + ω22 ]x2 (ω) = κ(x1 (ω) − x2 (ω)) + Fth2 (ω).

(2.62)

In the good oscillator limit, one obtains the frequencies of these normal modes
√
ω± = [ω02 + δ 2 + 2ηω0 ± 2ω0 δ 2 + η 2 ]1/2

(2.63)

where
ω0 = (ω1 + ω2 )/2,

δ = (ω1 − ω2 )/2,

η=

κ
,
2ω0

(2.64)

and η is the intermode coupling constant. The dynamics of the coupled modes
and thereby their thermal noise spectra depend on the relative strength of the intermode coupling, the frequency separation between the modes and their respective
dampings.
Very non-degenerate frequency modes behave essentially independently of each
other and their mechanical resonance frequencies are both shifted by a nearly
equal amount when the coupling η is increased. For nearly degenerate frequency
modes, however, hybridization occurs and normal ”bright” and ”dark” modes have
to be defined [85], due to the intermode coupling. For η ≪ δ (like the uncoupled
oscillators), changes in frequencies happen independently for each mode whereas
the increase in η leads to the mode hybridizing and when η ≫ δ, the bright mode
frequency keeps increasing while the dark mode frequency becomes constant.
Figure 2.8 illustrates the variations of the frequencies and frequency shifts,
δω± = ω± − (ω0 ± δ), as a function of η in the case of a positive δ = 0.005ω0 . Two
regimes can be distinguished:
• When η ≪ δ, the dynamics of both modes are essentially independent and
they experience the same positive frequency shift η. When η becomes of the
order of δ, the bare modes hybridize.
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Figure 2.8: Normal mode (a) frequencies and (b) frequency shifts [86] as a function of coupling
(in units of ω0 ) for δ = 0.005ω0 . The plain red lines are ω+ and δω+ and the plain blue lines
correspond to ω+ and δω− . The dot-dashed gray and the dashed black lines show linear shifts
equal to η and 2η, respectively.

• When η ≫ δ, the bright mode -corresponding to the relative motion of the
membranes- experiences a doubled frequency shift, 2η, while the dark mode
–corresponding to their center-of-mass motion– no longer experiences any
frequency shift and converges to the mean of the bare frequencies ω0 .
At very large couplings the bright mode frequency shift no longer scales linearly
√
with η, but rather as η. When δ is negative the roles of ω+ and ω− are reversed.
Alternatively, one can look at the evolution of the normal mode frequencies
when the coupling η is fixed and the frequency separation δ is varied. Figure 2.9
shows this evolution for a zero and nonzero coupling. When δ = 0, i.e. at the
uncoupled mode frequency degeneracy, an avoided crossing can be observed, the
splitting between the frequencies giving a measure of the coupling η. When this
splitting becomes of the order or larger than the individual linewidths γ1,2 , the
oscillators are said to be strongly coupled.
In the experiments that we will discuss in the next chapters, the dynamics of
the membrane vibrational modes are monitored via their noise spectra. The noise
spectrum of x1 and x2 can be readily obtained from Eqs. (2.61) and (2.62), which
give:
x1 (ω) =

χ2 (ω)Fth1 (ω) + κFth2 (ω)
,
χ1 (ω)χ2 (ω) − κ2

(2.65)

x2 (ω) =

χ1 (ω)Fth2 (ω) + κFth1 (ω)
,
χ2 (ω)χ1 (ω) − κ2

(2.66)
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Figure 2.9: Frequencies for two coupled modes as a function of δ (in units of ω0 ) with η/(2π) = 0.05
Hz in plain lines which shows the increase of avoided crossing point as a result of the coupling
strength and two uncoupled modes η = 0 in dashed lines.

where
χα (ω) = (−ω 2 − iωγα + ωα2 ) + κ (α = 1, 2).

(2.67)

Anticipating on the following, the interferometric signal typically provides the
noise spectrum of a combination of x1 and x2 , e.g. x1 − x2 . In this case, one gets:
Sx1 −x2 (ω) =

∣χ2 (ω) − κ∣2 SFth1 (ω) + ∣χ1 (ω) − κ∣2 SFth2 (ω)
,
∣χ1 χ2 − κ2 ∣2

(2.68)

which, in the absence of coupling (κ = 0), would be reduced to the sum of two
independent thermal noise spectra.
In Fig. 2.10, the result of Eq. (2.68) is presented around ω0 /(2π) = 1 MHz
for different values of δ for two modes with with γ1 /(2π) = 8 Hz and γ2 /(2π) = 4
Hz, respectively which means γ2 = 2γ1 . In the absence of coupling (Fig. 2.10a),
the amplitude of the noise simply adds up at the crossing point, whereas, in case
of non-zero coupling (compare κ to the γs), the correlations between the modes
strongly alter the shape of the noise spectrum in the vicinity of the degeneracy point.
In case of having a coupling, η/(2π) = 0.5 Hz, Fig. 2.10b shows that the combination of both modes is no longer the summation of amplitudes at the crossing point.
To conclude this section, we have introduced the basic elements that we will be
using in the next chapters to describe the dynamics and noise properties of the
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Figure 2.10: Example of the noise spectrum of two mechanical modes with resonance frequencies
ω1 = ω0 − δ and ω2 = ω0 + δ with γ1 /(2π) = 8 Hz and γ2 /(2π) = 4 Hz, respectively, while
ω0 /(2π) = 720.5 kHz. (a) In the absence of coupling, η = 0 and (b) while coupling is present,
η/(2π) = 0.5 Hz.

vibrational modes of the membrane resonators. We now turn to the description of
their optical properties.

2.2

Optics

For most of the experiments discussed in this thesis, the optical properties of the
resonators –dielectric slabs or parallel assembly of slabs– are well-described in the
frame of a one-dimensional scattering model, in which the light fields impinging on
the resonators can be considered as plane waves.

2.2.1

One-dimensional transfer matrix model

We consider the propagation of plane waves in a lossless one-dimensional dielectric
along z-direction, which is described by Maxwell’s equations:
⃗
∂H
,
∂t
∂ E⃗
= −
,
∂t
= 0,

∇ × E⃗ = −µ
⃗
∇×H

(2.69)

∇ ⋅ E⃗
⃗ = 0,
∇⋅H

⃗ are the electric and magnetic fields,  and µ are the electric
where E⃗ and H
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permittivity and magnetic permeability, respectively. The latters are related to the
impedance η and the speed of light in vacuum c by:
√
1
η
1
µ
= , µ = , c= √ , η =
.
(2.70)
ηc
c
µη

The fields can be decomposed in forward (”+” subscript) and backward (”-”
subscript) propagating fields:
⃗ t) = E⃗+ (z, t) + E⃗− (z, t),
E(z,
⃗ t) = − 1 ⋅ ẑ × [E⃗+ (z, t) − E⃗− (z, t)]
H(z,
η

(2.71)

or, equivalently,:
1
⃗ × z),
E⃗+ = (E⃗ + η H
2
(2.72)
1
⃗ × z).
E⃗− = (E⃗ − η H
2
At a planar interface between two dielectric media with refractive indices n and
′
n (Fig. 2.11), the Fresnel coefficients relate the amplitudes of the backward- and
forward-propagating fields on each side of the interface:

Figure 2.11: Schematic picture of a dielectric interface between two mediums with different
refractive indices n,n′ and Fresnel reflection and transmission coefficients r, r′ and t, t′ , respectively.

n − n′
n′ − n
′
,
r
=
,
n + n′
n′ + n
(2.73)
2n
2n′
′
t=
, t = ′
.
n + n′
n +n
In order to describe the propagation of light through a single dielectric slab
with index n (and surrounded by vacuum), as depicted in Fig. 2.12, it is convenient to model the transmission of such system by using the transfer matrix,
which generally relates the amplitudes of the backward-propagating (A and C) and
r=
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forward-propagating (B and D) plane waves [104] incident on the right and the
left of a one-dimensional scatterer in Fig. 2.13.

Figure 2.12: Schematic picture of a single dielectric slab withe the refractive index n and
vacuum/dielectric interfaces with r1 , r2 and t1 , t2 as the reflection and transmission coefficients.

A
C
m
m1,2 C
[ ] = M [ ] = [ 1,1
][ ].
B
D
m2,1 m2,2 D

(2.74)

Figure 2.13: Schematic picture of propagating waves on each side of a one-dimensional scatterer
described by the transfer matrix M .

The transfer matrices for the interfaces vacuum/dielectric and dielectric/vacuum
are given by:
1 1 ri
Mint,i = [
] , (i = 1, 2)
(2.75)
ti ri 1
where the Fresnel coefficients for the reflectivity (r1 and r2 ) and the transmitivity
(t1 and t2 ) at the normal incidence at the left and right vacuum/dielectric interfaces
are given by:
1−n
2
2n
= r, t1 =
, t2 =
.
(2.76)
1+n
1+n
1+n
Moreover, the propagation of monochromatic light with a wavelength λ over a
distance d in a medium with refractive index n can be described by the transfer
matrix:
r1 = −r2 =
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⎡ i2πnd
⎤
⎢e λ
0 ⎥⎥
⎢
Mf (nd) = ⎢
.
−i2πnd
e λ ⎥⎥
⎢ 0
⎣
⎦

(2.77)

Using the transfer matrices Eqs. (2.75) and (2.77) one can analyze the propagation through a succession of media by simply multiplying the relevant transfer
matrices together, as we will now illustrate in the case of membranes and membrane
arrays.

2.2.2

Single membrane

The single membranes considered in this work can be assumed to be a dielectric slab
with thickness l and refractive index n, the absorption in the considered wavelength
range being negligible for the purpose of this thesis. Using the transfer matrices
introduced previously, the transfer matrix for a single membrane is given by:
(2.78)

Mm = Mint,1 ⋅ Mf (nl) ⋅ Mint,2 .

For light incident from the left-hand side, complex transmissivity and reflectivity
of a system with transfer matrix M are given by:
tm =

1
,
m2,2

rm =

m1,2
.
m2,2

(2.79)

This leads to the membrane reflectivity and transmittivity coefficients [21]:

rm =

r(1 − exp(2iθ))
,
1 − r2 exp(2iθ)

tm =

t1 t2 exp(2iθ)
,
1 − r2 exp(2iθ)

where θ =

2πnl
.
λ

(2.80)

Thereby, the transmission for a single membrane is:
2

Tsingle =

∣t2m ∣

t1 t2
=∣
∣ ,
2
1 − r exp(2iθ)

(2.81)

which is that of a linear Fabry Perot etalon (Airy function). Internal resonances
(perfect transmission) occur when λ = 2nl
p where p is an integer number. The red
line in Fig. 2.14 shows an example of transmission of a single membrane with
l = 100 nm and n = 2 over the wavelength range 200-1000 nm for which the first
internal resonance occurs at λ = 400 nm.
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Figure 2.14: Transmission spectrum of a single membrane (red) and a double-membrane array
(blue). The membranes have both l = 100 nm and n = 2, and the intermembrane distance in the
array is d = 8 µm.

2.2.3

Double-membrane array

We now consider a double-membrane array, consisting of two parallel, identical
membranes separated by a distance d, as depicted in Fig. 2.15.

Figure 2.15: Schematic picture of a double-membrane array with identical parallel membranes.
l and n are the thickness and refractive index of the membranes, respectively, and d is the
intermembrane separation in vacuum.

The double-membrane transfer matrix is given by:
Mdouble = Mm ⋅ Mf (d) ⋅ Mm ,
which gives a transmission (φ =

2πd
λ ):

(2.82)
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2

t2m
Tdouble (λ) = ∣
∣ ,
2 exp(2iφ)
1 − rm

(2.83)

that can also be rewritten as a canonical linear Fabry Perot Airy function:
Tdouble (λ) =

1
,
1 + F sin (φ + θ + ψ)

(2.84)

2

where F is the factor of finesse
F=

4∣rm ∣2
,
(1 − ∣rm ∣2 )2

(2.85)

and
r2 sin 4θ − 2r2 sin 2θ
.
(2.86)
1 − 2r2 cos 2θ + r4 cos 4θ
The final expression in Eq. (2.84) is the standard Airy function for a linear
Fabry Perot cavity with two identical mirrors in which the factors θ and ψ account for the thickness of the mirrors. Note that the Fabry Perot fringes, whose
spacing is determined by d, are modulated by the wavelength-dependent single
slab transmission (determined by l). The transmission spectrum of an 8 µm-long
double-membrane array is shown in Fig 2.14 as an example.
tan 2ψ =

2.3

Optomechanics

The membrane resonators being flexible mirrors, their vibrations can be naturally
investigated by optical interferometry. The description of how the mechanics affect
the transmission of light impinging on the membranes follows then naturally from
the two previous sections. To illustrate the optical interferometry technique, we
consider a low-finesse Fabry Perot cavity, as shown in Fig. 2.16 which consists
in a beamsplitter (BS) with reflectivity r1 and a membrane with reflectivity rm
separated by an equilibrium distance L. The amplitude of the vibrating membrane
around its equilibrium position is x(t) and gives the changes in the length of
interferometer. The cavity is exposed to a monochromatic laser beam with the
frequency ωL whose transmitted intensity can be measured with a photodetector.
The transmission of this interferometer is sensitive to its length changes:
T=

Tmax
1 + F sin2 ( 2π(L+x(t))
)
λ

2

,

tm t1
Tmax = (
) ,
1 − rm r1

(2.87)
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Figure 2.16: Schematic picture of a low-finesse Fabry Perot interferometer with a suspended
membrane as its movable end mirror and a 50:50 beamsplitter (BS) as the other end mirror. L is
the cavity length at equilibrium, x(t) is the displacement of the membrane. A monochromatic
laser beam is focused on the interferometer and the amplitude of the transmitted and/or reflected
field is monitored on a photodetector.

where the factor of finesse F of this lossless asymmetric cavity, in this case, is:
F=

4rm r1
.
(1 − rm r1 )2

(2.88)

The steady-state transmitted power is given by [70, 105]:
Pout =

Tmax
× Pin ,
1 + F 2 sin2 (2πL/λ)

(2.89)

which can be used to calculate the expected value for the maximum transmission
Tmax and the visibility of the interference fringes which is defined as:
V (F ) =

Pmax − Pmin
2F
=
.
Pmax + Pmin 2F + 1

(2.90)

In order to be sensitive to small displacements, we monitor the power transmitted from the interferometer at the mid-slope of the transmission by changing the
wavelength of laser (Fig. 2.17).
The length-to-power transduction is maximum at the position half-way between
the maximum and minimum value of the transmission and given by [70]:
√
dPout
2π F
= −Pout ×
C(F )
dL
λ

(2.91)
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Figure 2.17: Schematic transmission plot in arbitrary unit.

where Pout is the average transmitted power at the half-way and C(F ) is the
correction factor and is calculated by:
√
F
C(F ) =
.
(2.92)
1+F

Figure 2.18: Schematic picture of (a) the interferometer represented by a double-membrane array
and (b) the three-mirror interferometer consisting of the two movable membranes and one fixed
BS.

The same analysis holds in principle for a double-membrane array, which constitutes in itself a linear Fabry Perot interferometer with length d. The only difference
is that both end mirrors’ positions are now fluctuating and can be monitored on
the transmission signal. Once the array is assembled, d is however fixed. If d is not
too small (Fig. 2.18a), it may be possible, given the available tuning range of the
laser, to operate at midfringe and obtain an optimal displacement sensitivity, which

2.3 Optomechanics
is, ideally, equal for each membrane. If d is too small, one can still use the previous
interferometer with the beamsplitter in Fig. 2.18b, where the double-membrane
array now constitutes the end mirror and the interferometer length L is tuned
as previously. The variations of the displacement sensitivity with L and λ are
then more complex in this three-mirror system and can in principle be analyzed as
in [106]. In practice, as we will see in the next chapter, one varies the interferometer
length and the laser wavelength so as to optimize the displacement sensitivity of
one and/or the other membrane modes.
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3

Membrane array assembly and
characterization

Before we discuss the applications of SiN membrane arrays for pressure sensing
and for electro-optomechanics in the next chapters, this chapter introduces their
fabrication process and explains the techniques for characterizing their optical and
mechanical properties. The chapter begins with an overview of the commercial
silicon nitride membranes used (Sec. 3.1) and illustrates the geometries used to
assemble the double-membrane array. A brief review of the work carried out by
Bhagya Nair in her PhD thesis [84] on the first generation of arrays is given in
Sec. 3.2 and the challenges for achieving high parallelism are discussed. The new
experimental setup to improve the assembly process is introduced in Sec. 3.3 which
also presents examples of the measured transmission spectra of different membrane
arrays under monochromatic or broadband illumination. The interferometric
displacement setup used to characterize the mechanical properties of the resonators
is introduced in Sec. 3.3.4.

3.1

Si3N4 membrane arrays

The resonators used in this project are stochiometric Si3 N4 membranes bought from
a MEMS company, NORCADA, Edmonton (Canada) [66] which produces commercial membranes in various chip sizes (Si frame), membrane sizes and thicknesses.
These are thin high tensile stress (≈ GPa) membranes fabricated by Low Pressure
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Chemical Vapour Deposition (LPCVD) of SiN layer on a Si wafer. To define the
membrane window in this technique, deposition of electron beam resist and electron
beam lithography (EBL) were performed and followed by further development and
etching to create the suspended SiN membrane [70]. These membranes typically
have ∼mm2 area, thickness ≈ 50 − 100 nm and effective mass ≈ ng. In all the studies
in this thesis, the chips were made of stochiometric Si3 N4 films with membrane size
a = 0.5 mm and thickness l = 100 nm suspended on the Si frame with size af = 5
mm. Frame thicknesses lf of either 200 or 500 µm were used.

Figure 3.1: Pictures of commercial SiN membrane on Si chip.

To form a double-membrane array, these could be positioned parallel to each
other by using two geometries: front-to-front or back-to-front, as shown in Fig. 3.2.

Figure 3.2: Schematic pictures of (a) front-to-front and (b) back-to-front geometries for Si3 N4
double-membrane arrays and d is the intermembrane separation. Bottom pictures of doublemembrane arrays made in (c) front-to-front and (d) back-to-front geometries.

In the front-to-front geometry, one of the chips has a spacer deposited on top of
the SiN film. This spacer can have been deposited by NORCADA during a custom

3.2 Previous work
fabrication process or created post-fabrication in the Interdisciplinary Nanoscience
Center (iNANO) cleanroom by depositing metal (e.g. Al) or UV resist on one of
the standard chips, as it will be discussed later in Sec. 3.3.2. The assembly is done
by placing the front of the membranes on top of the each other (see Fig. 3.2a)
which gives a well-defined intermembrane separation d. d can in principle be down
to even below microns in order to form very short arrays.
In the back-to-front geometry, the assembly starts with positioning two standard
chips on top of each other in a way that both membranes face upwards (see Fig.
3.2b). In this case, d is the frame thickness and hence much larger (at least 30-50
microns). In this geometry, it is in principle possible to build periodic arrays having
more than 2 membranes.

3.2

Previous work

The first double-membrane arrays in the Optomechanics group were assembled and
characterized by Bhagya Nair during her PhD [84]. This section briefly summarizes
the process, achievements, and challenges of the first generation fabrication technique in order to highlight the main reason for improving the procedure which led
to a new experimental setup in Sec. 3.3 used for assembling the second generation
of arrays.

3.2.1

Fabrication and optical characterization

Assembly process was started by preselection of the pairs of commercial SiN membranes in order to have similar lateral chip dimensions or using notched samples
–custom samples from NORCADA with well-specified alignment features (tolerance
±10 µm) for the transverse dimensions (Fig. 3.3c)– to ensure a good transverse
overlap of the windows. The lateral alignment was ensured by steel bars (Fig. 3.3b)
and parallelism adjustments were done by applying a compressive force via a top
holder (cross) mounted on low-k springs manually. The transmission through the
array of light from a broadband source was monitored using a fiber spectrometer
during the alignment (see Fig. 3.3a). After getting to the desired result, the process
was ended by applying small dabs of epoxy or UV resist to the sides of the array
to finalize the assembly. [84]
The observed normalized spectrum for an 8.5 µm array in Fig. 3.4a via the
setup in Fig. 3.3a shows the Fabry Perot interference fringes, discussed in Sec.
2.2, with the first internal membrane resonance visible around 400 nm. The data
are fitted with the double-membrane transmission function by using fixed input
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Figure 3.3: (a) Overall schematic figure of assembly setup. The white light source is a flashlight
with a tungsten bulb. The beam is focused on the holder by a lens and the transmitted light
collected by a multimode optical fiber and detected with a spectrometer. (b) Fabrication setup
for the first generation of double-membrane arrays. The array is placed on a sample holder and
held transversely by 4 aligning steel bars (yellow). The top holder fixes the membranes in place
through a weak compression force. (c) Picture of a ”notched” chip (the notches are for facilitating
the transverse alignment of the windows in the arrays). [84]

Figure 3.4: Normalized transmission spectrum for (a) a d = 8.5 µm (front-to-front geometry) and
(b) a d = 100 µm (back-to-front geometry) double-membrane array measured by the broadband
white light source. The solid lines in (a) and (b) are the results of the fits to the theoretical model
introduced in Chap. 2 (Eq. (2.84)). [84]

parameters n(λ) and thickness (l) which were determined by independent ellipsometry measurements. From such a spectrum, the intermembrane separation can be
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estimated as a result of a fit to the model which in this case is d ∼ 8567 nm [84].

Figure 3.5: Schematic drawing of the experimental setup for accurate measurement of the
transmission spectrum of membrane arrays using monochromatic light. [84]

In order to be more precise in determining the peak transmission and therefore
the degree of parallelism, it is required to not be limited by the spectral resolution
of the spectrometer (0.3 nm for 8.5 µm and 0.1 nm for 100 µm double-membrane
arrays). To address this issue, the transmission spectrum was measured using the
light from a tunable monochromatic laser source (Sacher LION diode laser (TEC
520) over the range 890-940 nm) as illustrated in Fig. 3.5. The beam was coupled
to a single-mode fiber and, after passing through a 50:50 beamsplitter (BS), half
of it was detected by the reference detector and the rest was focused on the array
which rested on an adjustable mount with 500 µm central hole. Finally the outputs
of both detectors were recorded while the laser wavelength was scanned over a
certain range. The blue points in Fig. 3.4 correspond to the transmission measured
under illumination with the broadband source and the red points in Fig. 3.4b give
the transmission under illumination with a monochromatic source.
The highest transmission peak of an 8.5 µm double-membrane array assembled
using this method was recorded at (99.7±0.1)%. However, many other arrays
assembled in this fashion showed much lower transmission peak values, around 95%
or less. Similar spectra (see for instance Fig.3.4b in red) were also measured for
100 µm and 200 µm arrays for which the maximum transmission was never higher
than 95-97%. [84]
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3.2.2

Effect of parallelism on the transmission

Absorption being negligible for these films and films from the same production batch
having essentially identical refractive index and thickness (and thereby identical
transmission), these deviations from the perfect transmission could generally be
attributed to imperfect parallelism. In order to estimate the typical intrinsic tilt
of the arrays, AFM and profilometer measurements of the spacer thickness and
roughness of the samples were performed by Bhagya. The typical intrinsic tilt for
the 8.5 µm spacer chips was found to be the order of 0.1 mrad and for the other
samples in which the surface of the Si chip was measured, the tilt was typically the
order of 0.5-1 mrad [84].

Figure 3.6: (a) Schematic picture of wedged double-membrane array with a tilt angle . (b)1−Tmax
as a function of tilt angle for w0 = 50 µm and for 35% reflectivity membranes (λ ≈ 900 nm) with
n = 1.99 for 8.5 µm (○) and 200 µm (◻) double-membrane arrays. The orange curve shows the
lowest order expansion quadratic in the tilt angle. [81]

In Fig. 3.6b, the expected transmission of a double-membrane array with a
tilt between the two identical membranes (Fig. 3.6a) is shown while the Gaussian
nature of the beam is taken into account. As can be seen in Fig. 3.6b, the typical
intrinsic tilt of the samples can explain the observed levels of peak transmission,
although additional tilt during the assembly process or the presence of the dirt
may often have contributed. Based on the predictions of Fig. 3.6b, one can see
that, in order to achieve a 99.9% peak transmission, it is essential to control the
tilt better than 0.1 mrad [81].
This was difficult to achieve for the arrays using a compressive force that was
applied manually. Moreover, it required to have a carefully calibrated monochromatic light transmission to monitor the transmission during the assembly, instead
of relying on the unprecise transmission levels provided by the fiber spectrometer.

3.3 Second generation of double-membrane arrays

3.3

Second generation of double-membrane arrays

3.3.1

Fabrication

3.3.1.1

Experimental setup

A new setup including both mechanical and optical parts was thus designed and
built in order to have more control over the compressive force which is applied on
the chips while precisely monitoring the transmission during assembly. As it is
shown in Fig. 3.7a, there were four fixed Picomotor Actuators (New Focus 8302-V)
on a stage above a homemade sample holder with a 2 mm diameter central hole.
Their movements were controlled by a Picomotor Controller (New Focus 8743-CL).
The travel range for these actuators is 25.4 mm and the length changes are in form
of the number of steps, each step being approximately 0.025 µm, which allowed
fine-positioning during the optimization process. A designed top holder (cross)
with dimensions 15 mm×15 mm (corresponding to the positions of the tips of the
actuators), which made with four springs glued on its corners, such that these could
fit the four holes on the sample holder (see Fig. 3.7b). Each actuator moved in fine
steps to get in contact with the top holder corners slowly during the optimization
process and used to adjust the parallelism. By moving one actuator and pushing
on the corresponding corner of the cross, the force on the corner of the top chip
will change the parallelism and by repeating this action in a pattern on all corners,
it is possible to control the array’s parallelism and the intermembrane separation.
In order to observe these changes precisely, the transmission under monochromatic
illumination was measured during the optimization process, as shown in Fig. 3.8
and described below.
In the optical part of the assembly (see Fig. 3.8), a diode laser (TOPTICADLC pro) tunable in the range 915-985 nm, was used as the monochromatic light
source. The output beam was coupled to a single-mode, polarization-maintaining
fiber and, after passing through a polarizing beamsplitter (PBS), was focused on
the sample with a waist of 80 µm by a lens. To monitor the intensity fluctuations
of the light incident on the sample, half of the light was picked up by 50:50 beamsplitter (BS) prior to focusing. Both the reflected signal by the BS and the signal
transmitted through the sample were simultaneously recorded via photodetectors
(Thorlabs Si Biased Detector- DET36 A/M) (PDs) which were connected to an
Agilent (KEYSIGHT- InfiniiVision DSOX2024A) oscilloscope. The transmitted
signal through the sample could be referenced to the reflected signal, thereby allows
to minimize the power fluctuations of the laser. This referenced transmission is
then normalized by the same referenced transmission spectrum without the sample
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Figure 3.7: (a) Mechanical part of the setup with four fixed actuators on a stage above the sample
holder: each one of them is brought in contact with the corresponding corner of the top holder
(in a cross shape). (b) Top holder in a shape of a 15 mm×15 mm cross with glued springs on each
of its corners that could fit into the four holes on the sample holder.

Figure 3.8: Schematic picture of assembly and optical characterization setup. PBS: polarizing
beamsplitter, BS: beamsplitter, PD: photodetector.

being present, giving the final normalized transmission at a specific wavelength.
The wavelength of the laser was then scanned to obtain the normalized transmission
spectrum.
As can be seen from Fig. 3.9, by applying UV resist drops on the corners of
the SiN film of the bottom chip, the resist acts as a viscous medium in between
the membranes and actuators’ forward and backward movements could change
the force on each corner of the top holder and eventually it affects the parallelism
of the array. During the optimization process, the transmission spectrum of the
array was monitored after each step and the parallelism was improved by iterative
optimization of the peak transmission spectrum.

3.3 Second generation of double-membrane arrays

Figure 3.9: Schematic illustration of a sample in the setup in more details.

3.3.1.2

Calibration

The normalized transmission spectrum is obtained by taking the ratio of the referenced transmissions with and without sample present for each wavelength. To
assess the precision with which the transmission of a sample can be measured, we
can look at calibration spectra without sample. Figure 3.10a shows the dependence
of the referenced transmission ratio with the wavelength, which confirms that we
need this measurement in the absence of sample in the whole wavelength range.
The relative standard deviation as a function of wavelength is presented in Fig.
3.10b and the standard deviation is observed to be below 0.025%, which is an
acceptable level if one wishes to measure the transmission at the per mil level.

Figure 3.10: (a) Referenced transmission and (b) standard deviation of the measurement in the
whole wavelength range of laser without having any sample. Data points are the average of three
repetitions.
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Figure 3.11: Transmission ratio standard deviation recorded by the oscilloscope in dynamic ranges
200 mV/div and 50 mV/div. Each data point is an average of three measurements.

To achieve this goal, the signals measured by each photodiodes (varying between
0 and 10 V) were each recorded on two channels of the oscilloscope: the first channel
used a wide dynamic range (200 mV/div) to measure the signal through the whole
range and the other channel recorded the signal in a narrower range (50 mV/div)
using the offset determined by the first channel. The choice of the dynamic range
affects the precision of measurement and as it is shown in Fig.3.11, the standard
deviation difference of the measured signal by using these two ranges was about
0.3% . While using 50 mV/div as the measurement final dynamic range could
improve the precision, it also lowered the speed of data collection, since it required
to find the offset in the wider dynamic range and adjusting it in the 50 mV/div
range to record the data in each wavelength.
The aim was to find a way to have the same error bars in 50 mV/div and at the
same time reduce the measurement time. The solution was to use four channels of
the oscilloscope and each detector was connected to two of those channels, one in the
dynamic range of 200 mV/div and the other one in 50 mV/div. Therefore, finding
the transmission level in each wavelength of the laser was performed in 200mV/div
in the shorter time with fewer averages and at the same time by adjusting the offset,
the data could be recorded in 50 mV/div with std.≤0.1%, thus yielding sufficient
precision and increasing the speed of measurements by roughly a factor of 2.

3.3 Second generation of double-membrane arrays

3.3.2

Optical characterization

For fabricating the second generation of double-membrane arrays, samples were
made from chips having a 5×5 mm2 Si frame with 200 or 500 µm thickness and
a 0.5×0.5 mm2 Si3 N4 window with 100 nm thickness. At first, the bottom chip
was fixed on the sample holder by applying crystal bond droplets as the adhesive
because of its low melting point which makes it easy to remove after finalizing the
array just by increasing the temperature slightly. The next steps in the process
depend on the desired intermembrane separation which leads to three categories of
double-membrane arrays: ”large”, ”medium” and ”short” d.

Figure 3.12: Schematic pictures of (a) a chip with labeling Si frame corners and (b) a glued
double-membrane array on the mount by crystal bond with UV resist in between Si frames.

3.3.2.1

”Large” d

In this group of arrays, the chosen geometry is back-to-front (see Fig. 3.2b) and the
standard chips have Si frames with 200 µm thickness. After fixing the bottom chip
on the mount, small dabs of UV resist (OrmoComp, Micro resist technology GmbH)
were applied manually by a tip of a 0.8 mm-diameter needle on two diagonal corners
of the Si frame (it could be 2 and 3 or 1 and 4 in Fig. 3.12a). The important point
is to apply as little resist as possible in order to minimize the risk of dispersing
the resist on the membrane window or causing the membrane array to be sealed
during the optimization process. In addition, having the dabs of resist close to the
frame’s edge lowers the risk of affecting the mechanical properties of the membranes,
which depends on the residual stress of the SiN film. The top chip was then put
in the chosen geometry (Fig. 3.12b), and the parallelism optimization process began.
As shown in Fig. 3.13, the transmission spectrum of the sample in the initial
state (before the actuators were brought in contact with the pressing cross) shows a
poor peak transmission (∼ 85%), as a result of imperfect parallelism. After multiple
displacements of the actuators and maximization of the peak transmission, the final
spectrum (red) shown in Fig. 3.13 is obtained. Concomitantly with an increase in
the peak transmission, one observes a reduction in the intermembrane distance,
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Figure 3.13: Recorded normalized transmission spectrum of the 200 µm double-membrane array
before (in blue) and after (in red) the optimization process. Each data point is an average of
three repetitions.

from d ≃ 253.36 µm to 202.02 µm in this example. Data points show that the d is
reduced during the process, while a better transmission is achieved. In order to
fix the distance between two membranes and stabilize the sample, the UV resist
was cured with a UV pointer (at λ = 405 nm and 5 mW power) and the actuators
and pressing cross were removed and the sample released from the holder. The
transmission spectrum of the double-membrane array before and after removing
the actuators and pressing cross from the array shows the same intermembrane
separation and a stable array.
The normalized transmission of the released sample was remeasured over the
whole available wavelength range in order to have a better determination of the
intermembrane distance, as well as a precise determination of the peak transmission. This spectrum is shown in Fig. 3.14, together with the results of a fit to
the theoretical model introduces in Chap. 2 (Eq. (2.84)). By having the theoretical model in which l and d were the free fitting parameters and the previously
determined fixed value for the refractive index (n = 1.966 ± 0.001). The result of
the fit gives an estimation for the intermembrane separation d = (202.026 ± 0.001)
µm and the membrane thickness l = (102.83 ± 0.04) nm for this case. The excellent
agreement between the data points and the fit results explains the very small error
on d. However, several systematic factors have not been taken into account in this
estimation, for instance, the laser wavelength was not absolutely calibrated or the
refractive index of air was ignored. Finally, let us remark that the final intermem-
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Figure 3.14: Recorded normalized transmission spectrum of the 200 µm double-membrane array
for the whole wavelength range of laser (in blue) and the fit to the data points (in red). Data
points are the average of three repetitions.

Figure 3.15: Recorded normalized transmission spectrum of the 200 µm double-membrane array
around one of the wavelengths with the transmission peak with smaller steps and each data point
is the average of three repetitions (in blue). The data is then fitted (in red).

brane distance is the sum of the thickness of the Si frame (200 µm) and the final
resist layer. Given the uncertainty on the initial spacer thickness, it was not pos-
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sible to precisely evaluate the thickness of the final layer of the resist for this sample.
To determine the peak transmission, the optical transmission was recorded
around one of the peak wavelengths (in this case λ = 950.58 nm) with three
repetitions and by fitting the curve again, the peak transmission for this sample was
found to be (99.90±0.07)%, which is substantially higher than the first generation
arrays assembled from the same chips. However, lower transmission levels were
also sometimes observed using this method for other double-membrane arrays. We
surmise that possible reasons could be an intrinsic wedge (higher than expected),
dirt or anything that could not be compensated by the thickness of the UV resist
layer at the end of the optimization process. Since the (unknown) thickness of
the final resist layer is critical in determining how large a degree of nonparallelism
can be compensated, we thus decided to investigate arrays with a smaller and
well-known d.
3.3.2.2

”Medium” d

In order to have arrays with smaller d and better control on the distance between
two membranes, the front-to-front geometry (see Fig. 3.2a) was chosen. Both chips
had a 0.5×0.5 mm2 SiN window with 100 nm thickness while the 5×5 mm2 Si frame
had a thickness of 500 µm. One of them was a standard chip and the other one
was a custom made chip in which a well-defined 8.5 µm spacer was deposited on
the SiN film (see Fig. 3.16a). The chip with the spacer was fixed on the mount
and the small dabs of UV resist were applied manually on all the four corners of
the spacer (1 to 4 in Fig. 3.12a). To increase the resist viscosity and slow down its
spreading during the application of the compressive force, precuring of the resist
was performed. To precure the UV resist, the UV pointer was positioned around 10
cm far from a density filter (NE05A-B BBAR COATING 650-1050 nm) and used
to illuminate the spots for 15 seconds. After that, the top chip was placed in the
front-to-front geometry (see Fig. 3.16b) and the optimization process began. As
shown in Fig. 3.17a, there are initially two peaks visible in the available wavelength
range that are about 35 nm apart from each other which means that the starting
intermembrane separation was higher than 10 µm to start with.
After optimizing the parallelism, reaching the highest possible normalized transmission of the array and curing the UV resist (see Fig. 3.16c) to stabilize the
array, the transmission spectrum of the sample was recorded which is shown in
Fig. 3.17b. The blue circles are the recorded data points and the red line is the
result of a fit with the theoretical model data which gives the intermembrane
separation d = (9.84 ± 0.23)µm and the thickness of the membrane l = (94.52 ± 0.09)
nm. The same procedure was done to determine the peak transmission by taking
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Figure 3.16: (a) A custom made chip from NORCADA with an 8.5 µm spacer deposited on the
SiN film. (b) Schematic picture of a double-membrane array in the front-to-front geometry. The
resulting intermembrane separation is slightly more than 8.5 µm (thickness of the spacer). (c)
Picture of the double-membrane array made in the front-to-front geometry.

Figure 3.17: For the array with an 8.5 µm spacer and UV resist in between we have (a) the
transmission at the initial state of positioning the membranes before optimization process and (b)
the normalized transmission spectrum of the array (data points in blue) and fit to data points (in
red). Data points are the average of three repetitions.

the optical transmission around one of the peaks in Fig. 3.17 which was found to
be (99.80±0.03)% at λ = 933.4 nm.
Considering the fact that the d is the spacer thickness (8.5 µm) plus the remaining resist layer in between, an estimate of the size and distribution of resist on
the surface of the frame is possible. By taking a picture of the initial resist dabs
on the corners of the bottom chip, it could be seen that they had a hemispherical
shape with an approximate radius of 0.1 mm which gives a volume 2 × 10−3 mm3 .
Assuming that the final shape of the resist layer to be a quarter of a cylinder,
one gets a final resist layer thickness of h ≃ 1.3 µm (difference of the d and the
spacer thickness). Assuming volume conservation, the radius of the resist layer
after the fabrication process is estimated to be 1.4 mm, i.e. the final resist layer is
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expected to extend to about halfway between the frame corner to the SiN window.
While this shows a possibility to increase the amount of resist to make the distance
controllably higher even after distribution, one should bear in mind that the resist
layer may affect the residual stress and, thereby, the mechanical properties of the
membrane.

3.3.2.3

”Short” d

Motivated among others by the realization of squeeze film sensors with short membrane sandwiches discussed in Chap. 4, we also wanted to investigate arrays with
much shorter intermembrane spacing than 8.5 µm. However, making arrays with d’s
of e.g. few microns rendered impossible the measurement of a full interference fringe
with the available laser ranges. The setup in Fig. 3.18 was used to address this issue,
the laser was replaced by a flashlight with a tungsten bulb (Maglite) as broadband
(400-1000 nm) light source and by having an optical fiber connected to a spectrometer (Ocean optics HR4000CG-UV-NIR), the transmission could be monitored.

Figure 3.18: Fabrication setup for the ”short” d double-membrane arrays. The cross on top of
the array transfers the compression force by the four Picomotor Actuators to the top chip. The
white light source is a flashlight with a tungsten bulb and the beam is focused on the holder by a
lens. Transmitted light collected by a multimode optical fiber and detected with the spectrometer
(Ocean optics HR4000CG-UV-NIR).
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Figure 3.19: (a)Al spacer with 1020 nm thickness deposited on a sample with a 5×5 mm2 Si
frame with 500 µm thickness and a 0.5 mm×0.5 mm2 SiN windows with 100 nm. (b) Mount with
a central hole 300 µm. (c) Double-membrane array with Al spacer in between.

The first way of decreasing d is to deposit a spacer with a lower thickness, for
this case, a chip with an aluminum spacer with 1020 nm thickness was used in
the array fabrication. This Al spacer was deposited by Bjarke Rolighed Jeppesen
in the Interdisciplinary Nanoscience Center (iNANO) cleanroom on a standard
chip with a 500 µm frame thickness (see Fig. 3.19a). After fixing the sample with
the Al spacer on the mount, the top chip was put in the front-to-front geometry
and the optimization process was begun. The optimization process was followed
by monitoring the white light spectrum, moving the actuators and finished by
applying the UV resist to the side of the sample while there were still actuators on
top and then curing it for finalizing the array (see Fig. 3.19c).

Figure 3.20: (a) White light spectrum for the double-membrane array with Al spacer with sample
(blue) and without sample as the reference (red). (b) Normalized transmission data points (blue)
and fit to the data (red).

To properly normalize the transmission of the array, it was essential to replace
the current mount with the other mount which has a much smaller central hole
(300 µm) than the membrane window (Fig. 3.19b) since part of the incoming light
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was already blocked because of the size of membrane window in the current mount.
As it could be seen in Fig. 3.20a, the white light spectrum was recorded both when
the sample was on the mount and without it. The ration of both spectra, after
background subtraction, gave the normalized transmission for this sample in the
wavelength range 400-1000 nm. Fit to the theoretical model (see Fig. 3.20b) gives
d = (2955.9 ± 0.1) nm and l = (87.45 ± 0.05) nm.

Figure 3.21: Pictures of UV resist in forms of (a) spots on four corners of a SiN film and (b) two
lines along two opposite sides of a SiN film.

In another attempt, we aimed at avoiding entirely depositing a spacer by using
the resist as a ”tunable” spacer. Two standard chips having a Si frame with 500
µm thickness and the same geometry (see Fig. 3.2a) were used to make this sample.
The important step was applying the UV resist in small dabs, as identical as
possible, on all four corners of the SiN film (Fig. 3.21a) or as two thin lines along
opposite sides and close to the edges (Fig. 3.21b). The rest of the fabrication
process including precuring proceeded as previously.
At the end of the process, the normalized transmissions for two samples that
were made with these two different patterns of UV resist-spacer are shown in Fig.
3.22. As can be seen, d is reduced as compared to the previous case (Al spacer
array) since the spacing of the fringes is increased. Using a membrane thickness of
87 nm, for the UV-resist spacer array on all 4 corners of Si frame (see Fig. 3.21a),
the fit on Fig. 3.22a gives d = (1741.05 ± 0.11) nm and for the double-membrane
array with the two lines of UV resist as a spacer (see Fig. 3.21b), the fit on Fig.
3.22b gives d = (2119.70 ± 0.47) nm. In both cases the peak transmission is no
longer as high as before since decreasing d and preserving high Q without sealing
the array were the first priorities.

3.3.3

Summary

To summarize we improved the previous assembly methods by building a new setup
and implementing a more reproducible and controllable process to achieve highly
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Figure 3.22: White light spectrum for the double-membrane array with UV-resist spacer (a) as
spots on four corners and (b) two lines along two opposite sides of the SN film. Normalized
transmission data points are in blue and the fit is in red.

parallel membrane arrays. Arrays with substantially higher peak transmissions (at
the 99.9% level) or with much shorter (2 − 3 µm) intermembrane separation have
been made. While the factors sometimes limiting the achievable parallelism and
distance still remain to be more systematically investigated, the UV resist assembly
method has the potential for realizing either ”ultrashort” arrays with controllable
spacing or multiple (more than two) membrane arrays. Let us finally note that
systematic investigations of the mechanical properties of the resulting arrays should
also be carried out in order to fully assess and optimize this new assembly method.

3.3.4

Mechanical characterization

3.3.4.1

Experimental setup

As it was mentioned in Sec. 2.3, the vibrations of the membrane resonators, whether
driven or thermal, can be measured by standard optical interferometry. The simplest form of interferometer used in this project is shown in Fig. 3.23a; the light
coming from a monochromatic laser source (Sacher LION diode laser (TEC 520)) is
injected into a Fabry Perot interferometer which includes a beamsplitter (BS) as a
fixed end mirror and a membrane as a second, movable end mirror. The membrane
(or array) to be characterized is resting under gravity on the corners of its frame on
a circular ring mount whose inner diameter is slightly less than the frame diagonal
dimension. This minimizes the coupling with external vibrations [70]. The length
of this interferometer can be controlled by a piezoelectric transducer (PZT) (Noliac
NAC2124 multilayer using actuation) (see Fig. 3.23b). The transmission through
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the interferometer is detected with a low noise, high bandwidth photodetector
(Thorlabs PDA8A) and sent to a spectrum analyzer (TEKRONIX RSA 5103B).
Before sending the light into the chamber, half it is sent to another detector by a
BS to monitor input power fluctuations.

Figure 3.23: (a) Schematic drawing of the mechanical characterization setup in which light coming
from a diode laser via an optical fiber is sent into a Fabry Perot interferometer inside a vacuum
chamber. PZT: piezoelectric transducer, BS: beamsplitter, PD: photodetector. (b) Schematic
picture of the interferometer assembly inside the mechanical characterization chamber [84].

The PZT is connected to a combination box (see Fig. 3.24) made in the
electronics workshop which combines the DC signal and the RF modulation. The
design uses a capacitor with 4.5 µF which is ten times larger than that of the
PZT at 1 MHz. Having a 100 kΩ resistor enables the combination of the DC
signal the waveform generator (Agilent 33220A) with an RF modulation from the
RF generator and the combination of the capacitor and resistor results in an RC
characteristic time around 0.35 s. The output of the combination box is monitored
by the ”PZT monitor” which was tested and confirmed that it gives the same values
as ”Output to PZT”.
In such a single membrane-BS interferometer, the transmission of the interferometer is given by:
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Figure 3.24: Schematic graph of the piezo combination box circuit with the DC and RF inputs.

T=

1+F

T0
,
2 2π(L+x(t))
sin (
)
λ

(3.1)

where F is the factor of the finesse of this resonator that depends on the
reflectivity of BS and the membranes, L is the length of the interferometer (about
7 mm, depending on the alignment and the sample) and x(t) is the amplitude of
the displacement of the considered. As discussed in Sec. 2.3, varying the length
of the interferometer (or the wavelength of the light) yields interference fringes.
To maximize the displacement sensitivity one chooses a cavity length (or laser
wavelength) so as to operate at mid-slope.
For the mechanical characterization of a double-membrane array, the BS can
in principle be removed and one still has a Fabry Perot interferometer with two
movable end-mirrors. The distance between the membranes being fixed, one can
scan the laser wavelength to operate at mid-slope of the interference pattern (see
Fig. 3.25b). In practice, this is possible with arrays with a ”large” or a ”medium,”
d, in our case, due to the available laser range.
Making an interferometer consisting of a double-membrane array and the BS
may, though, be required –for ”short” d arrays– or for not very parallel arrays.
The interference pattern is more complex and the best displacement sensitivity can
be optimized by tuning both the laser wavelength and the PZT voltage, so as to
maximize the displacement peak noise for a specific mode. In addition, optical and
mechanical mode overlap, array parallelism and alignment may also considerably
influence the sensitivity, as we discuss below.
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Figure 3.25: (a) Picture of a membrane glued on the PZT lying on the mount. (b) An example
of the interference fringes of a double-membrane array’s transmission with a large d inside the
chamber.

3.3.4.2

Spectrum analyzer measurements

As it was mentioned, the output signal of the PD is sent to the low-resolution
bandwidth spectrum analyzer (RSA) as its input voltage. The data collection was
done in DPX mode when measuring thermal noise spectra (Section 3.3.4.3.1) and
in zero-span mode when performing ringdown spectroscopy (Section 3.3.4.3.2). In
zero-span mode, the local oscillator of the spectrum analyzer is fixed at a chosen
frequency and the variations of the signal amplitude (or power) are displayed as
a function of time. In DPX mode, the spectrum analyzer is used for recording
the thermal fluctuations of a mechanical mode, therefore the output is a voltage
power spectrum. RSA approximates the power spectral densities by normalizing
the measured power spectrum by its effective bandwidth and it is done by defining
the power spectrum as the integral of the voltage power spectral density over an
effective bandwidth as it was discussed in [70]. One can get try to estimate the
best displacement sensitivity that could be obtained in our interferometer if the
measurement was shot-noise limited.
Knowing the wavelength-dependent responsivity of the detector, R, the photocurrent i(t) produced by the transmitted power Pout = T Pin , is given by i(t) =
RPout . To quantify the sensitivity of the displacement measurement, the power
spectral density Si (ω) of photocurrent fluctuations produced by the interferometer
length fluctuations Sx (ω) is compared to the spectral density of photocurrent shot
noise fluctuations Sishot (ω):
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(3.2)
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,
dL
λ
Hz

(3.3)

Sxshot (ω) =
where for the transmitted field:
Si (ω) = (R
and

A2
.
(3.4)
Hz
The shot-noise-limited displacement sensitivity of the interferometer in amplitude units can be estimated by:
Sishot (ω) = 2e⟨i⟩ = 2eRPout

√
√
λ
e
shot
Sx =
π 2F R

√

1
1
,
Pout C(F )
√
F
where e is the elementary charge and C(F ) = 1+F
.

(3.5)

The estimation can be done for a thermal displacement amplitude of the
fundamental vibration mode of a membrane l = 100 nm, a = 500 µm, ρ = 2.7
g/cm3 , ωm /(2π) = 800 kHz and Q = 106 at λ = 900 nm which has the effective mass
m ≈ 8.4 ng.√The rms vibrational amplitude due to thermal agitation with energy
2 = 4.4 pm for T
kB Troom is kB Troom /mωm
room = 298 K. Half of this displacement
is contained in a bandwidth
of
ω
/Q/(2π)
= 0.8 Hz, corresponding to a noise
m
√
amplitude of ≈ 4.9 pm/ Hz. Equation (3.5) suggests that the necessary probe
power to achieve shot-noise-limited sensitivity at this level would be < 1 µW. In
practice the commercial photodetector in the setup has the R ≈ 0.56 A/W and a
transimpedance gain of 100 kV/A. For Tmax = 1 and F = 2.4, we have C(F ) = 0.76.
Therefore, for a power ≈ 100 µW at 900 nm, the shot noise limited displacement
sensitivity:
√
fm
SLshot ≈ 9.3 √ ,
Hz

(3.6)

which means that in 1 Hz bandwidth we should be able to measure a thermal
motion amplitude of 4.4 pm with a signal-to-noise (in power units) of 47 dB.
However, the highest signal-to-noise that we have achieved in the same bandwidth
was ≈ 23 dB. This difference could be a result of imperfections in alignment and
mode-matching between the optical beam and the membrane as well as laser excess
noise.
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3.3.4.3

Q determination

3.3.4.3.1 Thermal noise spectra In the absence of driving force the thermal
noise spectrum of the membrane mode can be visualized on the signal measured
by the RSA as Lorentzian peaks centered at the vibrational mode frequencies,
superposed to the laser and electronic noise. This can be seen in Fig. 3.26, which
shows the noise spectrum of a single chip with a 5×5 mm2 Si frame and 500 µm
thickness, 0.5×0.5 mm2 Si3 N4 window with 100 nm thickness that was recorded
at λ = 901.54 nm and 10−7 mbar pressure. The peaks corresponding to (1,1),
(1,2), (2,1) and (2,2) vibrational modes are identified. Using the expression
√ √ for the
π
frequencies of a tensile-stress dominated square drum mode ωmn = a Tρ m2 + n2
(for m, n = 1), and taking a = 500 µm, T = 0.9 GPa, ρ = 2.7 × 103 kg/m3 for a
single membrane with 100 nm thickness, one obtains the values displayed in Table
3.1, which are in good agreement with the measured values for this particular sample.

Figure 3.26: Thermal spectrum of a single membrane with 500 averages and resolution bandwidth
0.5 Hz.

The deviations of the observed frequencies from what was expected are less
than 0.2%, and are most likely the result of inhomogeneous tensile stress of the
membrane or a small degree of rectangularity if the drum is not exactly square.
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Table 3.1: Resonance frequencies of mechanical modes of a single membrane

Recording the thermal noise spectrum with a resolution bandwidth (RBW) is
less than the linewidth of the mechanical resonance, allows to fit the data with a
Lorentzian:
f (A, fm , ∆f, f ) =

A
−fm 2
1 + 4 × ( f ∆f
)

(3.7)

Figure 3.27: Thermal (2,2) mode spectrum of a single membrane with 500 averages and RBW
0.5 Hz.

in which the FWHM gives the γ and the mechanical Q factor will be:
ωm fm
=
.
(3.8)
γ
∆f
In Fig. 3.27, after recording thermal mode(2,2) the data points at RBW 0.5 Hz,
the FWHM of the Lorentzian fit gives ∆f = (1.94 ± 0.4) Hz at fm = (1646.72 ± 1.87)
Q=
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kHz, which can be used to calculate Q = (8.46±0.11)×105 . In principle, the limit for
measuring the true mechanical linewidth is given by the minimal resolution of the
RSA, which, in our case, is 0.1 Hz. However, the downside of using very low RBWs
is that the acquisition time to achieve a resolution bandwidth of about a Hertz
is on the order of seconds, and to get an ideal signal-to-noise ratio (SNR) of the
spectrum, measurement averages of 50-100 traces are necessary. In this timescale,
the resonance frequency drifts due to thermal fluctuations and this broadens the
measured peak, preventing from reliably measuring very narrow linewidths (high
Qs). For modes with very narrow mechanical linewidths, ringdown spectroscopy
provides a more reliable alternative.

3.3.4.3.2 Ringdown spectroscopy In case of a driven force at the mechanical
resonance which is stopped abruptly, i.e. in a step-like fashion, the oscillatory
motion is exponentially damped as discussed in Sec. 2.1.2.2, and monitoring the
decrease of oscillation amplitude in time is the principle of ringdown spectroscopy.
As it was mentioned in Sec. 2.1.2.2, for an under damped oscillator (γ ≪ ωm ), the
bare mechanical quality factor of the resonance is related to the ringdown time τc
by:
Q = πfm τc .

(3.9)

Experimentally, the driven force is provided by a modulation at fm of the voltage applied to the PZT. Stopping this modulation on a time scale which is shorter
than the mechanical decay time and measuring the signal from the photodiode
in a certain frequency window around fm with the RSA in zero-span mode. In
practice, two signal generators are used for this purpose, allowing to maximize
the amplitude of the driven motion and subsequently switch the driven force on a
millisecond timescale. The envelope function measured by the RSA in zero-span
mode gives the sought exponential decay.
For the same single membrane mentioned in Sec. 3.3.4.3.1, a ringdown measurement at 1.646 MHz for (2,2) mode was done with RBW = 229 Hz at 10−7 mbar
pressure which is shown in Fig. 3.28. The fit to that part of the spectrum gives
τc = (167 ± 1) ms and using Eq. (3.9) leads to Q = (8.56 ± 0.11) × 105 . Performing
successively multiple ringdowns yields an average Q = (8.68 ± 0.41) × 105 , with a
standard deviation larger than the individual fit errors. Ringdown spectroscopy
has the advantage of being insensitive to slow thermal drifts, although the choice
of the RBW and the fitting window may influence the results. In the case of low Q
factor resonances, the ringdown spectroscopy cannot be performed, as a mechanical
decay time faster than the PZT response time cannot be measured by this method.

3.3 Second generation of double-membrane arrays

Figure 3.28: Ringdown spectroscopy of (2,2) mode of a single membrane with RBW = 229 Hz
gives τc = (167 ± 1) ms for this fit and Q = (8.56 ± 0.17) × 105 .

Figure 3.29: (a) The fit to thermal spectrum which gives Q = (2.13±0.52)×105 and (b) the ringdown
spectroscopy of the same mode of a double-membrane array which gives Q = (2.16 ± 0.03) × 105 .

The Q values calculated from both methods (fitting the thermal spectrum and
ringdown spectroscopy) show results in reasonable agreement with each other and
the deviation is likely due to the fact that recording the thermal spectrum is more
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sensitive to the thermal drift which could underestimate the Q. Having a larger Q
will increase this difference, which means that a reliable measurement of Qs above
a million necessitates the ringdown spectroscopy method. However, for lower Qs, as
it is illustrated in Fig. 3.29, the agreement between both methods is generally quite
good. An example of a thermal spectrum of a double-membrane array recorded
at RBW 0.5 Hz with 500 averages is shown in Fig. 3.29a in which the fit to the
data points gives Q = (2.13 ± 0.52) × 105 and Fig. 3.29b presents the ringdown
spectroscopy signal for the same mode which gives Q = (2.16 ± 0.03) × 105 .
3.3.4.4

Effect of the resolution bandwidth

Practically, input voltage in the spectrum analyzer transforms to a voltage power
spectrum and the power spectral densities are approximated by normalizing the
measured power spectrum by its effective bandwidth. Therefore, the resolution
bandwidth plays an important role in the recorded spectra. For a double-membrane
array which was fabricated in the front-to-front geometry and having a spacer in
between with 8.5 µm thickness, thermal noise spectrum of the fundamental mode
of one of the membranes was recorded in different RBWs in the DPX display with
500 averages in order to be able to compare the results. Figure 3.30 shows the
recorded thermal noise spectra in different RBWs 0.1, 0.2, 0.3, 0.5, 1, 2 and 3 Hz
with an offset on top of each other to see the difference in data collection.
By doing Lorentzian fit to the measured spectra, the width and the energy in
the mode could be deduced (see Fig. 3.31) and to compare the extracted values,
each measurement in a specific RBW was repeated 5 times and a Lorentzian fit was
done to each spectrum. The observed spread in the values being larger than the
individual fit error, it is this error that was taken into account. While the energy in
the mode (Fig. 3.31b) remains, as expected, rather independent of the RBW, the
fit peak linewidth (Fig. 3.31a) has a minimum for a resolution bandwidth around
0.5 Hz. This might be expected, as too large an RBW does not allow to resolve
the mechanical linewidth, and too low a linewidth increases the acquisition time
and broadening due to thermal drifts.
Depending on the desired measurements (energy in the mode, linewidth), care
has to be taken in choosing the RBW in general. Performing both thermal noise
spectrum and ringdown spectroscopy measurements also allows to cross-check the
consistency of the results.
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Figure 3.30: Thermal noise spectrum of the (1,1) mode of a membrane in a double-membrane
array with a 500 µm thick Si frame with the spacer in between with 8.5 µm thickness. The
spectra were recorded with 500 averages and in different RBWs.

Figure 3.31: Extracted (a) γ/(2π) (FHWM of the Lorentz fit) and (b) energy (area under the
Lorentz fit) values for thermal (1,1) mode spectrum of a membrane in a double-membrane array
with a 500 µm thick Si frame with the spacer in between with 8.5 µm thickness. The spectrum is
recorded with 500 averages and repeated five times for different RBWs.
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4

Pressure sensing with membrane
sandwiches

The mechanical properties of the suspended SiN membranes are strongly dependent
on their interaction with a surrounding fluid [33]. Their high-quality factors and
small thickness/large area (nm/mm2 ) make them well-suited resonators for pressure
sensing applications. In general, in the free molecular flow regime, a suspended
drum sandwich with compressed fluid inside its small gap experiences a squeeze film
effect which can substantially modify mechanical resonance frequencies and dampings [36–41] and enables species-independent pressure measurements. Conventional
miniaturized pressure sensors, such as capacitive or piezo-resistive sensors, are
based on either a static determination of pressure by measuring the deflection of a
suspended membrane due to a pressure difference with a reference cavity or dynamical changes in resonance frequencies [34] and typically operate from atmospheric
pressure to low vacuum (millibar). For high and ultrahigh vacuum measurements,
ionization gauge sensors commonly exhibit a high pressure sensitivity but require
knowledge of the involved species and their ionization cross-sections. In contrast,
squeeze film pressure sensors [33, 36, 50] –based on the dynamical modification of
the mechanical properties of oscillating elements due to the compression of a fluid
in a small gap region– allow in principle absolute and direct pressure measurements.
The highest pressure responsivity in squeeze film MEMS pressure sensors reported
has long been 200 Hz/mbar [43] until a higher responsivity in squeeze film pressure
sensors based on thin graphene membrane has been recently reported by Dolleman
et al. (9 kHz/mbar at down to mbar pressure and 1 kHz/mbar at atmospheric
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pressure) [45].
This chapter presents a practical application of SiN membrane sandwiches as
pressure sensors based on the results published in [85, 86], where the effects of
pressure on the mechanical properties of SiN membrane sandwiches were studied.
The chapter begins in Sec. 4.1 with a general discussion of the dynamics of plates
oscillating in a fluid and introduces the hydrodynamics models required to interpret
the experimental observations of Sec. 4.3. In Sec. 4.2, the experimental setup
and the data collection procedure are explained. The chapter continues with the
presentation of experimental data obtained with various membrane sandwiches and
ends with a discussion of the potential of these sandwiches for absolute pressure
sensing.

4.1

Effects of pressure on the mechanics

In the previous chapter, the mechanical properties (resonance frequencies and
quality factors) of the membrane resonators were investigated in high vacuum
(10−6 − 10−7 mbar), where the interaction with the background gas molecules is
essentially negligible. However, it is interesting to consider what happens to the
mechanics at higher pressures. We start by a general discussion of the different
regimes of the interaction of plates oscillating in a fluid in thermal equilibrium.

4.1.1

Knudsen number

We consider the oscillations of a plate with large transverse dimensions as compared
to its thickness in a fluid at a given pressure. Different regimes for the dynamics
of the resonator in the fluid can be distinguished based on the Knudsen number,
which is the ratio of the gas molecule mean-free path and the typical structure
λ
dimension (Kn = meanfLreepath ) (see Fig. 4.1).

Figure 4.1: Schematic side view of a single-membrane resonator in a fluid in the free molecular
regime.

High Knudsen numbers Kn ≥ 10 correspond to the free molecular (or rarefied
air) regime, in which the molecules experience collisions with the plate more often
than with other molecules. In this regime the random kicks caused by the molecules
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bouncing off the moving film lead to a friction force –kinetic damping– which is
directly proportional to pressure [109]. At low Knudsen numbers, Kn ≤ 0.01, the
gas acts as a viscous fluid and damping becomes approximately independent of
pressure [109, 110]. The range 0.01≤ Kn ≤10 corresponds to a transition regime
between the rarefied air and the viscous fluid regimes, in which neither a gas
nor a viscous fluid treatment is in principle applicable [38]. Interestingly, for our
membrane resonators operating in air at room temperature, the mean-free path
of air molecules becomes of the order to the membrane dimension a = 500 µm at
pressures ∼ 0.2 mbar.
For a membrane sandwich shown in Fig. 4.2a, which consists of two parallel thin
clamped plates with lateral dimension a, thickness l and separated by a distance d,
if the array is surrounded by air at ambient pressure P on all sides, the characteristic
dimension to be taken into account is the intermembrane separation d rather its
transverse extension a. The Knudsen number is then given by [109, 111, 112]:
kb T
Kn = √
,
2
2πσair
Pd

(4.1)

where kB = 1.38 × 10−23 m2 kg/ (s2 K) is the Boltzmann constant, T is the
temperature and σair = 4.9 × 10−10 m is the air molecule diameter.

Figure 4.2: (a) Cross-section schematic of the membrane sandwich. [86] (b) Variations with
pressure of the Knudsen number Kn for sandwiches with an inter-membrane separation d of 2.1
µm (solid line) and 8.5 µm (dashed line).

The variations of Kn in the pressure range 10−5 − 103 mbar for two different
arrays with the intermembrane separation d of 2.1 µm (solid line) and 8.5 (dashed
line) µm are shown in Fig. 4.2b. As can be seen, the Knudsen number becomes
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of order unity for pressures of order ten or a few tens of millibars, indicating the
transition to the viscous fluid regime. For our resonators the rarefied air regime
thus corresponds to pressures below ∼ 1 mbar, the viscous fluid regime to pressures
above ∼ 103 mbar, and the transition regime occurs in the millibar range. [86]
In general, the Q factor of a mechanical oscillator is affected by all the sources
of energy dissipation in the system, which could be loss mechanisms related to the
coupling to the support structure, e.g. clamping losses, or external effects such as
collisions with the fluid molecules [113].
In the rarefied air regime, the collisions of the air molecules with the membranes
give rise to additional damping to the intrinsic damping provided by clamping losses
discussed in the previous chapter. It was shown by Christian that this damping is
proportional to the pressure and given by [110]:
γair

√ √
2 Mair P
=4
,
π
RT ρl

(4.2)

where ρ = 2700 kg/m3 is the density of Si3 N4 membrane, Mair = 29 g/mol is the
molar mass of air, R = 8.31 J/(mol. K) is the ideal gas constant.
The total Q factor is then determined by the summation of the intrinsic damping
at low pressure and the air damping:
Q=

1
,
−1
(Q−1
i + Qair )

(4.3)

where Qi is the intrinsic (vacuum) Q factor and Qair = ωm /γair is the contribution due to kinetic damping in the free molecular regime. For a membrane with
thickness l = 100 nm and a fundamental mode oscillating at 800 kHz with a Q
factor of 105 , the mechanical resonance is broadened by a factor 2 at pressures
around 10−2 mbar at room temperature.

4.1.2

Squeeze film effect

For a membrane sandwich shown in Fig. 4.2a and in the free molecular regime, the
presence of the second membrane changes the compression of the gas in between
the membranes. Such a compression, if isothermal, produces an additional force on
the membranes [40, 114], called squeeze film force, which we now discuss based on
the study in [39].
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In the free molecular regime, the movements do not happen instantaneously
and a more relevant quantity to discuss the nature of the trapping of the fluid is
the product ωτ of the mechanical frequency by the molecular diffusion time which
is the time constant for equalizing the pressure inside and outside the gap [37].
The relaxation time corresponds to the average time it takes the molecules to leave
the gap, which can be estimated by:
τ=

8a2
,
π 3 dv̄

(4.4)

√
where v̄ = 8RT /πMair is the mean velocity of the air molecules. The relaxation
time can be increased by decreasing the gap size comparing to the lateral dimensions
[115]. The variation of the gas density ∆n(t) inside the gap between one moving
plate and one fixed plate is given by
d ∆n
1 ∆n d z
=−
−
,
(4.5)
dt n
τ n
dt d
where n is the density equilibrium value and z is the coordinate pointing up
from the plate (z = 0 corresponds to equilibrium position). This equation describes
the rate of change of the density driven by the displacement of the moving plate,
counteracted by the random walk of the molecules in the gap.
Assuming a forced membrane oscillation with (complex amplitude) displacement
z(t) = z0 eiωt and a trial solution ∆n(t)/n = (∆n0 /n)eiωt , one can obtain
∆n(t)
z(t) iωτ
=−
.
n
d iωτ + 1

(4.6)

Therefore, in case of isothermal density variations, the resulting force on the
membrane for increased pressure ∆P (t) in the gap is
Fsqueeze = ∆n(t)kB T a2 = ∆P (t)a2 .

(4.7)

Using Eqs. (4.6) and (4.7), one can calculate
P a2 iωτ
z,
(4.8)
d iωτ + 1
as the squeeze force of the gas on the moving membrane which has both a
real an imaginary part. The real component is in phase with the amplitude z and
contributes to modifying the natural spring constant of the mode, whereas the
imaginary part is out of phase with the amplitude z and contributes to adding
dissipation via the gas molecules to the natural dissipation via the coupling with
the frame (squeeze film damping) [39, 40, 114]. Therefore, the differential equation
for the complex amplitude z(t) is given by
Fsqueeze = −
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(4.9)

mz̈ + mγt ż + kt z = F0 eiωt ,
in which γt = γ + γsqueeze and kt = mω 2 + ksqueeze with
ksqueeze =

P a2 (ωτ )2
,
d 1 + (ωτ )2

(4.10)

γsqueeze =

P a2 τ
1
.
md 1 + (ωτ )2

(4.11)

Figure 4.3: Frequency dependence of the squeeze film damping and spring constant.

Figure 4.3 illustrates the frequency dependence of the squeeze film damping and
spring constant. In general, for a fluid with a relaxation time τ interacting with a
resonator with frequency ω, the Newtonian hydrodynamics assumption that the
fluid remains in the vicinity of equilibrium is valid when the Weissenberg number,
Wi = ωτ , is much larger than unity [116]. Thereby as can be seen in Fig. 4.3, for
high oscillation frequencies ωτ ≫ 1, only the spring constant is modified by the
squeeze film effect, while for low oscillation frequencies ωτ ≪ 1, the squeeze film
force is dissipative. The resonance frequency of our membrane modes is in MHz
range , which typically puts our resonators in the high frequency regime. Using Eqs.
(4.2), (4.4) and (4.11), the ratio of the kinetic damping to the squeeze film damping
is then 16M a2 ω 2 /(π 3 RT ) ∼ 60 for ω/(2π) = 1 MHz and a = 500 µm, and one can
expect the squeeze film to be negligible. Therefore, we expect γsqueeze ≪ γkin and
the squeeze film damping should be negligible with respect to the kinetic damping
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in the situations considered here.
In the viscous regime, the fluid compressibility in the gap is determined by the
dimensionless squeeze number σ which is used to characterize the fluid behavior [117]
depending on its viscosity µ. The relative strengths of the elastic and damping
forces depend on the σ [41]:
σ=

πP d2
.
24µa2

(4.12)

The ratio of the in-phase and out of phase components of the squeeze film force
coming from the fluid compression depends on the squeeze number. At low squeeze
numbers, the squeeze film force is out of phase and the compressibility effects are
negligible, which results in extra damping, but negligible frequency shift. At high
squeeze numbers, the force is mostly in-phase and the trapped fluid does not have
time to exit the gap where it is compressed. The squeeze film then results in a
mechanical frequency shift, but negligible extra damping. [114, 117]

Figure 4.4: Variations of the squeeze parameter σ with pressure for sandwiches with an intermembrane separation d of 2.1 µm (solid line) and 8.5 µm (dashed line).

In Fig. 4.4, the variation of the σ for two different membrane sandwiches
with the intermembrane separation d of 2.1 µm (solid) and 8.5 (dashed) µm is
shown in the pressure range 10−5 − 103 mbar. The empirical effective viscosity for
the air µef f = µ0 /(1 + 9.658Kn1.159 ), where µ0 = 1.8 × 105 Pa is the air viscosity at
atmospheric pressure, was used [41]. As it can be seen, σ ≃ 103 − 104 in the pressure
range 1-102 , mbar which means that we expect to have an elastic squeeze film force
in the whole pressure range of study.
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4.1.3

Squeeze film dynamics in the rarefied air regime

As discussed above, in the free molecular regime and in the high frequency limit, for
a large oscillating plate lying close to a fixed plate, the air-added spring constant
k
(due to the squeeze film effect) κair = squeeze
is proportional to the pressure and
m
results in a frequency shift of the plate mechanical resonance frequency shift given
by the expression:
ω̃ 2 = ω 2 + κair = ω 2 +

P
.
ρld

(4.13)

In this study, we consider the vibrations of two parallel clamped membranes
in the direction orthogonal to their plane (x-direction, see Fig. 4.1) and denote
by x1 and x2 the amplitudes of two corresponding normal modes with frequencies
ω1 and ω2 and intrinsic dampings (in vacuum) γ1 and γ2 , respectively. If only one
membrane, say 1, was oscillating while the other was fixed, the equation of motion
for the normal mode considered would be:
ẍ1 + (γ1 + γair )ẋ1 + ω12 x1 + κair x1 = Fth1 + Fair1

(4.14)

where γair is given by Eq. (4.2) and Fth1 and Fair1 are the noise forces associated
to the thermal fluctuations and the collisions with air molecules.
In case of a double-membrane array consisting of two parallel and nearly identical
membranes, the squeeze film forces are opposite on each membrane, resulting in
the coupled dynamical equations:
ẍ1 + (γ1 + γair )ẋ1 + ω12 x1 + κair (x1 − x2 ) = Fth1 + Fair1

(4.15)

ẍ2 + (γ2 + γair )ẋ2 + ω22 x2 + κair (x2 − x1 ) = Fth2 + Fair2 ,

(4.16)

with Fth2 and Fair2 the noise forces for mode 2. Note that, in writing Eqs. (4.15)
and(4.16), we assumed that modes 1 and 2 have similar frequencies and neglected
the contributions due to other vibrational modes, whose frequencies were assumed
to be very different and whose off-resonant contributions to the frequency shifts of
modes could then be neglected, as is discussed below.
The dynamics of the pressure-coupled modes 1 and 2, and thereby their thermal
noise spectra, depend on the relative strength of the air-induced coupling, the
frequency separation between the modes and their respective (pressure-dependent)
dampings. As it was shown in Sec. 2.1.3, in the good oscillator limit –i.e. assuming
that the Q factors remain large over the pressure range considered– the frequencies
of the normal modes can be found by analyzing the Fourier transforms of Eqs.
(4.15) and (4.16) and are given by

4.2 Experimental setup
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√
ω± = [ω02 + δ 2 + 2ηω0 ± 2ω0 δ 2 + η 2 ]1/2

(4.17)

where
ω0 = (ω1 + ω2 )/2,

δ = (ω1 − ω2 )/2,

η = κair /(2ω0 ).

(4.18)

Figure 4.5: Normal mode frequency ω+ (red) and ω− (blue) as a function of coupling η (in units
of ω0 ) in case of δ = 0 (solid lines) and δ = 0.08ω0 (dashed lines). Blue and red represent ω+ and
ω− , respectively.

And as it was presented in Sec. 2.1.3, the frequency shifts, δω± = ω± − (ω0 ± δ),
are affected by the air-induced coupling η (proportional to the pressure) variation.
Figure 4.5 illustrates the variations of the frequency shifts (ω+ in red and ω− in blue)
as a result of different values for η for two cases of δ = 0 (solid lines) and δ = 0.08ω0
(dashed lines). In the case of δ = 0, the bright mode experiences a doubled frequency
shift 2η, which is doubled as compared to what a single membrane coupled to a fixed
plate would experience, while the dark mode does not experience any frequency
shift. However, for a nonzero frequency separation δ, both modes experience the
same positive frequency shift η as long as η ≪ δ, until the point where η ∼ δ and the
mode hybridize and the same behavior as discussed in the δ = 0 case is observed.

4.2

Experimental setup

In order to characterize the mechanical properties of the assembled arrays, the
setup introduced in Sec. 3.3.4.1 was used and it is summarized in Fig. 4.6. The
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samples were lying inside a 450 cm3 vacuum chamber on a ring-shaped mount
where the corners of the lower chip were resting on the ring. A 50:50 beamsplitter
(BS), placed approximately 7 mm away from the sample, formed a linear Fabry
Perot interferometer whose length was adjustable with a piezoelectric transducer
(PZT). The length of the interferometer could be adjusted so as to maximize the
displacement sensitivity (typically close to the interference signal midfringe) and
a monochromatic light coming from a tunable external cavity laser diode (∼900
nm) entered perpendicularly on the formed interferometer. The transmission of
monochromatic light was recorded with a fast photodiode and the fluctuations
of the photocurrent were analyzed using a low-resolution bandwidth spectrum
analyzer.

Figure 4.6: Schematic of the optomechanical characterization setup. ECDL: external cavity diode
laser, PZT: piezoelectric transducer, BS: beamsplitter, PD: photodiode, SA: spectrum analyzer,
PZTD: PZT driver, DA: data analysis. [86]

The data collection process included Q factor measurements which were done by
the ringdown spectroscopy or Lorentzian fit to the thermal noise spectrum as well
as frequency shift and broadening of mechanical mode which were determined by
the thermal noise spectrum. The thermal noise spectra were typically recorded over
a span range of a few to a few hundreds of kilohertz with a resolution bandwidth
(RBW) of 0.5 Hz and averaged 500 times in DPX display of the spectrum analyzer.
We observed thermal drifts for the resonance frequencies during the data collection process due to the fact that the vacuum chamber temperature was not being
actively stabilized. The measured thermal drifts were typically a few tens of hertz
per hour. These shifts did not have a significant effect on measurements at high
pressures. However, in order to compensate the thermal drifts during sensitive data
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collection at low pressures, the resonance frequency drifts were corrected during
long acquisition time measurement series by recording a reference spectrum at a
pressure lower than 10−5 mbar for different data points in time.

Figure 4.7: Picture of the setup including the valve (in a red circle) which controls the pressure
inside the chamber.

The pressure in this setup was controlled by opening the valve to the chamber
shown in Fig. 4.7 and measured using an ion gauge sensor (PKR 251). The pressure
measurements were also checked with two other sensors, a compact piezo gauge
(APR 250) a compact Pirani gauge (TPR 280), which is shown in Fig. 4.8 where
the points recorded by our sensor are plotted against the two other ones. The
pressure measurements could be calibrated against APR 250 whose air pressure
responsitivity was absolutely calibrated in the range 1-50 mbars [118]. The calibrated piezo sensor response is accurate to within a few percent in that range and
its response is used to calibrate that of the measuring ion gauge sensor over the
whole pressure range.

4.3
4.3.1

Experimental results
Effects of pressure on ”medium” arrays

This section focuses on the investigation of the effect of pressure on the Q factor
and the frequency of the fundamental modes of 8.5 µm-long membrane arrays
shown in Fig. 4.9b in the range 10−6 -10 mbar [85].
The arrays used in this study were made from two (0.5×0.5) mm2 , 92 nm-thick,
high-tensile stress (∼0.9 GPa) SiN membranes deposited on (5×5) mm2 , 500 µm-
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Figure 4.8: Pressure measurements using two external sensors, a piezo gauge (purple) and a
Pirani gauge (green), against the ion gauge sensor that is used in our experimental setup.

Figure 4.9: Pictures of (a) a commercial chip with a 8.5 µm spacer deposited on SiN film and (b)
a ”medium” array made in the front-to-front geometry with d = 8.5 µm.

thick Si frames. The chips were separated by an 8.5 µm spacer (Fig. 4.9a) in the
front-to-front geometry by the 1st generation assembly technique including the
preselection process and optimizing the parallelism using a white light source. The
arrays were then glued together from the sides to form ”medium” d arrays (Fig.
4.9b).
To characterize the fluid behavior for this arrays, the values for σ and Wi were
considered in different regimes. Since the Knudsen number is here of order unity
at ∼ mbar pressures, the dynamics happen in the transition regime between the
free molecular and the viscous regimes. At atmospheric pressure, σ ∼ 40, which
suggests an essentially elastic squeeze film force and negligible squeeze film damping.
Moreover, in the free molecular regime Wi = ωτ ∼ 80, also predicting an essentially
elastic squeezed film force in this regime. Therefore, we do not include any extra

4.3 Experimental results
damping due to the squeeze film effect in the theoretical predictions for these arrays.
Figure 4.10 shows the variations with pressure of the mechanical quality factor of the fundamental mode for a single membrane in gray crosses and for the
double-membrane array in red triangles. The membranes have similar fundamental
frequencies (718.4 kHz and 721.8 kHz) and intrinsic quality factors (1.8×105 and
1.2×105 ). The Q-factors were measured by ringdown spectroscopy in the range of
10−6 − 10−1 mbar or by Lorentzian fits to the thermal noise spectrum in the range of
10−2 − 10 mbar. While at low pressures (below 10−1 mbar) ringdown spectroscopy
provided a more accurate determination of the quality factors, the faster decay
times prevented its use at higher pressures. The thermal noise spectra, broadened
as compared to high vacuum, were in contrast more resilient to thermal drifts and
were used to determine the quality factors. Both methods were found to agree well
in the range 10−2 − 10−1 mbar.

Figure 4.10: Variation of the fundamental mode mechanical quality factor with pressure for
a single resonator (crosses) and a double-membrane resonator (triangles). The lines show the
theoretical predictions including intrinsic and kinetic damping. [85]

As it is presented, at low pressures, the Q factor is constant dissipation is
dominated by the intrinsic damping, whereas, at high pressures, the quality factor
decreases as 1/P [85]. These variations of the Q factor due to pressure change
are well-reproduced by the theoretical predictions given by Eq. (4.3). Both the
single membrane and the double-membrane array are seen to experience the same
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damping which means that the kinetic damping is enough to explain the results.

Figure 4.11: Noise spectra at different pressures 0.18 to 5.1 mbar from top to bottom (the
spectra are offset vertically for visibility) for a double-membrane resonator with well-separated
frequency modes. The inset shows the resonance frequency shifts as a function of pressure for
single membranes (crosses) and the membranes of an array (circles and squares). The lines show
the results of the squeeze film predictions. [85]

In order to study the frequency shift of a vibrational mode due to the pressure
variation, Lorentzian fit to the noise spectrum was used to determine the resonance
frequencies at a given pressure and the shift was then measured with respect
to the low-pressure value. Figure 4.11 shows typical vibrational mode spectra
of well-separated fundamental modes of the 8.5 µm double-membrane array at
different pressures, as well as the variations of the resonant frequency of the fundamental mode with pressure for both single membrane and double-membrane array.
For a single membrane, a small frequency shift ∆f /P = −50 Hz/mbar was
observed, in accordance with the fact that the effective mass of the displaced fluid
has to be added to the resonator mass (the shift due to the decrease in Q factor
is still negligible at these pressures). In contrast, the double-membrane array’s
fundamental modes at 712 and 733 kHz exhibited much larger and positive linear
frequency shifts as the pressure was increased. The expected frequency shifts
∆f ≃

P
.
8π 2 ρld

(4.19)
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of 842 and 818 Hz/mbar are corroborated by the experimental observations.

Figure 4.12: Noise spectra at different pressures 0.18 to 5.1 mbar from top to bottom (the spectra
are offset vertically for visibility) for a double-membrane resonator with near degenerate frequency
modes. The solid lines show the result of a global fit to the theoretical model. The inset shows
the hybridized mode frequency shifts as a function of pressure (full symbols), while the frequency
shifts for the resonator with well-separated frequency modes are shown for comparison. [85]

The results presented so far illustrated the case of membranes with wellseparated fundamental modes. Interestingly, due to the high degree of uniformity
exhibited by membranes from the same fabrication batch, several of the assembled
arrays displayed near-degenerate frequency modes. In that case, not only does the
gas modify mechanical damping and resonant frequencies, but also couples the
vibrational modes of each membrane when the air-induced shift becomes of the
order of the mode frequency separation. Figure 4.12 shows typical noise spectra
of a double-membrane array for which the fundamental modes of each membrane
are separated by 0.2 kHz in vacuum which we refer to as a near-degenerate case.
As the pressure is increased, the modes are clearly seen to hybridize into a “dark”
mode whose spring constant remains essentially unchanged and a “bright” mode
whose spring constant is effectively doubled as compared to the non-interacting
mode scenario.
The measured noise spectrum thus corresponds to that of an a priori unknown
linear combination of the membrane displacements a[cos(θ)x1 + sin(θ)x2 ], where

79

80

Pressure sensing with membrane sandwiches
x1 and x2 are obtained by solving Eqs. (4.15) and (4.16) in the Fourier domain
and calculating the noise spectrum as described in Sec. 2.1.2.1. This combination
depends on the modematching of the interferometer, the overlap between the
optical beam and the mechanical modes, the distances between the mirrors, and
the operating wavelength. The results of a global fit with the model, with a and θ
as free parameters and with γair and kair as given by the theoretical predictions, are
shown in Fig. 4.12 and are seen to well reproduce the measured spectra. In addition
to that, the independently measured resonance frequency shifts from Lorentzian
fits to the spectra shown in the inset of Fig. 4.12 are likewise in good agreement
with the theoretically expected shifts of ≃ 0 and 1664 Hz/mbar.
To conclude, squeeze film effects in a ”medium” d double-membrane arrays
have been investigated in the molecular and quasi-molecular regimes and squeeze
film-induced hybridization between modes of distinct resonators has been observed.
For very non-degenerate resonance frequencies, as the pressure was increased, the
damping was found to be essentially of kinetic origin, while the compressibility of
the fluid was observed to add a positive mechanical spring constant which was proportional to pressure. Therefore, they behaved independently and their mechanical
resonance frequencies were shifted by a nearly equal amount at a given pressure.
In the case of membranes with near-degenerate mode frequencies, hybridization of
the vibrational modes of both membranes was observed and normal ”bright” and
”dark” modes had to be introduced.
The experimental observations in this study were in good agreement with
theoretical predictions and allowed us to demonstrate the physical mechanisms
behind the workings of membrane sandwiches as pressure sensors. In order to
increase the magnitude of the squeeze film effects, the intermembrane separation
was subsequently reduced using the new assembly method (second generation arrays
in the front-to-front geometry).

4.3.2

Effects of pressure on ”short” arrays

In this section, we discuss on the realization of squeeze film pressure sensors based
on suspended, high-mechanical Q (∼ 105 ) SiN membranes forming a small gap
double-membrane arrays with d = 2.95 µm and d = 2.1 µm and characterize the
modifications of their mechanical properties in air in the range 10−3 − 50 mbar [86].
The arrays used in this study were made with the same assembly technique
introduced in Chap. 3 (second generation) in the front-to-front geometry forming
few micron cavities in the ”short” d category. These double-membrane array were
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Figure 4.13: Pictures of (a) a commercial chip with Al spacer deposited on SiN film, (b) a short
array with d = 2.95 µm including Al spacer, (c) a commercial chip with two thin lines of UV resist
spacer on SiN film and (d) a short array with d = 2.1 µm array including UV resist spacer.

Figure 4.14: Normalized transmission spectra of membrane sandwiches in Fig. 4.13 with d = 2.95
µm (green) and d = 2.10 µm (orange) under broadband illumination. The solid lines indicate the
results of fits with the theoretical model discussed in Chap. 2 (Eq. (2.84)). [86]

made from two (0.5×0.5) mm2 , 87 nm-thick, high-tensile stress (∼0.9 GPa) SiN
membranes deposited on (5×5) mm2 , 500 µm-thick Si frames. In the first array
shown in Fig. 4.13b, two rectangular 1 µm-thick aluminum spacers (0.5 × 1 mm2 )
were deposited onto one chip about 1 mm from the suspended membrane (Fig.
4.13a). Small dabs of UV resist (OrmoComp, Micro resist technology GmbH) were
deposited on the sides of the frame and the resist cured when reasonable parallelism
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was achieved which led to d = 2.95 µm. For the second array shown in Fig. 4.13d,
two thin lines of UV resist were deposited close to two edges of the lower chip
played the role of a flexible spacer (Fig. 4.13c) and cured at the final stage which
gave d = 2.10 µm.
Figure 4.14 shows the normalized optical transmission spectra of both short
d arrays under the broadband illumination in the range 400-1000 nm and in air.
The solid lines are the result of fits to the theoretical model of a linear Fabry
Perot etalon introduced in Chap. 2 (Eq. (2.84)), which takes into account the
refractive index of SiN. From these fits the intermembrane separation d and the
membrane thickness l = 87(1) nm can be accurately determined. The reduced
contrast in the interference fringes of these arrays is attributed to a rather poor
degree of parallelism (estimated tilt angle ∼2 mrad) achieved after the ”short”
arrays’ assembly which has bearings on the squeeze film effect for this sample, as
will be discussed later.
As previously, it is possible to characterize the fluid behavior for these membrane
sandwiches by considering d = 2.1 µm and a fundamental mode frequency ω =
(2π)820 kHz, which leads to Wi ≃ 340 and means that the squeeze film force is
expected to be elastic in the rarefied air regime. Moreover, we can use the empirical
effective viscosity of [41] and get σ = 3600 for d = 2.1 µm and P = 10 mbar (see also
Fig. 4.4). Thereby we can again reasonably expect to have an elastic squeeze film
force for these double-membrane arrays in the whole pressure range considered in
this work.
4.3.2.1

2.95 µm double-membrane array

The characterization of the mechanics of the Al-spacer array in high vacuum
revealed that one of the membranes had modes with reasonably high Q factors
(membrane 2) whereas the other membrane modes had substantially reduced Q
factors (membrane 1) which could be the result of the Al deposition or manipulation
in the course of the deposition process. The fundamental (1,1) mode frequencies
of both membranes were ω1 /(2π) = 824.1 kHz and ω2 /(2π) = 826.7 kHz, and their
intrinsic quality factors Q1 = 1500 and Q2 = 65000, respectively. Some examples of
thermal noise spectra for these modes for different pressures are shown in Fig. 4.15
in which positive frequency shifts and broadening of the spectra with increasing
pressure are clearly observed for both modes. Due to its lower Q factor the thermal
fluctuations of membrane 1’s fundamental mode are no longer resolved for pressures
above 0.3 mbar, however, in contrast, membrane 2’s thermal fluctuations could be
resolved up to much higher pressures (see Fig. 4.16).
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Figure 4.15: Thermal noise spectra for 2.95 µm array around the fundamental mode frequencies for
different pressures (from top to bottom:P = 5 × 10−8 , 0.018, 0.055, 0.13, 0.35, 0.6, 0.82, 1.05 mbar).
The background-subtracted spectra are shown with a logarithmic scale and vertically offset for
clarity. [86]

Figure 4.16: (a) Resonance frequency shift of membrane 2’s fundamental mode as a function of
pressure (logarithmic scale). The solid lines show the predictions of the squeeze film model (red),
as well as the single- and double-linear shifts (gray and black, respectively). [86] (b) Resonance
frequency of membrane 2’s fundamental mode as a function of pressure (linear scale).

To study the effect of pressure on the resonance frequency of the mechanical
modes of this sandwich, the thermal noise spectrum of the fundamental mode of
membrane 2 was recorded in the pressure range 10−3 -50 mbar and the frequency
shifts were extracted from Lorentzian fits to thermal noise spectra as shown above.
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Figure 4.16 shows the variations with pressure of the resonance frequency shift of
membrane 2’s fundamental mode, denoted by 2(1,1) (where 2 stands for membrane
2 and (1,1) for m = n = 1) in both logarithmic (Fig. 4.16a) and linear (Fig. 4.16b)
scales. The observed frequency shifts are in good agreement with the predictions
of the coupled-oscillator squeeze film model given the measured intermembrane
separation d = 2.95 µm. The resonance frequency shift for this mode was measured
as high as 176 kHz at 50 mbar. The crossover from independent to coupled modes
predicted by the squeeze film model discussed in Sec. 4.1.2 is also clearly visible,
resulting in a pressure responsivity of almost 4 kHz/mbar in the range 2-20 mbar.

Figure 4.17: The mechanical quality factor of membrane 2’s fundamental mode as a function of
pressure (logarithmic scale). The solid line shows the kinetic damping predictions. [86]

The variations of membrane 2’s Q factor with pressure were also extracted
from Lorentzian fits to thermal noise spectra which are shown in Fig. 4.17. The
measured quality factors were observed to be in good agreement with the kinetic
damping predictions, confirming that extra damping due to the essentially elastic
squeeze film force is negligible with respect to kinetic damping.
In order to verify theses observations, the effects of pressure on the resonance
frequency and the damping rate of two higher-order modes, the (1,2) mode with
a frequency of 1306 kHz and intrinsic Q of 2.4×104 and the (2,3) mode with a
frequency of 2108 kHz and intrinsic Q of 3.83×105 , were also investigated. As is
clearly seen from Fig. 4.18, the frequency shift responsivity is inversely proportional
with the resonance frequency, as expected from the squeeze film model predictions
(η ∝ 1/ω0 , see Eq. (4.18)).
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Figure 4.18: Resonance frequency shift for three modes of membrane 2 as a function of pressure
(logarithmic scale). Red squares: (1,1) mode, orange circles: (1,2) mode, purple triangles: (2,3)
mode. The solid lines show the theoretical predictions. [86]

Figure 4.19: Array with d = 2.95 µm: Damping rates versus pressure for three modes of membrane
2. Red squares: (1,1) mode, orange circles: (1,2) mode, purple triangles: (2,3) mode. The solid
lines show the theoretical predictions. [86]

In Fig. 4.19, the damping rates for the mentioned mechanical modes are plotted
for different pressures which confirm that the variations of the damping rates with
pressure above 10−3 are frequency-independent, as expected from kinetic damping.
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4.3.2.2

2.10 µm double-membrane array

In the case of the double-membrane array assembled using the UV resist-spacer
approach, the intermembrane separation was slightly smaller (d = 2.1 µm) than the
previous one and higher quality factor modes were observed for both membranes,
which may be an indication that this assembly method does not affect clamping
losses as much as the previous one. The fundamental modes of both membranes
have resonance frequencies ω1 /(2π) = 820.1 kHz and ω2 /(2π) = 831.2 kHz with
intrinsic Q factors of 86000 and 46000, respectively. Figure 4.20 shows examples
of thermal noise spectra at different pressures and the variations of the resonance
frequency shifts of both modes with pressure are presented in Fig. 4.21a in logarithmic scale which shows a large positive resonance frequency shifts.

Figure 4.20: Thermal noise spectra of 2.10 µm array around the fundamental mode frequencies
for different pressures (from top to bottom: P = 1.3 × 10−4 , 0.02, 0.07, 0.11, 0.15, 0.47, 0.89, 1.12
mbar). The background-subtracted spectra are shown with a logarithmic scale and vertically
offset for clarity. [86]

At low pressures, both modes experience similar linear frequency shifts with a
responsivity of 3 kHz/mbar, as expected from the squeeze film predictions. However,
the resonance frequency shifts in the crossing region do not vary in exactly the
same way as with the previous sample. Moreover, the lower frequency mode still
exhibits a noticeable frequency shift at high pressure, while the high frequency
mode sees its responsivity increase, but less than by a factor of 2. Figure 4.21b
also shows zoom-in of the resonance frequency variation due to the pressure for
both modes in the linear scale where it can be seen that 1(1,1) mode does not stop
at the middle of the frequency separation of the modes and its resonance frequency

4.3 Experimental results
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Figure 4.21: (a) Resonance frequency shifts of both membranes’ fundamental modes as a function
of pressure (logarithmic scale). The solid lines indicate the predictions of the two-spring squeeze
model discussed in the text. [86] (b) Resonance frequency shifts of both membranes’ fundamental
modes as a function of pressure (linear scale).

continues to rise while going towards higher pressure.
This qualitatively different behavior can be accounted for by considering that a
fraction of the squeeze film-added spring constant couples the two modes together as
previously, while the remaining fraction affects each mode independently. The latter
interaction, corresponding to each membrane being spring-coupled to the other
one behaving like a ”fixed” plate, can be reasonably envisaged if the modes of each
membrane are transversely offset with respect to each other or if the membranes
are not parallel, as we strongly surmise is the case for this array. Assuming for
simplicity the same membrane-”fixed” plate spring constant for both modes, Eqs.
(4.15) and (4.16) are modified to:
ẍ1 + (γ1 + γair )ẋ1 + ω12 x1 + κ′air (x1 − x2 ) + κ′′air x1 = F1

(4.20)

ẍ2 + (γ2 + γair )ẋ2 + ω22 x2 + κ′air (x2 − x1 ) + κ′′air = F2

(4.21)

where κ′air and κ′′air are the air-induced membrane-membrane and membraneplate spring constants, respectively. The normal mode frequency shifts are accordingly given by:
√
ω± = [ω02 + δ 2 + 2(η ′ + η ′′ )ω0 ± 2ω0 δ 2 + η ′2 ]1/2

(4.22)

where η ′ = κ′air /(2ω0 ) and η ′′ = κ′′air /(2ω0 ) are both proportional to the pressure,
as previously.
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Figure 4.22: Array with d = 2.10 µm: Damping of both membranes’ fundamental modes as a
function of pressure (logarithmic scale). The solid lines indicate the kinetic damping predictions.
[86]

At low pressures –as long as δ ≫ η ′ , η ′′ – both modes experience the same linear
frequency shift η ′ + η ′′ . At high pressures –when δ ≫ η ′ , η ′′ – the higher frequency
mode experiences a shift given by 2η ′ + η ′′ , while the lower frequency mode experiences a shift η ′′ . The solid lines in Fig. 4.21a show the predictions of Eq. (4.22)
when η ′ + η ′′ is equal to the full shift η given by the squeeze film model [Eq. (4.13)]
for d = 2.1 µm and when η ′ ≃ η ′′ ; these predictions match well the experimental
data in the crossover and high pressure regions. The slight apparent discrepancy
at pressures around 0.1 mbar is most likely the result of thermal drifts during the
measurement series.
The variations of the damping rates of both modes with pressure are shown
in Fig. 4.22 and are again consistent with a kinetic damping broadening of the
spectra.

4.3.3

Pressure sensitivity

In order to estimate the pressure sensitivity of our sensors in the sub-millibar
range and to be less sensitive to the thermal drifts in the chamber, the sequential
measurements for the 2.1 µm array was carried out during which the air pressure
was first quickly increased from high vacuum (∼ 10−5 mbar) to a certain value in the
sub-millibar range, the thermal noise spectrum acquired, and the pressure quickly
decreased again to below 10−4 mbar and the thermal noise spectrum measured again.

4.3 Experimental results
Therefore, to each point recorded above 10−4 mbar was associated a ”reference”
frequency which was obtained from a fit to the thermal noise spectrum below 10−4
mbar to compensate for the thermal drift during the data collection process. Figure
4.23 shows an example of the evolution of the ”reference” frequency in time for the
1(1,1) mode.

Figure 4.23: Thermal drift of the 1(1,1) mode as a function of time.

By having the ”reference” point it is possible to monitor the frequency shift
more precisely while changing the pressure. Repeating this sequence for various
pressures in the range 10−3 − 10−1 mbar yield the corresponding frequency shifts
shown in Fig. 4.24. Equal frequency shifts with a responsivity of 3.1 kHz/mbar
are observed for each mode in good agreement with the theoretical expectations.
Zooming into the few 10−3 mbar region (inset of Fig. 4.24) shows that the current
pressure sensitivity using the squeeze film frequency shift is at the 0.1 Pa level.
In principle, the kinetic damping broadening of such high Q mechanical resonances can also be used to infer pressure, although in a species-dependent way.
Figure 4.25 shows the variations in the linewidth of the thermal noise spectrum
of each mode at various pressures in the same range, as well as the corresponding
linewidths measured in high vacuum. The linewidth measurements typically reveal
a larger statistical spread than the frequency shift measurements. Given the lower
pressure responsivity of the broadening –γair /P ≃ (2π)0.7 kHz/mbar– than that
provided by the resonance frequency shift, the resulting sensitivity is found to be
slightly worse.
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Figure 4.24: Frequency shifts of both membranes’ fundamental modes of 2.1 µm array as a
function of pressure. The inset shows a zoom into the few 10−3 mbar region. [86]

Figure 4.25: Corresponding linewidths (full symbols). The empty symbols show the linewidths
measured in the corresponding sequence in a high vacuum (below 10−5 mbar). For all data the
Lorentzian fit result uncertainties are smaller than the size of the symbols. [86]

To sum up, the effects of air pressure on SiN membrane double-membrane
arrays with gaps in the 2-3 micron range were investigated in the rarefied air and
transition regimes (10−3 -50 mbar), via the measurement of their thermal noise
spectra by optical interferometry. The essentially elastic squeeze film force due to
the compression of the gas in between the membranes results in strong positive
shifts of the mechanical resonance frequencies, as well as coupling between the

4.4 Conclusion
membrane resonator modes. The experimental observations are in good agreement
with a simple coupled-oscillator model including squeeze film and kinetic damping
effects.

4.4

Conclusion

Pressure-induced frequency shift responsivity as high as 4 kHz/mbar was demonstrated for the ”short” d membrane sandwiches, which which represents a substantial
improvement over ”medium” d membrane sandwiches. Such performances result
from a combination of several factors: the small gap (2-3 µm) and the membrane
thickness (< 100 nm) make for strong squeeze film effects, the high tensile stress
allows for operating with high-frequency (∼ MHz) and high-Q (∼ 105 ) modes, the
large area (0.25 mm2 ) ensures trapping of the gas and an essentially elastic squeeze
film force, and last, the squeeze film-induced couplings in the chosen sandwich
geometry allows for increasing the pressure responsivity. While the responsivity
is already comparable with that of graphene drum sensors and the sub-pascal
sensitivity better, the performances of such membrane sandwich pressure sensors
could be further enhanced by:
• Improving the experimental setup: Have an active temperature stabilization
and better interferometric displacement sensitivity,
• Selecting the mechanical properties: Using a lower frequency mechanical
mode and higher Q mechanical resonances which can lead to decrease the
statistical spread in the linewidth determination (one can use e.g. mechanical
ringdown spectroscopy techniques to determine the mechanical properties),
• Assembly process: Reduction of the intermembrane separation which increases
the squeeze film effect,
• Use of strongly frequency degenerate membranes to benefit from the coupling
enhancement at low pressures. This could be achieved e.g. by piezoelectric
stress control and tuning of the mechanics, as will be discussed in the next
chapter.
These steps would make such sensors attractive for direct and absolute pressure
measurements in rarefied air and high vacuum environments.
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5
Electromechanics in membrane arrays

Suspended dielectric membrane resonators can efficiently couple to electromagnetic fields, whether in the high (optical) frequency domain or in the low (dc,
radiofrequency, microwave) frequency domain. The coupling with low-frequency
electric fields can be achieved in different ways, e.g. by patterning the membranes
with metallic electrodes and capacitive coupling [50, 52], or by using closely lying electrodes and the application of gradient forces [119]. Another approach to
induce electromechanical coupling of such tensioned resonators is via the tensile
stress. Electromechanical actuation via piezoelectricity of a single membrane resonator through piezoelectricity was demonstrated in [71]. The same method was
subsequently applied to tune the eigenfrequencies of the vibrational modes of a
pair of distant membranes in an optical cavity [82]. In this chapter we study
electromechanical couplings induced in monolithic double-membrane arrays by
piezoelectrical control of their tensile stress, results which were reported in [87, 88].
The chapter begins in Sec. 5.1 by describing these electromechanical arrays and
the experimental setup used to investigate their properties, followed by a study on
the noninvasive tuning of the membranes’ mechanical mode spectrum for different
samples. The chapter continues with a study of the nonlinear response of such
arrays, in particular of the parametric amplification of their thermal fluctuations
in Sec. 5.2 and of their resonant excitations in high amplitude states in Sec. 5.3.
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5.1
5.1.1

Electromechanical array
Electromechanical array assembly

The samples studied in this chapter include a single membrane and two doublemembrane arrays which were assembled in either front-to-front or back-to-front
geometries, forming respectively a ”medium” and a ”long” d array. As shown in
Fig. 5.1, three corners of one of the chips were glued with UV resist (in green)
to a 6 mm inner diameter piezoelectric transducer (PZT) ring Noliac NAC2123
which was used to apply a compressive force (the horizontal purple arrows indicate
the direction of the piezoelectric force for a positive voltage difference between
the outer and inner electrodes). As it was explained in Chap. 3, in order to send
both RF modulation and DC signal to PZT, we used a combination box letting us
combine both inputs using a 100 kΩ resistor and a 4.5 µF capacitor.

Figure 5.1: Schematic (a) top and (b), (c), (d) transverse cut of the assembly where three corners
of the bottom chip glued with the UV resist (in green) on a piezoelectric transducer (PZT) ring
(not to scale). (b) A single membrane and (c) a ”long” array are glued with the substrate down
and (d) shows a ”medium” array. The horizontal purple arrows indicate the direction of the
compressive piezoelectric force for a positive applied dc-voltage.

In the case of the single membrane (Fig. 5.1b) and the ”long” array (Fig. 5.1c),
the installations were done in such a way that the substrate was facing down,
whereas for the ”medium” array –because of the front-to-front geometry in the
array assembly– the array was positioned on the back of the Si frame, as shown
in Fig. 5.1d. For arrays, in order to distinguish each membrane, we refer to the
bottom membrane whose chip was glued to the PZT, as membrane B and the top

5.1 Electromechanical array
one as membrane A. The application of a piezoelectric compressive force to one of
the membrane chips (see Fig. 5.2) allows for modifying the tensile stress of the
membranes and tuning their mechanical mode spectrum.

Figure 5.2: Schematic pictures of (a) a single membrane and (b) a membrane array glued on the
PZT. The horizontal purple arrows indicate the direction of the compressive piezoelectric force
for a positive applied dc-voltage. The horizontal red arrows show the direction of PZT-induced
force for modification of the membrane’s tensile stress.

In the tensile stress dominated regime, the vibrational
√ √ mode frequencies of
membrane resonators can be estimated by ωm,n = Tρ πa m2 + n2 , where T is the
tensile stress, ρ = 2700 kg/m3 is the density of silicon nitride, a = 500 µm is the
lateral dimension of the membrane and n and m are positive integers. As can be
seen in Fig. 5.2a for a single membrane, applying a bias voltage decreases the
tensile stress of the membrane which is in contact with the PZT and consequently
the mode resonance frequency is reduced. In the case of a double membrane array
shown in Fig. 5.2b, regardless of the chosen geometry for the array assembly, the
applied bias voltage contracts the bottom chip, which results in less tensile stress
for membrane B and causes a bending of the top chip (due to the epoxy glue that
connects both chips to each other), which leads to an increased tensile stress for
membrane A. Therefore, both membranes are expected to experience opposite
frequency shifts due to their tensile stress modifications.

5.1.2

Experimental characterization

The vibrations of the membranes in vacuum (10−7 mbar) were monitored by optical
interferometry using the setup introduced in Sec. 3.3.4.1 for mechanical characterization. Figure 5.3 presents a summarized graph of the setup used for the
single membrane and the ”medium” array, while, in case of the ”long” array, the
beamsplitter in the setup was removed, since good displacement sensitivity for the
Fabry Perot etalon could be obtained without it.
As explained in Chap. 3, the mechanical resonance frequencies can be determined by Lorentzian fits to the thermal noise spectrum –typically recorded with
a resolution bandwidth of 0.5 Hz and averaged 500 times– and the mechanical
quality factors are determined either from the results of the Lorentzian fits to the

95

96

Electromechanics in membrane arrays

Figure 5.3: Schematic of the optomechanical characterization setup where an array is glued on the
PZT ring. ECDL: external cavity diode laser, PZT: piezoelectric transducer, BS: beamsplitter,
PD: photodiode, SA: spectrum analyzer, DA; data analysis.

thermal noise spectrum, or by performing ringdown spectroscopy of the resonantly
excited mode.

5.1.3

Experimental results

5.1.3.1

Single membrane

The first attempt to tune the mechanical mode frequencies via piezoelectricity was
done with a single (0.5×0.5) mm2 , 100 nm-thick, high-tensile stress (∼0.9 GPa) SiN
membrane deposited on (5×5) mm2 , 200 µm-thick Si frame formed as a notch chip
Fig. 5.4. The chip is glued from three corners with its substrate facing down on
the PZT ring, as illustrated in Fig. 5.1b.

Figure 5.4: Photograph of the single membrane mounted on the piezoelectric transducer ring.

As discused above, the modification of the membrane’s tensile stress due to the
applied compressive force causes a linear reduction of the resonance frequencies

5.1 Electromechanical array

Figure 5.5: Resonance frequencies of (a) (1,1) and (b) (3,3) modes of membrane as a function of
the applied bias voltage Vdc . Insets in (a) an (b) show mechanical quality factors Q = ω/γ for
(1,1) and (3,3) versus Vdc , respectively. (c) Frequency shift of both modes as a function of the
applied bias voltage Vdc . [88]

with the applied bias voltage Vdc . This reduction for the fundamental (m = 1, n = 1)
and a higher-order (m = 3, n = 3) mode frequencies is observed in Fig. 5.7a,b. As
shown in Fig. 5.7c, the mode (1,1) experiences a resonance frequency shift of -43
Hz/V and the (3,3) mode experiences a shift of -130 Hz/V, which agrees well with
the theoretical expectation, since the resonance frequency of the (3,3) mode is
three times bigger than that of the (1,1) mode. The mechanical Q factors of both
modes were also measured for different bias voltages (insets of Fig. 5.7a,b ) and
are observed to be only weakly (slight increase for this sample) dependent on the
bias voltage.

5.1.3.2

”Long” array

In order to investigate the possibility of tuning of mechanical modes and decrease
the frequency separation between them, we performed the same experiment on a

97

98

Electromechanics in membrane arrays
”long” array. The array in this study was made from two notched chips with the
same properties as the previous sample. The back-to-front geometry was chosen to
put both membranes parallel to each other and the steps of the first generation
assembly process were followed by applying epoxy glue from the sides. The fundamental modes of both membranes in this array had much lower Qs than those
typically measured with single membrane resonators from the same batch [84]. As
also discussed in Chap. 4, during the assembly process of the array, we quite often
observed increased clamping losses for the fundamental modes, but not necessarily
for higher-order modes. The installation of the array on the PZT ring was done as
illustrated in Fig. 5.1c and is shown in Fig. 5.6.

Figure 5.6: Photograph of the ”long” array mounted on the piezoelectric transducer ring.

Figure 5.7a illustrates the observed opposite frequency shifts for both fundamental (1,1) modes of each membrane over the bias voltage range 0-30 V. The
compressive force on the bottom chip resulted in a reduced tensile stress for the
SiN film (membrane B) deposited on this chip, and thereby a decreasing resonance
frequency with positive bias voltage. Membrane A deposited on the top chip, glued
at its corners to the bottom one, then experienced increased tensile stress and an
increasing resonance frequency with the bias voltage.
The same measurements were performed for (3,3) modes of both membranes
and the experimental results are shown in Fig. 5.7b. In order to have a clearer
picture of the response, Fig. 5.7c presents the frequency shift of each mode at
different bias voltages comparing to its initial value at 0 V. The frequency shift of
the A(1,1) (red open squares) and B(1,1) (blue open circles) modes are 9 Hz/V
and -16 Hz/V, respectively, and the frequency shifts of the A(3,3) (red full squares)
and B(3,3) (blue full circles) modes are 29 Hz/V and -44 Hz/V, respectively. In
addition, the insets in Fig. 5.7a,b show that the mechanical quality factors of both
modes are essentially independent of the bias voltage.
These measurements were one of our first trials for this effect, and were therefore
performed in a conservative way in the sense that we did not dare apply too

5.1 Electromechanical array

Figure 5.7: Resonance frequencies of (a) the fundamental modes of both membranes A(1,1)
(empty circles) and B(1,1) (full circles), (b) A(3,3) (empty squares) and B(3,3) (full squares) as
a function of the applied bias voltage Vdc . Insets in (a) an (b) show mechanical quality factors
Qα = ωα /γα , (α = A, B) for (1,1) and (3,3) versus Vdc , respectively. (c) Frequency shift of both
modes for both membranes as a function of the applied bias voltage Vdc . [88]

strong a bias voltage. Even though the measurements explicitly showed that the
mechanical modes of both membranes experienced opposite frequency shifts and
were moving towards each other while increasing the biasing voltage, the significant
bare frequency separation, would most likely have prevented reaching frequency
degeneracy within the available PZT range (0-200 V). We thus chose to make
another attempt with another (”medium”) array for which the bare modes were
closer to each other.
5.1.3.3

”Medium” array

In this section, we demonstrate that the vibrational mode frequencies of two membranes in a ”medium” array can be tuned to degeneracy and strongly coupled via
the application of a static bias voltage to the piezoelectric transducer based on the
presented results in [87]. The array was made from two commercial high-stress, 500
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mm-square stoichiometric silicon nitride thin films (thickness 92 mm) deposited
on a 5 mm-square silicon chip (thickness 500 mm). The chip with an 8.5 µm
spacer (membrane A) was assembled parallel to the other chip without any spacer
(membrane B) in the front-to-front geometry and the assembly process followed
the steps of the first generation arrays, in which epoxy glue on the chips’ sides at
the corners and a d ∼ 8.5 µm intermembrane separation was achieved. In order to
mount this array on the PZT in the geometry of Fig. 5.1d, three corners of one of
the chips were glued to the PZT ring actuator as shown in Fig. 5.8.

Figure 5.8: Photograph of the ”medium” array mounted on the piezoelectric transducer ring. [87]

Before applying any external force, both membranes’ fundamental mechanical
mode had a quite close resonance frequencies; the (1,1) modes bare frequency
difference was only 0.5 kHz, while that of the (2,2) modes was 0.6 kHz. Figures
5.9a and 5.9b show the opposite, linear frequency shifts with similar magnitude
for the (1,1) and (2,2) modes of each membrane (positive and negative frequency
shifts for membrane A and B, respectively like previous samples) over the bias
voltage range 0-80V. As previously, no noticeable effect of the bias voltage on the
mechanical quality factors was observed.
Piezoelectric biasing in the geometry of Fig. 5.1d thus allowed for achieving
frequency degeneracy of the (1,1) and (2,2) for bias voltages Vdc of 56 V and 38
V, respectively. The fact that noninvasive actuation was still possible even in
this geometry where there was a much ticker frame (500 µm instead of 200 µm)
between the PZT and the membrane, makes the result of the experiment more
interesting. To compare the resonance frequency shift of both fundamental modes
in both geometries for the array, one should look at the same voltage range. In the
bias voltage range 0 − 30 V, the frequency shifts of the A(1,1) mode for ”long” and
”medium” arrays are 9 Hz/V and 99 Hz/V, respectively, and the frequency shifts of
the B(1,1) are -16 Hz/V and -129 Hz/V, respectively. Thus, the ”medium” array
experiences larger frequency shifts than the ”long” array for both membranes.
The intermode coupling via the frame/spacer structure can also be investigated
by analyzing the observed thermal noise spectrum around the degeneracy points, as
shown in Fig. 5.10 where thermal noise spectra in the vicinity of the (1,1) and (2,2)

5.1 Electromechanical array
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Figure 5.9: Resonance frequencies of (a) the fundamental modes of both membranes A(1,1)
(empty circles) and B(1,1) (full circles) and (b) A(2,2) (empty squares) and B(2,2) (full squares)
as a function of the applied bias voltage Vdc . The inset in (a) shows the mechanical quality factors
Qα = ωα /γα , (α = A, B) of (1,1) modes versus Vdc . [87]

mode resonances spectra are sorted by the dc voltage values in ascending order
from bottom to top. These spectra can be understood on the basis of a simple
coupled oscillator model (explained in Sec. 2.1.3) in which the dynamics of the
mode amplitudes xA,B are given by
ẍA + γA ẋA + (ωA + εA Vdc )2 xA = η(xB − xA ) + FA ,

(5.1)

ẍB + γB ẋB + (ωB + εB Vdc )2 xA = η(xA − xB ) + FB

(5.2)

where γA,B are the mode mechanical damping rates, εA,B Vdc are the linear
voltage dependent frequency shifts, η is the intermode coupling constant and
FA,B are the thermal noise forces (divided by the mode effective mass). Fourier
transforming these equations readily yields the Fourier component amplitudes at
frequency ω, e.g.,

where

xA =

χB (ω)FA (ω) + ηFB (ω)
,
χA (ω)χB (ω) − η 2

(5.3)

xB =

χA (ω)FB (ω) + ηFA (ω)
,
χB (ω)χA (ω) − η 2

(5.4)

χα (ω) = −ω 2 − iγα ω + (ωα + εα Vdc )2 + η

(α = A, B).

(5.5)

The interferometric signal measured by the spectrum analyzer was proportional
to the noise spectrum of xA − xB
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Figure 5.10: Thermal noise spectrum for different bias voltages around the degeneracy point
for (a) (1,1) modes and (b) (2,2) modes. Vdc is varied from 40 V (lower curve) to 60 V (upper
curve) in (a) and from 33 V (lower curve) to 41 V (upper curve) in (b). The spectra are offset
vertically for clarity. The dashed lines show the results of a global fit to the coupled oscillator
model described in the text. [87]

SxA −xB (ω) =

∣χB (ω) − η∣2 SFthA (ω) + ∣χ1 (ω) − η∣2 SFthB
∣χA χB − η 2 ∣2

.

(5.6)

The dashed lines in Fig. 5.10 show the results of a global fit of the data to the
model, fixing the mechanical damping rates and thermal force amplitudes using
the spectra far from the degeneracy points, and leaving as free parameters the
voltage-dependent frequency shift rates εA,B , as well as the intermode coupling rate
η̄ = 2η/(ωA + ωB ). The resulting spectra are observed to match well the observed
data, in particular in the avoided crossing region, where the intermode coupling
plays a significant role. Remarkably, the extracted value for the (1,1) modes,
η̄/(2π) ≃ 8 Hz, was found to be slightly larger than both mechanical decay rates
γA /(2π) ≃ 7 Hz and γB /(2π) ≃ 4.5 Hz, which placed such an electromechanical
array at the border of the strong coupling regime. For the (2,2) modes, whose
mechanical quality factors were a bit lower, η̄/(2π) ≃ 8 Hz, was found to be slightly
larger than both mechanical decay rates γA /(2π) ≃ 7 Hz and γB /(2π) ≃ 7 Hz was
slightly smaller than γA,B /(2π) ≃ 10 Hz.
The possibility to (∼strongly) couple the membranes was shown, however, it
would be interesting to perform similar studies on even shorter arrays, such as
the ones used in the previous chapters, or with stronger actuation, to see if the
electromechanical coupling can be further increased.

5.2 Parametric actuation

5.2
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The parametric amplification of thermal fluctuations of both membranes’ fundamental modes can be studied for different bias voltages by applying a resonant
parametric modulation close to the second harmonic frequency of the fundamental
mode, ωp ≃ 2ω1,1 , (see Fig. 5.11) and monitoring the evolution of the noise spectrum
as a function of the modulation voltage amplitude Vωp . This section is based on
the study presented in [87, 88].

Figure 5.11: Schematic transverse cut of the assembly with a positive parametric dc-voltage
modulation applied to the PZT at ωp and purple arrows indicate the direction of the compressive
piezoelectric force.

In principle, a parametric modulation of the spring constant, k = k0 (1 +
ξ sin(ωp t)), where k0 is the spring constant in absence of modulation and ξ the
normalized modulation amplitude –proportional to the applied modulation voltage amplitude– the classical dynamics of the amplitude around equilibrium of
the normal mode considered, x(t), can be modeled by the following differential
equation [95]
Fth
,
(5.7)
m
√
where ωm = k0 /m is the bare mechanical resonance frequency, m the effective
mass of the mode. Assuming a high-quality factor mode (ωm ≫ γ) and a pump
modulation frequency ωp = 2(ωm + δ) close to the second harmonic frequency, the
average noise spectrum of such phenomena at the parametric resonance (δ = 0) is
given by
2
ẍ + γ ẋ + ωm
[1 + ξ sin(ωp t)]x =

S̄δ=0 (ω) =

kB T γ
1
1
[ 2
+ 2
]
2
2
2
mωm Γ (1 − ) + ω
Γ (1 + )2 + ω 2

(5.8)

where
γ
ωm ξ Qξ
and  =
=
.
(5.9)
2
4Γ
2
As we discussed in Chap. 2, the average noise spectrum is to a good approximation Lorentzian either at low gains ( ≪ 1) or close to the parametric threshold
Γ=
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 → 1. At the parametric threshold  = 1 –or, equivalently ξ = 2/Q– the linewidth
of the noise spectrum diverges (in the absence of nonlinearities).
Moreover, the variance of the amplitude ∆x2 = ⟨x2 ⟩ –and consequently the
2 ⟨x2 ⟩– can be obtained:
average energy in the mode Ē = 12 mωm
∆x2 = ∫

∞

S̄(ω)
0

dω kB T
1
=
.
2
2
2π mωm 1 −  /(1 + δ 2 /Γ2 )

(5.10)

In the absence of parametric modulation, the average energy is Ē0 = 12 kB T
whereas in the presence of parametric modulation the value increases as 1/(1 − 2 )
and diverges at the threshold. For a nonzero pump detuning, the gain in energy is
reduced following Eq. (5.10) and the parametric resonance linewidth depends on
both γ and .

5.2.1

Parametric gain study

Parametric excitation of the membranes of the 8.5 µm membrane array was investigated for different values of the biased voltage by applying a resonant parametric
modulation at the second harmonic frequency of the fundamental mode of one of the
membranes (membrane B). The evolution of the noise spectrum of the fundamental
modes was then monitored as a function of the modulation voltage amplitude Vac ,
until the parametric oscillation threshold was reached. The bias voltage Vdc , which
determined the frequency separation between the fundamental mode frequencies
A
B
∆ = ω1,1
− ω1,1
was chosen in such a way that the second harmonic of the excited
A
B
fundamental mode frequency, 2ω1,1
or 2ω1,1
, did not coincide with a (2,2) mode
resonance frequency. We verified experimentally that neither the non-resonantly
driven (1,1) mode nor the (2,2) modes were not excited in the presence of the
parametric drive.
Figure 5.12 shows examples of average noise spectra of membrane B’s fundamental mode, obtained for a bias voltage corresponding to a frequency separation
∆/(2π) = 30 Hz, and for increasing modulation amplitudes (the voltage amplitude
was obtained from the input power from the signal generator after a calibration
provided by the monitor output of the combining box shown in Fig. 5.13), which
were normalized to the parametric threshold voltage. The results of Lorentzian
fits to the data are also shown. It can be seen that the amplified noise spectra are
generally well-approximated by Lorentzians with increasing peak value/area and
reduced linewidth, as the parametric modulation amplitude is increased.
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Figure 5.12: Average noise spectra of B(1,1) at a bias voltage corresponding to ∆/(2π) = 30 Hz
and for different modulation amplitudes corresponding to (a)  = 0.069, (b)  = 0.809, (c)  = 0.908,
(d)  = 0.996. The solid lines are the results of Lorentzian fits to the data. The y-axis scale, in
arbitrary units, is the same for all figures. [88]

The average energy is obtained by numerical integration of the spectrum and the
energy gain –i.e. the ratio Ē/Ē0 of the average energy for a given  to the average
energy for  = 0– is shown in Fig. 5.14a as a function of  (where  = 1 corresponds
to a pump power of 12.8 dBm). Parametric gains of about 100 were observed for
this mode at this particular bias voltage before the parametric oscillation threshold
was reached. The solid line represents the result of a fit with a function of the form
1/(1 − 2 ), according to Eq. (5.10).
The variations of Γ obtained from HWHM of the Lorentzian fits with  is also
shown in Fig. 5.15b in which the solid line shows a linearly decreasing linewidth
of the form ΓB (1 − ), where ΓB is the HWHM in absence of modulation. As one
approaches the threshold, effects due to the finite resolution bandwidth of the
spectrum analyzer become visible and the measured linewidth is effectively limited
by the RBW of the spectrum analyzer. This does not affect the determination
of the average energy, however, since the latter is related to the integral of the
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Figure 5.13: Measured voltage from the monitor output of the combining box at dc bias voltages
of 20 and 40 V as a function of the modulation drive power in dBm at 721 kHz and 1.443 MHz
frequencies.

Figure 5.14: Energy gain Ē/Ē0 as a function of the normalized parametric modulation amplitude
 for B(1,1) at a bias voltage corresponding to ∆/(2π) = 30 Hz. The solid line shows the result of
a fit to Eq. (5.10). [88]

noise spectrum and is independent of the RBW. Similar behavior –though with
different gains and thresholds, as will be discussed further– were observed for both
fundamental modes and different bias voltages.

5.2 Parametric actuation

Figure 5.15: HWHM of the B(1,1) noise spectrum resulting from the Lorentzian fit, as a function
of  at a bias voltage corresponding to ∆/(2π) = 30 Hz. The solid line represents a linearly
decreasing linewidth of the form ΓB (1 − ). [88]

Figure 5.16: Energy gain as a function of pump detuning δ for membrane B’s fundamental mode
for ∆/(2π) = 250 Hz and for two modulation voltage amplitudes corresponding to  = 0.949
(orange dots) and  = 0.989 (red dots). Each point is an average of three data points and the solid
lines are the theoretical predictions of Eq. (5.10). [88]

In order to verify the resonant nature of the parametric excitation, the parametric modulation frequency (pump frequency) was slightly varied around the second
harmonic frequency of the mode, ωp = 2(ωm + δ). Figure 5.16 shows the variation of
the energy gain –deduced from the noise spectra as previously– as a function of the
pump detuning δ, for membrane B’s fundamental mode at a bias voltage such that
∆/(2π) = 250 Hz and for two different parametric modulation amplitudes close to
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the threshold. The solid lines show the theoretical predictions of Eq. (5.10) in
which  is determined by the zero-detuning value and Γ is the HWHM measured in
absence of modulation.
Clearly, the highest energy gain was reached at the parametric resonance
frequency for the modulation and the linewidth values agree with the theoretical
expectation.

5.2.2

Amplification at different bias voltages

After discussing the parametric excitation of membrane B’s fundamental mode at
the fixed bias voltage, now we can extend the study to the influence of the bias
voltage Vdc on the resonant parametric amplification of the fundamental modes
of both membranes. The energy gains of both modes for different bias voltages
are shown in Fig. 5.17 as a function of the modulation amplitude and the lines
represent the results of fits to Eq. (5.10). The amplitude is arbitrarily normalized to the parametric amplification threshold amplitude, pump power of 16.4
dBm (which corresponds to Vac = 448 mV), of membrane A’s fundamental mode
at ∆/(2π) = 250 Hz. As can be seen, increasing the bias voltage leads to lower
parametric oscillation thresholds for both membranes and parametric gains of a
few tens to a few hundred were observed until the parametric oscillation threshold
ξ ∼ 2/Q was reached. Moreover, increasing the bias voltage caused amplified noise
spectra at lower values of  for both membranes which meant lower threshold
values for parametric excitation. Therefore, we did a more systematic study on the
parametric oscillation threshold voltage at comparable Vdc s.
Figure 5.18 shows the variations of the parametric oscillation threshold voltage
of both membranes’ fundamental mode with the bias voltage and illustrates the fact
that applying a positive bias voltage strongly reduces the parametric oscillation
threshold of both membrane modes, in a seemingly relatively similar fashion in the
whole range. Moreover, the thresholds for membrane A are systematically higher
than those for B, for a comparable bias voltage. We discuss in the next section
the reasons for this lowering of the thresholds and enhancement of the parametric
gains with the bias voltage. Let us also note that, due to thermal drifts during
the measurements, variations in the highest achievable gains close to the threshold
were typically observed, so that one cannot rule out that higher subthreshold gain
values may be achievable by better temperature control.
Let us also remark that, at degeneracy (∆ = 0), the single parametrically
excited mode picture breaks down as the dynamics of the two coupled modes have
in principle to be taken into account [65]. However, since the parametric gain for

5.2 Parametric actuation

Figure 5.17: Energy gains as a function of normalized modulation amplitude for both fundamental
modes for increasing Vdc s, such that ∆/(2π) = 250 Hz (yellow squares), 30 Hz (red circles) and
-100 Hz (purple diamonds). The empty and full symbols are for membranes A and B, respectively.
The green triangles correspond to the energy gains measured at the degeneracy (∆ = 0). The
modulation amplitude is arbitrarily normalized to the threshold amplitude for membrane A’s
fundamental mode at ∆/(2π) = 250 Hz. The solid lines show the results of fits to Eq. (5.10). [88]

Figure 5.18: The parametric oscillation threshold voltage for both fundamental modes (normalized
to the 448 mV threshold voltage of the A(1,1) mode at zero bias voltage) as a function of the
bias voltage Vdc . [87]

membrane B is substantially stronger than for membrane A, the total amplified
noise spectrum becomes quickly dominated by that of membrane B’s fundamental
mode, as the modulation amplitude is increases. The observed parametric gains
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and threshold values thus consistently follow those of membrane B.

5.3

Nonlinearity of the linearly driven mode

To assess the effect of biasing on the dynamical response of the membranes, the
(1,1) and (2,2) modes of each membranes were driven independently at their mechanical resonance frequency (Fig. 5.19), for a fixed bias voltage and increasing
modulation amplitudes, and the noise spectrum peak value S(ωm ) was recorded.
A linear response was observed over a wide range of modulation amplitudes before
nonlinearities kick in.

Figure 5.19: Schematic transverse cut of the assembly with a positive linear dc-voltage modulation
applied to the PZT at ωα (α = A, B) and purple arrows indicate the direction of the compressive
piezoelectric force for a positive voltage difference between the outer and inner electrodes. [87]

Figure 5.20: Driven response of the (1,1) and (2,2) modes of membrane B: Noise spectrum at
resonance (dB) as a function of the power of the modulation voltage at the mechanical resonance
frequency ω(1,1),(2,2) for three different bias voltages. [87]

As can be seen in Fig. 5.20, the linear response of the modes of membrane B

5.3 Nonlinearity of the linearly driven mode
–which is directly coupled to the piezoelectrically stressed silicon frame– is strongly
affected by the bias voltage and going towards higher biasing voltages increases the
linear response at the same modulation amplitude for both (1,1) and (2,2) modes.
In particular, its increased response at ω2,2 ≃ 2ω1,1 accounts well for the decrease of
the parametric oscillation threshold of B(1,1) with Vdc observed in Fig. 5.18.

Figure 5.21: Driven response of the (1,1) and (2,2) modes of membrane A: Noise spectrum at
resonance (dB) as a function of the power of the modulation voltage at the mechanical resonance
frequency ωA for three different bias voltages. [87]

However, the same measurements presented in Fig.5.21 for membrane A illustrates that the linear response of the modes, whether at the fundamental or the
second harmonic frequency, is fairly independent of the bias voltage. Therefore, the
lowering of the threshold for membrane A cannot be explained by an enhancement
of the direct parametric modulation of its tensile stress, as for membrane B.
To investigate the role of the biasing voltage on the nonlinear response of membrane A, its fundamental mode was driven in the high amplitude regime before the
onset of bistability and frequency scans around ω1,1 of the signal were measured in
the zero-span mode of spectrum analyzer’s DPX display. The ratio of the amplitude
of the driven motion to that of the thermal motion, x/x0 , was obtained by taking
the square root of the noise spectrum peak values with and without modulation.
The experiment was repeated for different modulation amplitudes and different
bias voltages. The data extracted from these scans are presented in Figs. 5.22,
clearly show nonlinearly distorted resonance profiles.
Such profiles can be accurately reproduced by introducing a Duffing nonlinearity
(explained in Sec. 2.1.2.4) in the equation of motion for the mode dynamics:
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Figure 5.22: Amplitude (normalized to the thermal motion amplitude x0 ) of the A(1,1) mode
as a function of drive frequency around ω1,1 , for different drive powers (a power of -30 dBm
corresponds to an applied modulation voltage amplitude of 9.2 µV): (a) Vdc = 20 V and (b)
Vdc = 80 V. The solid lines show the results of global fits to the nonlinear Duffing oscillator model
discussed in the text. [87]

2
ẍ + γ ẋ + (ωm
[1 + βx2 )]x = Fth + Fω cos(ωt),

(5.11)

where Fω is the amplitude of the driving force at frequency ω and β is the
Duffing nonlinearity coefficient. For a small nonlinearity and neglecting the thermal
force, the Fourier component amplitude at ω is approximately given by a solution
of the implicit equation [102]:
Fω /2
∣x∣ = √
.
2 (1 + 3 β∣x(ω)∣2 ) − ω 2 )2 + γ 2 ω 2
(ωm
4

(5.12)

The solid lines in Fig. 5.22 show the results of global fits of this equation to the
data, using low drive power scans to fix ωm and γ and leaving as free parameters
β and a global amplitude for the driving force, the respective amplitudes being
appropriately scaled by the known applied powers. The fits matches well the
observed spectra and yields values of β (in units of x12 × 10−12 ) 1.11 ± 0.16 and
0
1.75 ± 0.07 for Vdc = 20 V and 80 V, respectively. Application of a bias voltage thus
increased the nonlinear response of membrane A to a driving force at the resonance
frequency ωm . Since the nonlinear Duffing term in x2 in Eq. (5.11) under such
driving can be seen to represent an effective modulation at twice the resonance
frequency, as in Eq. (5.7), the bias voltage-dependent Duffing nonlinearity coefficient β of A(1,1) is thus expected to be proportional to the A(1,1) parametric
modulation coefficient ξ. This is corroborated by the ∼ 60% increase in β when
increasing the bias voltage from 20 V to 80 V, which matches well the observed

5.4 Conclusion
reduction in the parametric oscillation threshold voltage by about the same amount.

5.4

Conclusion

Noninvasive tuning of the mechanical resonance frequencies of suspended membrane
resonators in form of a single membrane and monolithic vertical arrays with ”long”
and ”medium” d was demonstrated using a simple scheme where the membrane
chips were directly mounted on a piezoelectric ring actuator. The application of
a piezoelectrically controlled force to the bottom chip allowed for modifying the
tensile stress of the membrane resonators and thereby change their frequencies, in
particular, a negative frequency shift for the membrane on the chip which is in
contact with the PZT and a positive frequency shift for the top membrane were
observed. It was demonstrated that for membranes with not too different bare
mechanical frequencies, tuning to degeneracy by the application of a dc bias voltage
to the PZT is possible, as the bottom and top membrane experience opposite
frequency shifts with the bias voltage. One could envisage extending these studies
by having more membranes in the assembly, different PZT mounting geometries
or inserting another PZT on the other side of the array. Such tuning of both
the linear and nonlinear response of membrane resonators in vertical arrays is
promising for exploring collective effects and investigating phonon dynamics, as
is currently investigated with optomechanical membrane arrays [74, 81–83], or for
sensing applications using such arrays [85, 86].
We also demonstrated dynamical actuation of both membranes in a ”medium”
array by the application of an ac voltage at twice the mechanical resonance frequencies of the fundamental modes of the membranes and observing the parametric
amplification of their thermal fluctuations until the parametric oscillation threshold
was reached. The enhancement of the nonlinear response of membranes’ thermal
fundamental modes due to the simultaneous application of a dc bias voltage was
confirmed and resulted in higher amplification gains and a lowering of the parametric oscillation thresholds. The origin of this dependence was then revealed by
the direct linear modulation of the spring constant and the nonlinearity of a linear
drive. We showed that the lower membrane (B) experienced a direct modulation of
its tensile stress at the parametric resonance frequency through the compression of
the lower frame and the parametric oscillation threshold could be reached by the
application of a moderate modulation voltage. In contrast, such a direct modulation
of the SiN film spring constant was much weaker for the upper membrane (A).
However, the application of a static compressive force to the chips resulted in a
modification of the nonlinear response/stress of membrane A, which accounts for
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the lowering of the parametric amplification threshold with the bias voltage.
While the enhancement of the nonlinear response of membranes is useful for
various sensing applications, tuning the modes’ resonance frequency and engineering
electromechanical couplings in such electro-optomechanical arrays is essential for
future collective optomechanics investigations. Increasing the strong coupling and
performing more systematic studies on the parametric amplification by considering the non-degenerate and degenerate cases would be promising for further
achievements. In principle, by having parametric coupling two modes close to
degeneracy and keeping track of the phase, we should be able to engineer two-mode
thermomechanical squeezed states, a signature of which may be extracted from
the noise spectra. However, for the array studied in Sec. 5.2, the amplified noise
spectrum of the modes when brought close to degeneracy was completely dominated
by the membrane B mode, whose amplification was much stronger. Investigations
with arrays in which more comparable gains/stronger intermembrane couplings can
be achieved would be interesting in that respect.

6

Conclusion

In this thesis, we reported on fabrication and optomechanical characterization of
SiN membrane arrays along with some practical applications for pressure sensing
and electromechanics. In chapter 3, we introduced a new experimental setup for
assembling these membrane arrays in a more controllable and precise way which
attempted to address some of the challenges encountered during the assembly
of the first generation of arrays (PhD thesis of Bhagya Nair [84]). Substantially
higher peak transmissions (at the 99.9% level) and also different intermembrane
separation d were achieved. The optomechanical characterization of assembled
SiN membrane arrays was explained and the results were shown. In particular,
the possibility to make arrays with a few micron intermembrane separation opens
up for the realization of performant pressure sensors discussed in Chap. 4. The
assembly method also initiate reliably making highly parallel, multiple (more than
2) membrane arrays, which would be interesting for more advanced collective
optomechanics investigations [21, 27, 28].
Chapter 4 presented an investigation of the effects of pressure on ”medium”
SiN membrane arrays and the variations of the fundamental drum mode mechanical resonant frequencies and damping with air pressure were determined in the
free molecular and quasi-molecular regimes. A kinetic damping linear friction
force and a positive resonant frequency shift due to the compression of the fluid
inside membrane sandwiches were proportional to the pressure in the range of
0.01 − 10 mbars and the squeeze film-induced hybridization between modes of
distinct resonators was revealed. For very non-degenerate resonance frequencies,
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as the pressure was increased, the damping was found to be essentially of kinetic
origin, while the compression of the fluid was observed to add a positive mechanical spring constant which was proportional to pressure. For membranes with
near-degenerate mode frequencies, hybridization of the modes due to the squeeze
film effect was also observed where normal ”bright” and ”dark” modes had to be
introduced by a simple spring-coupled oscillator model. The intermembrane spacing
was fixed at 8.5 µm in the first study and in order to increase the magnitude of
the squeeze film effect, we used ”short” arrays with subsequently reduced d using
the new assembly method (second generation arrays in the front-to-front geometry).
The chapter continued by investigating the effects of air pressure on the mechanical vibrations of high-Q SiN membrane sandwiches with gaps in the 2-3 micron
range and characterization of the modifications of their mechanical properties
in air in the rarefied and transition regimes (10−3 − 50 mbar) was done by the
measurement of their thermal noise spectra. The essentially elastic squeeze film
force due to the compression of the gas between the membranes resulted in strong
positive shifts of the mechanical resonance frequencies of the membranes, which
could be enhanced by the air-induced coupling between the membrane modes. The
experimental observations were in good agreement with a simple coupled-oscillator
model which includes both squeeze film and kinetic damping effects. The highpressure responsivity (pressure-induced frequency shifts as high as 4 kHz/mbar)
exhibited by these squeeze film sensors were substantially improved by a factor∼3
over the ”medium” sandwiches and sub-pascal sensitivity was demonstrated. These
results compare well with state-of-the-art squeeze film graphene sensors [45].
The responsivity and sensitivity of such membrane sandwich pressure sensors
could be further enhanced by reduction of the intermembrane separation, lower
frequency mechanical mode and higher Q mechanical resonances, strongly frequency degenerate membranes, an active temperature stabilization, and better
interferometric displacement sensitivity. Such squeeze pressure sensors would be
attractive for absolute and direct pressure measurements in rarefied air or high
vacuum environments. Moreover, since the combination of optical measurement
and cavity enhancement provides high sensitivity as it was showed for ultrasound
sensors for pressure sensing [124], inserting SiN membrane sandwiches inside an
optical cavity for pressure sensing measurements would initiate interesting studies.
The goal of the studies presented in Chap. 5 was to investigate electromechanical piezoelectric control of such tensioned resonators via their tensile stress. A
simple and noninvasive scheme, for tuning the vibrational mode frequencies of
high-Q suspended membrane resonators in forms of a single membrane or two mono-
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lithic double-membrane arrays was demonstrated. By controlling the membrane
resonators’ tensile stress via a piezoelectrically applied compressive force applied to
the membrane chip, we demonstrated the possibility to tune mechanical modes into
degeneracy as well as strong intermode electromechanical coupling. The nonlinear
response of the membranes was studied by performing parametric amplification of
the thermal fluctuations of their fundamental modes and the enhancement of their
nonlinear response due to the application of a bias voltage was evidenced by the
reduction of the parametric oscillation thresholds.
Inserting membranes into an optical cavity allows for strong coupling and
collective optomechanics studies [21, 29, 30], therefore, tuning the modes’ resonance
frequencies and engineering intermembrane couplings of such SiN membrane arrays would be promising for future investigations in these fields such as coherent
phonon manipulations [60–65], or entanglement and multimode squeezing generation [29–31, 120]. In addition to the linear engineering, investigating the nonlinear
dynamics of membranes [62,121] in such arrays when resonantly driven into high amplitude states [122, 123] or above the parametric oscillation threshold would be also
interesting for synchronization [57,58]. The enhancement of this nonlinear response
is also useful for applications involving thermomechanical squeezing [31, 63, 71, 120].
Furthermore, placing SiN membranes with enhanced reflectivity into a cavity [131] have been used for cavity optomechanics studies [75, 125–130] and are also
beneficial for sensitivity enhancements. The possibility to realize one-dimensional
subwavelength gratings (SGs) on such suspended membranes to have enhanced
and electrically tunable reflectivity, was recently demonstrated in the group [132].
Figure 6.1 shows a SEM image of a SG patterned area which was fabricated via
Electron Beam Lithography (EBL).

Figure 6.1: Topview SEM image of the 50×50 µm2 SG patterned area on a SiN membrane. [132]

The insertion of these patterned membrane resonators, with increased and
strongly wavelength dependent reflectivity, into short and/or piezoelectrically
controlled arrays, would be extremely interesting in connection with many of the
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above-mentioned applications.
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