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English summary

The rapid development of laser technology has made it possible to produce very

intense laser pulses with laser frequencies ranging from the terahertz to the X-ray

regimes. When a diatomic molecule is irradiated by such intense laser pulses, it

can break apart in a number of di�erent ways: it can ionize into an ion plus one or

more free electrons; it can dissociate without ionization into two fragments; or it

can ionize while undergoing dissociation, separating into three or more fragments.

The characterization and understanding of such strong-�eld processes is of funda-

mental interest. The current dissertation is concerned with the theoretical inves-

tigation of these breakup processes for a diatomic molecule in di�erent laser-pulse

regimes. This is achieved by solving the time-dependent Schrödinger equation

for the simplest molecule, the molecular hydrogen ion, which can be considered a

benchmark molecular system. A method for e�cient numerical extraction of con-

tinuum observables is proposed. New physical processes are discovered both in the

infrared and the extreme-ultraviolet regimes, and qualitative and analytical mod-

els are proposed that explains these observations. In addition, the multi-electron

e�ects in molecular-orientation-dependent tunneling ionization are investigated

for some multi-electron molecular systems. These e�ects are explained by com-

bining a multi-electron method with an accurate analytical tunneling theory.
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Dansk resumé

Den hurtige udvikling af laserteknologi har gjort det muligt at fremstille meget

intense laserpulser med laserfrekvenser lige fra terahertz til X-ray regimer. Når

et diatomart molekyle bestråles med sådanne intense laserpulser, kan det frag-

mentere på en række forskellige måder: det kan ionisere til en ion samt en eller �ere

frie elektroner; det kan dissociere uden ionisation til to fragmenter; eller det kan

ionisere samtidig med at det dissocierer, hvilket kan resultere i tre eller �ere frag-

menter. Beskrivelsen og forståelsen af sådanne stærkfeltsprocesser er interessant

ud fra et grundlæggende forståelsesmæssigt synspunkt. Denne afhandling han-

dler om den teoretiske undersøgelse af disse løsrivelsesprocesser for et diatomart

molekyle i forskellige laserpulsregimer. Dette opnås ved at løse den tidsafhængige

Schrödingerligning for det mest simple molekyle, den molekylære brint-ion, som

ofte kan betragtes som en standard sammenligningsmodel for molekylære syste-

mer. Der foreslås nye numerisk e�ektive metoder til at udregne kvantemekaniske

kontinuumsobservabler. Nye fysiske fænomener opdages fra disse udregninger

både i det infrarøde og ekstrem-ultraviolette frekvensområder, og kvalitative og

analytiske modeller er udviklet der kan forklare observationerne. Desuden er mul-

tielektronse�ekter i molekylært orienteringafhængige tunneleringsionisation un-

dersøgt for forskellige multielektronsmolekyler. Disse resultater er opnået ved at

kombinere en multielektronsmetode med en nøjagtig analytisk tunneleringsteori.
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Notation

Atomic units (a.u.) are used in this thesis, unless stated otherwise. In atomic

units, the electron massm, the elementary charge e, the reduced Planck's constant

~, and the Bohr radius a0, are equal to unity.
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Chapter 1

Introduction

The foundation of our understanding of light-matter interactions has its roots in

discoveries made at the turn of the twentieth century. The major experimental dis-

coveries include the observation of the Balmer series in the spectral line emissions

of hydrogen in 1885 by Johann Balmer, and the observation of the photoelectric

e�ect in 1887 by Heinrich Hertz. These discoveries stimulated the introduction of

the concept of light-quantas by Albert Einstein in 1905, known today as photons,

and the introduction of the atomic quantum model by Niels Bohr in 1913, which

laid the foundation of modern quantum mechanics. In 1917, Einstein predicted

the process of stimulated emission of electromagnetic radiation, which in 1960 led

to one of the most important inventions of the twentieth century: the laser.

Since the initial inception of the laser, a rapid development in laser technol-

ogy has ensued, with the production of increasingly more intense and shorter

laser pulses. Standard commercial table-top lasers can now produce pulses with

intensities in the range 1013 − 1015 W/cm2, pulse durations in the picosecond

(1 ps = 10−12 s) to femtosecond (1 fs = 10−15 s) regimes, and a central wave-

lenghth around the near-infrared (NIR) 800 nm. These lasers are so intense

that when irradiated on an atomic or molecular system, the force exerted on the

charged constituents of the system is comparable or greater in strength than the

binding forces of the system. In addition to adding new knowledge to our un-

derstanding of light-matter interactions, these technological advances have also

opened up whole new areas of research. For example, since the vibrational mo-

tion of molecules occurs on the femtosecond time scale, the advent of femtosecond

lasers has led to the birth of femtochemistry, where laser pulses are used to control

and probe chemical reactions [7]. Typically, to obtain time-resolved information,

pump-probe schemes have been used, where a pump pulse �rst induces dynamics

in the system under investigation and a subsequent probe pulse is applied after a

�xed time-delay to extract time information. The intense light sources have also

1



2 Chapter 1. Introduction

led to the area of research known as strong-�eld physics, where a system is so

strongly driven by the intense laser pulse that highly nonlinear phenomena can

occur. Famous strong-�eld nonlinear phenomena for atoms and molecules with

NIR and visible lasers include

• multiphoton ionization [8], where several photons are absorbed during

the laser pulse to reach the ionization threshold;

• above-threshold ionization (ATI) [9], where the system absorbs more

photons than the minimum required number to ionize, with the correspond-

ing photoelectron energy spectrum (PES) featuring peaks separated by the

photon energy;

• multiple ionization, where more than one electron is ionized;

• high-harmonic generation (HHG) [10], where a gas-sample irradiated

by an intense pulse generates photons with energies that are a high multiple

of the incident photon energy;

• intracycle interference, [11, 12] where electronic wave packets (WPs) cre-

ated during the same optical cycle interfere, leading to interference patterns

in the photoelectron momentum spectrum (PMS) and PES. When a few-

cycle NIR pulse is used, two released wave packets (of the same electron) are

released separeted by an attosecond time-interval, causing people to refer

to the measurement as an �attosecond double-slit experiment�.

In molecules, the nuclear degrees of freedom can lead to molecular speci�c breakup

processes. One distinguishes between (pure) dissociation, where molecules breaks

apart without ionization, (pure) ionization, where ionization occures without dis-

sociation, and dissociative ionization (DI) where ionization and dissociation occur

simultaneously. Coulomb explosion, where the positively charged nuclei strongly

breaks apart following multiple ionization, is a special case of DI. Molecular-

speci�c strong-�eld processes induced by NIR and visible lasers include

• charge-resonance-enhanced ionization [13, 14], where a molecule shows

very high ionization rate at internuclear distances much greater than the

equilibrium internuclear distance;

• bond softening [15, 16], where the molecular bond is weakened by the

laser pulse and induces dissociation;

• bond hardening [15, 17], where a molecular bond is strengthened and

prevents dissociation;
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• above-threshold dissociation (ATD) [17, 18], where the molecule ab-

sorbs more photons than the minimum required number to dissociate;

• above-threshold Coulomb explosion [19], where the molecule absorbs

more photons than the minimum required number to Coulomb explode;

• electron-nuclei energy-sharing in DI [20�22], where instead of the typ-

ical ATI peaks, the electron and nuclei share the photon energies between

them.

In the last two decades, with the help of the HHG process, the generation of

extreme-ultraviolet (XUV) pulses with attosecond (1 as = 10−18 s) duration has

become a reality [23�25]. Since the electronic motion is on the attosecond time

scale, the generation of attosecond pulses has opened up the new research area

known as attoscience [26], with the ultimate goal of controlling and probing elec-

trons on their natural time scale. Attosecond probing schemes include attosecond

streaking spectroscopy [27�29], attosecond interferometry [30, 31], and attosecond

transient absorption spectroscopy [32, 33].

Another important recent development in source technology is the production

of intense few-cycle midinfrared laser pulses [34�36]. Due to the wavelength-

squared scaling of the cuto� in a HHG spectrum, such intense, midinfrared pulses

are able to produce ultrahigh harmonics, with a HHG spectrum that spans from

the ultraviolet to the X-ray regime [34]. These pulses are of importance for the

potential sub-attosecond pulse generation [37, 38], strong-�eld holography [39, 40]

and laser-induced electron di�raction [36, 41].

Aside from table-top lasers, there has also been rapid developments in free-

electron lasers (FELs). In a FEL, relativistic electron beams are accelerated and

decelerated to convert kinetic energy into coherent radiation. FELs can generate

radiation from the terahertz regime to the X-ray regime, with higher intensities

than table-top lasers. For example, in the terahertz regime, intensities up to

2 × 1022 W/cm2 have been achieved [42], while for XUV the intensities greater

than 4× 1017 W/cm2 have been documented [43]. Such intense XUV pulses were

applied on rare gases to study sequential versus non-sequential multiple ionization

[44, 45], and creation of positive charge states up to 21 in xenon [46]. Many

interesting atomic e�ects have been theoretically predicted in the very intense

XUV regime, but eluded detection. These include:

• dynamic interference e�ect [47, 48], where ionized electronic WPs with

equal continuum energies created during the rising and falling edges of the

laser pulse interfere, given rise to interference structures in the PES;
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• atomic stabilization [49, 50], where the ionization rate does not increase,

or even decreases with increasing laser intensity. The e�ect requires the

photon energy to be larger than the ionization potential, and experimental

evidence for the e�ect has been spotted in Rydberg atoms.

It is of high interest to study similar e�ects in molecules.

In addition to pulse generation, new experimental detection techniques are

now available like the cold-target recoil ion momentum spectroscopy (COLTRIMS)

[51], where three-dimensional momentum distributions of multiple charged parti-

cles can be measured in coincidence.

The theory of strong-�eld physics has been evolved along with the experimen-

tal progress. Due to the strong laser-matter interactions, perturbative approaches

often fails, prompting the development of other approaches to strong-�eld prob-

lems. The Keldysh parameter, �rst introduced by Leonid Keldysh in 1964 [52],

reads

γ =

√
Ip

2Up
(1.1)

with Ip the ionization potential of the considered system, and

Up =
I2

4ω2
(1.2)

the ponderomotive potential corresponding to the cycle-averaged kinetic energy of

a classical electron in a sinusoidal electric �eld oscilling at intensity I and angular

frequency ω. The Keldysh parameter gives a rough estimate of the adiabaticity

of the photo-ionization process, as it can be interpreted as the ratio between the

characteristic time it takes for the electron to tunnel through the e�ective barrier

formed by the electric �eld and the static Coulomb potential ttunnel ∼
√
Ip/(2I),

and the characteristic time of the laser oscillation tlaser ∼ 1/(2ω). In the regime of

high-intensity and low-frequency �elds, γ � 1, the electron would have su�cient

time to tunnel through the barrier and the ionization is said to occur in the

quasi-static regime. For �elds with low intensity and high frequency, the �eld

changes sign so quickly that the electron has no time to tunnel and ionization is

said to be happening in the multi-photon regime. In the quasi-static regime, one

distinguishes between tunneling ionization for I < IB ≡ I2
p/4, where the electron

can tunnel through the e�ective barrier, and over-the-barrier ionization where the

�eld-free binding energy is above the barrier. For example for atomic hydrogen,

the over-the-barrier intensity is I ∼ 2× 1015 W/cm2.

Many of the mentioned strong-�eld processes can be qualitatively understood

by the semiclassical three-step model [53]. An electron is ionized (step one),
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whereafter it moves in the presence of the strong laser �eld (step two). Depending

on the moment of ionization, the electron can do the following (step three): reach

the detector directly with a maximal energy of 2Up, resulting in ATI; elastically

scatter of the ion and produce electrons with energies up to 10Up; inelastically

scatter o� the ion which can dislodge a second electron, leading to the process

known as nonsequential double ionization; recombine with the ion, producing a

high-energy photon with a maximal energy corresponding to the maximal return

energy of the electron plus the ionization potential 3.14Up + Ip, explaining the

process of HHG. The quantum version of the semiclassical model is the strong-

�eld approximation (SFA) [52, 54, 55], where the ionization process is described

as a transition from a �eld-free initial state to a �nal Volkov state, ignoring the

Coulomb interaction of the ionized electron with the remaining ion. The descrip-

tion of HHG in the SFA framework is known as the Lewenstein model [56] where

the recombination with the �eld-free initial state is included. In the low-frequency

pulse regimes with γ � 1, static tunneling theories can be used to model the �rst

ionization step. Many such theories exists, such as the Ammosov-Delone-Krainov

(ADK) theory [57, 58], and the weak-�eld asymptotic theory (WFAT) [59, 60].

In the high-frequency regimes, to predict the stabilization phenomenon, a theory

known as high-frequency Floquet theory (HFFT) [49] was proposed, which pro-

ceeds iteratively by successively approximating the time-dependent Schrödinger

equation (TDSE) to higher orders in ω−1.

In addition to qualitative models, direct simulation of the quantum dynam-

ics by solving the TDSE can be performed. When all relevant degrees of free-

dom are included, such calculations can be regarded as numerical experiments.

Indeed, many of the mentioned strong-�eld molecular processes were �rst pre-

dicted by numerical solutions of the TDSE, with experimental veri�cations fol-

lowing later. These processes include bond softening, bond hardening, ATD, and

electron-nuclei energy sharing in DI. It is thus of crucial importance to accurately

solve the TDSE. Due to the scaling of the computational e�ort with the num-

ber of degrees of freedom, accurate solutions to the TDSE involving an external

�eld is nowadays only possible for the case of small systems such as the helium

atom [61]. In addition, in contrast to quantum chemistry calculations where the

desired observables are the bound state energies, strong-�eld simulations require

a much larger simulation volume in order to correctly describe the continua for

the ejected fragments. These numerical di�culties have led to the usage of di�er-

ent approximation schemes in solving the TDSE. Popular approximations include

the single-active-electron approximation (SAEA) with a single electron coupled

to the �eld, and the �xed-nuclei approximation (FNA) for molecules with the

vibrations and rotations neglected. Often, the neglect of certain degrees of free-
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dom gives a highly inaccurate description of the physics, and much e�ort has

recently been put in the development of theories that can e�ciently solve the

multi-electron TDSE without making the SAEA. Such methods include the time-

dependent Hartree Fock [62], TD density functional theory [63], TD con�guration

interaction singles [64], multi-con�gurational TD Hartree-Fock (MCTDHF) [65],

TD restricted-active-space self-consistent-�eld theory [66], TD restricted-active-

space con�guration-interaction (TD-RASCI) [67] and TD generalized-active-space

con�guration-interaction (TD-GASCI) [68]. Some of these methods, such as the

MCTDHF, can be generalized to treat diatomic molecules including nuclear mo-

tion [69].

In addition to the di�culties in solving the TDSE, e�cient extraction of con-

tinuum observables such as the PES provides a great challenge. The most straight-

forward way to obtain the PES is to project the wave function on scattering states

after the laser interaction. However, due to the large distance traversed by the

electron during the laser, a huge simulation volume is required for the solution of

the TDSE, making the calculation highly unfeasible. Another issue is the di�culty

in obtaining scattering states. Di�erent methods has been proposed to circumvent

these di�culties. One can propagate the TDSE with the time-scaled coordinate

method [70], where a scaled coordinate is introduced to treat the ionized WP,

with no extra computational cost, or one can employ �ux methods [71�73], where

the spectra are calculated by monitoring the �ux going through a surface during

the time-propagation.

1.1 Outline of the thesis

This thesis deals with the theoretical investigation of strong-�eld-induced breakup

processes in diatomic molecules. By solving the TDSE, the dissociation and DI

of the molecular hydrogen ion is studied, with laser frequencies ranging from the

infrared to the XUV regimes. E�ecient methods for the extraction of di�erential

spectra from the TDSE calculations are proposed. With these tools, some previ-

ously undetected processes are observed, and qualitative models are introduced to

understand these processes. In addition, the electron-electron correlation e�ects

in the static tunneling ionization of molecules are studied.

• Chapter 2 introduces the TDSE for a diatomic molecule, and discusses

di�erent approximations and models for the TDSE that can be used to

investigate di�erent breakup dynamics.

• Chapter 3 discusses the general numerical concepts and methods that are
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used to solve the TDSE, including propagation methods, basis sets, and

calculation strategies.

• Chapter 4 discusses the e�cient extraction of continuum observables from

the TDSE calculations. The observables include the joint-energy spectrum

(JES) for DI showing the continuum-energy sharing between the electron

and nuclei; the nuclear kinetic energy release (NKER) spectrum for disso-

ciation; and the PES for single-ionization in multielectron systems.

• Chapter 5 investigates the dynamic interference e�ects for dissociative

ionization in molecules. Two models are proposed to analyze the interference

e�ects.

• Chapter 6 investigates the molecular breakup processes in the very intense,

femtosecond XUV pulse regime. It is revealed that stabilization w.r.t. ion-

ization can occur, but with surprising, non-resonant dissociation dominating

the dynamics. A molecular HFFT model is presented to explain the dynam-

ics.

• Chapter 7 presents evidence for inter- and intracycle e�ects in DI. An SFA

model with inclusion of the nuclear energy is used to explain the results,

and analytical formulas for a �at-top pulse are derived.

• Chapter 8 presents a scheme to study static orientation-dependent tun-

neling ionization rates for molecules, by combining the multi-electron TD-

GASCI method with the analytical WFAT. Results for H2 and LiH are

presented and discussed.

• Chapter 9 summarizes the results of the thesis and gives a brief outlook.



Chapter 2

Diatomic molecules in intense

laser fields

When a diatomic molecule is exposed to an intense laser �eld, it can fragment by

ionization, dissociation, or DI. In this chapter, the theoretical foundations for the

investigation of such processes are discussed. The TDSE for a diatomic molecule

is �rst introduced, followed by some relevant approximations to the TDSE suited

for our investigations.

2.1 Time-dependent Schrödinger equation for

diatomics

The TDSE provides the starting point for the modelling of non-relativistic quan-

tum processes. In this section, we introduce the relevant Hamiltonians for a

diatomic molecule.

2.1.1 The �eld-free Hamiltonian

The Hamiltonian for a N -electron diatomic molecule in the laboratory-�xed frame

reads (the electron mass m = 1 is explicitly written)

H0 =
∑
i

p2
e,i

2m
+
P 2
A

2MA
+
P 2
B

2MB

−
∑
i

(
ZA

|re,i −RA|
+

ZB
|re,i −RB|

)
+
∑
i<j

1

|re,i − re,j |
+

ZAZB
|RA −RB|

,

(2.1)

8
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withMA andMB the nuclear masses, ZA and ZB the nuclear charges, RA andRB

the nuclear coordinates, PA = −i∇RA
and PB = −i∇RB

the nuclear momenta,

and re,i and pe,i = −i∇re,i the position and momentum of the i'th electron,

respectively. The sums in Eq. (2.1) run up to the number of electrons N .

2.1.2 The external �eld

In strong-�eld physics, the external electromagnetic �eld is treated classically in

terms of a vector potential A(r, t) and a scalar potential φ(r, t). The electric �eld

F (r, t) and the magnetic �eld B(r, t) are given by [74]

F (r, t) = −∇φ(r, t)− ∂

∂t
A(r, t)

B(r, t) =∇×A(r, t).
(2.2)

There is a gauge freedom in the choice of A and φ that reproduces the physically

measurable �elds F and B:

A(r, t)→ A(r, t) +∇f(r, t)

φ(r, t)→ φ(r, t)− ∂

∂t
f(r, t),

(2.3)

with f an arbitrary function. We choose to work in the Coulomb gauge∇ ·A = 0,

and assume no sources such that φ = 0. For electrons moving at non-relativistic

speeds, the e�ect of electric �eld dominates over magnetic �eld, and in this thesis

we set B ≡ 0.

The �elds considered in this thesis have spatial variations that are negligible

on length scales comparable to the molecular dimensions. This allows the use of

the dipole approximation

A(r, t) ≈ A(RCM , t) ≡ A(t),

F (r, t) ≈ F (RCM , t) ≡ F (t),
(2.4)

with RCM the center of mass. In this thesis, we will employ the dipole approxi-

mation, and only consider linearly polarized pulses,

A(t) = A(t)ẑ,

F (t) = F (t)ẑ.
(2.5)

In our calculations, we specify either the electric �eld or the vector potential on

the form,
A(t) = A0g(t) cos [ω(t− Tmid) + ϕCEP] ,

F (t) = F0g(t) cos [ω(t− Tmid) + ϕCEP] .
(2.6)
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Owing the knowledge of one of these quantities, the second is obtained through

the relation F (t) = −(d/dt)A(t). In Eq. (2.6), F0 is the peak �eld strength, ω

the angular carrier frequency, Tmid the time corresponding to the maximum of the

pulse envelope g(t), ϕCEP the carrier-envelope phase (CEP), and A0 ≡ F0/ω. The

peak intensity is I = F 2
0 . The pulse envelope is chosen either to be of Gaussian

form or sine-squared form.

g(t) =

{
e−4 ln 2 t

2

τ2 , τ = 2
√

ln 2NcTc, t ∈ [−∞,∞], (Gauss), (2.7a)

sin2(πt/τ), τ = NcTc, t ∈ [0, τ ], (sinesq), (2.7b)

with the period Tc = 2π/ω.

2.1.3 The time-dependent Hamiltonian

For time-dependent processes, the external �eld is included in the Hamiltonian

by replacing the canonical momenta with the kinematic momenta [74], resulting

in the Hamiltonian:

Htot(t) =
∑
i

[
pe,i +A(t)

]2
2m

+

[
PA − ZAA(t)

]2
2MA

+

[
PB − ZBA(t)

]2
2MB

−
∑
i

(
ZA

|re,i −RA|
+

ZB
|re,i −RB|

)
+
∑
i<j

1

|re,i − re,j |
+

ZAZB
|RA −RB|

(2.8)

It is convenient to transform the Hamiltonian to the relative coordinates

RCM =
MARA +MBRB +m

∑
i re,i

Mtot

R = RA −RB

ri = re,i −
MARA +MBRB

MA +MB
,

(2.9)

with Mtot = MA + MB + Nm the total mass, RCM the center of mass, R the

internuclear distance vector, and ri the relative coordinate of the i'th electron

with respect to the center of mass of the nuclei. The laboratory-�xed and the

relative coordinates are shown in Fig. 2.1.

After some algebra, the Hamiltonian in the new coordinates reads

Htot(t) = HCM (t) + Te + TN + Vee + VeN + VN + VL(t) + Vmp (2.10)
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A

B i

ri

RA

RB

R
re,i

O

CM

RCM

Figure 2.1: A sketch of the laboratory-�xed coordinates (black arrows) and relative
coordinates (blue arrows) for an N -electron diatomic molecule. For illustration purposes,
only a single electron is drawn. In the �gure, O is the origin of the laboratory-�xed frame,
A and B are the two nuclei, i is the i'th electron, the star is the center of mass of the
total system, and the pentagon is the center of mass of the nuclei.

with

HCM (t) =
P 2
CM

2Mtot
+ βCMPCM ·A(t),

Te =
∑
i

p2
i

2µ
, TN =

P 2
N

2MN
,

Vee =
∑
i<j

1

|ri − rj |
,

VeN = −
∑
i

(
ZA

|ri − ρAR|
+

ZB
|ri − ρBR|

)
,

VN =
ZAZB
R

, Vmp =
∑
i 6=j

pipj
2(MA +MB)

,

VL(t) =

[
βNPN + β

∑
i

pi

]
·A(t) + βF

A2(t)

2

(2.11)

and

PCM = −i∇RCM
, βCM =

N − ZA − ZB
Mtot

,

PN = −i∇R, MN =
MAMB

MA +MB
, βN =

−ZAMB + ZBMA

MAMB
,

pi = −i∇ri , µ =
MA +MB

Mtot
, β =

MA +MB + (ZA + ZB)m

MA +MB
,

ρA =
MB

MA +MB
, ρB =

MA

MA +MB
, βF =

N

m
+
Z2
A

MA
+
Z2
B

MB
.

(2.12)



12 Chapter 2. Diatomic molecules in intense laser �elds

The mass polarization term Vmp in Eq. (2.11) is small and is neglected throughout

this thesis. The Hamiltonian HCM in Eqs. (2.10) and (2.11) is only dependent on

the center of mass coordinates and thus can be separated in the total Hamiltonian.

The center of mass motion corresponds to a free charged particle moving in a laser

�eld, which is described in the following.

2.1.4 A charged particle in a laser �eld

The TDSE for the motion of a free charged particle with mass m and charge q in

a laser �eld has the general form

i
∂

∂t
ψ(r, t) =

[
p2

2m
− q

m
p ·A(t)

]
ψ(r, t), (2.13)

with p the momentum operator. The general solution to Eq. (2.14) are Volkov

waves

ψVk (r, t) = (2π)−3/2 exp {ik · [r −α(t)]− iEt} , (2.14)

with

α(t) = − q

m

∫ t

A(t′)dt′ (2.15)

the quiver motion describing the position of a classical charged particle in the

presence of an electric �eld F (t) and E = k2/2m the kinetic energy of the particle.

2.1.5 The Hamiltonian for relative motion

After separating out the center of mass motion from Htot in Eq. (2.10), the TDSE

describing the relative motion for the diatomic reads

i
∂

∂t
Ψ(t) = H(t)Ψ(t) (2.16)

with the Hamiltonian

H(t) = Te + TN + Vee + VeN + VN + VL(t), (2.17)

and the expression for the individual terms given by Eq. (2.11).

Under the unitary transformation

Ψ′(t) = U †(t)Ψ(t), (2.18)

with U(t) and Ψ(t) functions of the coordinates ri and R, the TDSE in Eq. (2.16)

can be rewritten as

i
∂

∂t
Ψ′(t) = H ′(t)Ψ′(t), (2.19)

with

H ′(t) = U †(t)H(t)U(t)− iU †(t)∂U(t)

∂t
. (2.20)
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2.1.6 Velocity gauge Hamiltonian

By choosing the unitary transformation

UVG(t) = exp

(
− iβF

2

∫ t

A2(t′)dt′
)

(2.21)

for H in Eq. (2.20), we obtain the transformed Hamiltonian in the velocity gauge

(VG)

HVG(t) = Te + TN + Vee + VeN + VN + V VG
L (t), (2.22)

with

V VG
L (t) =

[
βNPN + β

∑
i

pi

]
·A(t), (2.23)

where we have transformed away the term containing A2(t).

2.1.7 Length gauge Hamiltonian

Starting from the total Hamiltonian Htot in Eq. (2.1), using the transformation

ULG(t) = exp

[
−iA(t) ·

(∑
i

xi − ZARA − ZBRB

)]
, (2.24)

separating out the center of mass motion, and neglecting Vmp, we obtain the

Hamiltonian for relative motion in length gauge (LG):

H(t) = Te + TN + Vee + VeN + VN + V LG
L (t), (2.25)

with

V LG
L (t) =

(
βLGN R+ βLG

∑
i

ri

)
· F (t) (2.26)

and

βLGN =
−ZAMB + ZBMA

MA +MB
, βLG = 1 +

(ZA + ZB −N)m

Mtot
. (2.27)

2.1.8 Approximations to the TDSE

Currently, due to the non-perturbative nature of the strong laser �eld, a direct

numerical solution to the TDSE with the Hamiltonian in Eq. (2.22) or Eq. (2.25)

is only possible for two-electron atomic systems. Even for these small systems, a

small simulation volume must be employed to make the calculations feasible. To
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simulate the strong-�eld ionization dynamics, one usually has to resort to making

approximations and employ model molecules. The approximations and physical

models should be chosen such that it best describes the physics at hand. In the

next section, we will discuss the di�erent approximations and model molecules

employed in this thesis.

2.2 Pure dissociation dynamics: The surface

model

In situations where the dominant breakup process is the dissociation of the neutral

diatomic, and the population into the electronic continua are negligible, we can

reduce the TDSE to a form where the electronic continua are neglected entirely.

First, we make the axial recoil approximation. Since the rotational time-scale

is in the near-picosecond to picosecond regime, and the laser pulses considered

in this work have up to tens of femtoseconds (fs) duration, the molecules are

assumed to be rotationally frozen, with the breakup along the internuclear axis.

The momentum operator PN is then

PN = −iR̂ ∂

∂R
. (2.28)

and the kinetic energy operator in Eq. (2.11) reduces to

TN = − 1

2MN

∂2

∂R2
. (2.29)

This approximation is employed throughout the thesis.

The adiabatic BO basis states |φel,i(R)〉 are obtained as solutions to the elec-

tronic time-independent Schrödinger equation (TISE) with parametric depen-

dence on R: (
Te + VeN + VN + Vee

)
|φel,i(R)〉 = Eel,i(R) |φel,i(R)〉 , (2.30)

where Eel,i(R) is the i'th electronic potential energy surface in the BO approxima-

tion. Assume now that only the NBO lowest bound electronic states are involved

in the dynamics. By inserting the ansatz

|Ψ(R, t)〉 =

NBO∑
i

Gi(R, t) |φel,i(R)〉 (2.31)

into the TDSE, and projecting onto the BO basis states, the TDSE can be rewrit-

ten as:

i
∂

∂t
G(R, t) =

[
H(1)(t) + H(2)(t) + H(3)

]
G(R, t), (2.32)
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with G(R, t) = [G1(R, t), . . . , GN (R, t)]T , H(1) a diagonal matrix

[H(1)(t)]ij =
[
TN + Eel,i(R) + VI,N (R, t)

]
δi,j , (2.33)

H(2) an o�-diagonal matrix containing the electron-laser coupling, and H(3) a

matrix containing the non-adiabatic coupling terms. The three matrices have

dimensions NBO×NBO. In Eq. (2.33), to account for ionization out of the system

and absorption at the grid boundaries, an extra term can be added

[H(1)(t)]ij → [H(1)(t)]ij − i
[

Γi(R)

2
+ VCAP(R)

]
δi,j , (2.34)

containing the R-dependent ionization rates Γi and a complex absorbing potential

VCAP (see Section 3.1). We will work in the LG, so that

VI,N (R, t) = βLGN RF (t) cos θN

[H(2)(t)]ij = βLG[D(R)]ijF (t),
(2.35)

with θN the angle between F (t) andR, and [D(R)]ij = 〈φel,i(R)|∑k zk |φel,j(R)〉.
The bra-ket notation 〈·| · |·〉 is used here to denote integration over the electronic

coordinates. The non-adiabatic terms,[
H(3)(t)

]
ij

= − 1

2MN

[
〈φel,i(R)| ∂

2

∂R2
|φel,j(R)〉

+ 2 〈φel,i(R)| ∂
∂R
|φel,j(R)〉 ∂

∂R

]
,

(2.36)

are neglected throughout this thesis, due to the small factor 1/MN and the fact

that we do not consider physics near avoided crossings.

2.3 Dissociation and dissociative ionization: 1D

H+
2

In situations where we want to study the electron-nuclear correlation e�ects in

breakup processes, we will consider the simplest molecule, H+
2 . This molecule

was used to discover many processes that were later observed in more com-

plex molecules, including charge-resonance-enhanced ionization [13, 14], bond-

softening [15, 16], bond-hardening [15, 17], and above-threshold Comloumb ex-

plosion [19]. To capture the essential physics while keeping the computational

e�ort manageable, we consider a colinear model that includes only the dimension

that is aligned with the linearly polarized pulse, shown in Fig. 2.1. Since there



16 Chapter 2. Diatomic molecules in intense laser �elds

0 R/2−R/2 x

Figure 2.2: One dimensional colinear model of H+
2 with electronic coordinate x and

internuclear distance R, both along the polarization direction of the laser pulse.

is only one dimension, we choose it to be the x-axis. This choice will be used

throughout the thesis for 1D H+
2 .

The Hamiltonian reduces to

H = Te + TN + VeN + VN + VL(t) (2.37)

with

Te = − 1

2µ

d2

dx2
, TN = − 1

mp

d2

dR2
, VN =

1

R

VeN = − 1√(
x− R

2

)2
+ a(R)

− 1√(
x+ R

2

)2
+ a(R)

,

VL(t) =

{
−iβA(t) ∂

∂x , (VG)

βLGE(t)x, (LG)

(2.38)

where mp = 1836 is the proton mass, β = (mp + 1)/mp, β
LG = 1 + 1/(2mp + 1),

and the softning parameter a(R) for the Coulomb singularity is chosen to produce

the exact three-dimensional ground state BO potential energy curve [75], such

that the dynamics in this model is as close to the real three-dimensional case as

possible. The H+
2 molecule allows us to study dissociation and DI.

2.4 Electron-electron correlations: The TD-GASCI

scheme

In situations where one wants to study electron-electron correlation e�ects in

strong-�eld breakup of diatomics, multi-electron methods should be employed.

One of such methods is the TD-GASCI method [67, 68], which can consistently

include correlation e�ects. We here give a brief overview of the method.



2.4. Electron-electron correlations: The TD-GASCI scheme 17

2.4.1 Fixed-nuclei Hamiltonian

Since the masses of the nuclei are much greater the electron mass, one often

assumes the limit MA,MB →∞, and the Hamiltonian reduces to

H(t) =
N∑
i=1

hi(r, t) +
1

2

∑
i 6=j

1

|ri − rj |
+
ZAZB
R

, (2.39)

where

hi(r, t) =
p2
i

2
− ZA
|ri −RA|

− ZB
|ri −RB|

+ vL(ri, t) (2.40)

with vL(ri, t) equal to −iA(t)∇ri in VG and E(t)ri in LG. This FNA is assumed

in the TD-GASCI method.

2.4.2 Second quantization

When dealing with multiple identical particles, the second quantized formula-

tion of quantum mechanics is preferred [76]. Instead of representing the physical

states with functions, there are expressed by operator strings in second quanti-

zation. The antisymmetry requirement for the electronic wave function follows

directly from the commutation relations of these operators, and evaluation of

matrix elements reduces to algebraic operator manipulations.

The Slater determinants provide an antisymmetrized basis for the total wave

function. Consider a single-particle basis given in terms of 2Nb spin orbitals{
φ̄ī
}2Nb
ī=1

where a bar in the index is to indicate a spin-orbital index consisting of

a spatial-orbital index and a spin projection quantum number. The spin orbitals

are chosen on the spin-restricted form

φ̄ī(r, σ) = φi(r)χms(σ) = φi(r)δmsσ, (2.41)

where the same set of spatial orbitals are chosen for ms = −1/2 and ms = 1/2.

ī and i are related by ī/2 = i for even ī, and (̄i + 1)/2 = i for odd ī. If the N

electrons occupy the spin orbitals φ̄ī1 , . . . , φ̄īN , one can denote the determinant

in terms of the occupied orbital indices I ≡ (̄i1, . . . , īN ),

|I〉 = |̄i1, . . . , īN 〉 . (2.42)

We will refer to this representation as the Slater representation. Alternatively,

one can write the determinant in the occupation-number representation in terms

of the occupation number vectors |n〉,

|n〉 = |n1, . . . , n2Nb〉 , (2.43)
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with nk̄ (equal to 0 or 1) denoting the occupation number in the spin orbital φk̄,

with

N =

2Nb∑
k̄=1

nk̄. (2.44)

They satisfy the orthonormality condition

〈
m
∣∣n〉 =

2Nb∏
ī=1

δmī,nī . (2.45)

In second quantization, a creation operator â†p̄ and an annihilation operator

âp̄ can be de�ned in terms of their action on a Slater determinant

â†p̄ |n1, . . . , np̄, . . . , n2Nb〉 = δnp̄,0Γn
p̄ |n1, . . . , 1p̄, . . . , n2Nb〉 (2.46)

âp̄ |n1, . . . , np̄, . . . , n2Nb〉 = δnp̄,1Γn
p̄ |n1, . . . , 0p̄, . . . , n2Nb〉 , (2.47)

with the phase factor

Γn
p̄ =

p̄−1∏
q̄=1

(−1)nq̄ . (2.48)

The operator â†p̄ thus �creates� a particle in the spin orbital φ̄p̄ if it is initially

unoccupied, and returns zero if it is occupied, while â†p̄ �annihilates� a particle in

the spin orbital φ̄p̄ if it is initially occupied, and returns zero if it is unoccupied.

Using Eqs. (2.46) and (2.47), one arrives at the anticommutation relations{
â†p̄, â

†
q̄

}
=
{
âp̄, âq̄

}
= 0 (2.49a){

âp̄, â
†
q̄

}
= δp̄,q̄, (2.49b)

with the curly brackets denoting the anticommutator {A,B} ≡ AB + BA. A

Slater determinant can be written in terms of the creation operators

|I〉 =

2Nb∏
p̄=1

(â†p̄)
np̄ |0〉 , (2.50)

with the vacuum state |0〉 = |01, . . . , 02Nb〉 satisfying
〈
0
∣∣0〉 = 1.

The molecular electronic Hamiltonian in second quantization is given by

H(t) =
∑
pq

hpq(t)
∑
σ

â†pσâqσ +
1

2

∑
pqrs

gqprs
∑
τσ

â†pσâ
†
rτ âsτ âqσ, (2.51)

with the one-electron matrix elements

hpq(t) =

∫
φ∗p(r)h(r, t)φq(r)dr, (2.52)
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and the two-electron integrals

gpqrs =

∫ ∫
φ∗p(r)φq(r)

1

|r − r′|φ
∗
r(r
′)φs(r′)drdr′. (2.53)

Using the properties above, the Slater-Condon rules used to evaluate matrix ele-

ments can be derived [76].

2.4.3 Hartree-Fock approximation

The �rst step in most advanced quantum chemistry methods is to �nd an optimal

Slater determinant |n〉 that attains the lowest expectation energy. Such a deter-

minant can be determined by the Hartree-Fock (HF) method. Here, we assume

that the number of electrons N is even, with each spatial orbital doubly occupied

(closed shell).

The spatial orbitals are expanded in an orthonormal basis {fj}Nbj=1,

|φi〉 =

Nb∑
j=1

cji |fj〉 , (2.54)

with the expansion coe�cients cji to be determined by minimizing the Lagrangian

under the orthonormality constraint
〈
φi
∣∣φj〉 = δij

L ({cji} , {µij}) = E0 ({cji})−
∑
ij

µij
(〈
φi
∣∣φj〉− δij) , (2.55)

with the Lagrange multipliers µij , and the HF energy

E0({cji}) = 〈n|H0 |n〉 = 2

N/2∑
p

hpp +

N/2∑
pq

(2gppqq − gpqqp), (2.56)

where H0 is the Hamiltonian in Eq. (2.51) without the laser-matter interaction.

Carrying out the minimization δL = 0, one arrives at the HF eigenvalue equations

Fc = cε, (2.57)

where ε is a diagonal matrix containing the orbital energies, and F is the Fock

matrix with elements

Fij = hij +

N/2∑
kl

Dkl

(
gijkl −

1

2
gilkj

)
, (2.58)
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and Dkl is

Dkl = 2

N/2∑
i

ckicli. (2.59)

Since the Fock matrix F depends on the solution c in the HF equation (2.57), HF

is a self-consistent-�eld theory that must be solved iteratively. The initial guess

of c to start the iteration is often taken as the solution to Eq. (2.57) without

electronic correlation (Vee = 0). The N/2 HF spatial orbitals with the smallest

orbital energies are the occupied orbitals, while the higher-energy orbitals are

virtual orbitals. Henceforth, we will refer to the orthonormal basis {fj}Nbj=1 as the

primitive basis.

2.4.4 Con�guration interaction

The HF theory is a mean-�eld theory that approximates the exact wave function

with a single optimal Slater determinant. To obtain the most accurate ground

state |Ψ0〉 in a given primitive basis, one can employ a full con�guration inter-

action (FCI) ansatz, where the wave function is expanded in terms of a linear

combination of all possible Slater determinants (con�gurations):

|Ψ0〉 =
∑

I∈ΩFCI

CI |I〉 . (2.60)

In Slater representation, the FCI index space is

ΩFCI = {(̄i1, . . . , īN )|1 ≤ ī1 < · · · < īN ≤ 2Nb} . (2.61)

While being the most accurate method, the number of possible con�gurations in

FCI scales as

nFCIconf =

(
2Nb

N

)
=

(2Nb)!

N !(2Nb −N)!
, (2.62)

which restricts the feasibility of the FCI method to small systems and small

primitive basis sets. In time-dependent breakup simulations, a large primitive

basis is especially required in order to correctly describe the continua.

For computational feasibility, the con�guration space can be truncated. A

host of such truncated CI methods exist, such as CI-singles (CIS), where all

single-excitated con�gurations from the HF state are added to the CI ansatz,

and CI singles and doubles, where single- and double-excitated con�gurations are

included. The CI method with the most �exibility is the generalized-active-space

CI method, where the single-particle spin-orbital space is divided into P partitions
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[67]

B =
{
|φ̄1〉 , . . . , |φ̄2Nb〉

}
≡ B1 ∪ · · · ∪ BP ,

Bi =
{
|φ̄p(i−1)

〉 , . . . , |φ̄pi−1〉
}
.

(2.63)

The allowed number of electrons Ni in each partition i is then speci�ed by re-

stricting the minimum and maximum particle numbers Nmin,i < Ni < Nmax,i. As

a result, in the GASCI, the con�guration index space in the Slater representation

is

ΩGAS = {(̄i1, . . . , īN ) ∈ ΩFCI|∀j ∈ {1, . . . , P} : Nmin,j ≤ Nj ≤ Nmax,j} , (2.64)

with the dimension of the corresponding con�guration space

nGASconf =
∑

Nmin,j≤Nj≤Nmax,j∑
j Nj=N

(
Nb,1

N1

)
· · ·
(
Nb,P

NP

)
, (2.65)

where Nb,j is the number of spin orbitals in the jth partition Bj .
The required input for a GASCI partition is thus the number of partitions P ,

the numbers {p0 = 1, p1 . . . , pP−1, pP = 2Nb}, and the minimum and maximum

particles in each partition. For example, CIS corresponds to P = 2, p1 = N + 1,

(Nmin,1, Nmax,1) = (N − 1, N), and (Nmin,2, Nmax,2) = (0, 1). The FCI result is

obtained when (Nmin,i, Nmax,i) = (0, N) for all i.

In the FCI, a unitary transformation of the virtual HF orbital space leaves

the FCI solution invariant (with di�erent expansion coe�cients), while in the

truncated CI methods, this is not the case. A good choice of the virtual orbitals

is thus important for the convergence of a truncated CI method.

2.4.5 Time-dependent GASCI

In the time-dependent GASCI (TD-GASCI) treatment of time-dependent prob-

lems [67, 68], the expansion coe�cients in the GASCI expansion is taken to be

time dependent,

|Ψ(t)〉 =
∑

I∈ΩGAS

CI(t) |I〉 . (2.66)

After insertion into the TDSE and projection onto the determinant 〈J |, one arrives
at the TDSE in matrix form for the CI-coe�cients,

iĊI(t) =
∑

J∈ΩGAS

HIJ(t)CJ(t), (2.67)

with the CI matrix elements HIJ(t) = 〈I|H(t) |J〉. As mentioned, the continuum

should be well-represented in time-dependent breakup phenomena, requiring a
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εK+1

εNb

SAEAcHF SAEAv CISv CISc CIS CAS*v(2,K-1) CAS*(4,K) FCICAS*c(2,K-1)

Figure 2.3: A hierarchy of TD-GASCI methods for a 4-electron system. Di�erent spin-
orbital subspaces are marked by di�erent colors: the orbitals inside a gray subspace are
frozen; all possible orbital excitations are allowed inside a blue subspace; and a purple
orbital space only allows single-excitation from a blue subspace. The subscript �v� in the
method notations stands for �valence excitation�, while �c� stands for �core excitation�.
HF, CISv, and CAS∗v methods will be used in this work.

larger simulation volume compared to time-independent problems. This, together

with the the scaling of the con�guration-space dimension, allows only one electron

in the continuum. A hiearchy of GAS-partitions for a 4-electron system is illus-

trated in Fig. 2.3. In the GAS-partition denoted by CAS∗v(Nact,K), the star refers

to the possibility of occupation of a single spin orbital in BP (possibility of single-

ionization), Nact denotes the number of active electrons that can be excited in

BP−1, and K denotes the number of orbitals in BP−1. CAS stands for �complete-

active-space�. With the GAS-methods, electron-electron correlation e�ects can

be included, as well as the possibility of single ionization into the continuum. In

this thesis, we will use the HF, CISv, and CAS∗v(2,K) methods. For notational

simplicity, we will denote CISv by CIS, and CAS∗v(2,K) by CAS∗(2,K).



Chapter 3

Numerical solutions of the TDSE

This chapter is concerned with the numerical solutions of the TDSE. Some general

numerical concepts are �rst introduced, followed by a discussion on the solutions

of the model systems presented in Chapter 2.

3.1 Generic numerical concepts

To solve the TDSE, the time-evolution operator (TEO) is usually employed. As-

suming the initial state of the system at time t0 is known, the TEO predicts the

state at a later time t:

|Ψ(t)〉 = U(t, t0) |Ψ(t0)〉 . (3.1)

The TEO must satisfy the TDSE and the following properties:

lim
t→t0
U(t, t0) = 1

U†(t, t0)U(t, t0) = 1

U(t2, t1)U(t1, t0) = U(t2, t0).

(3.2)

For time-independent Hamiltonians H, the TEO reads

U(t, t0) = exp [−iH(t− t0)] , (3.3)

while for time-dependent Hamiltonians H(t), the general expression for the TEO

is

U(t, t0) = T exp

[
−i
∫ t

t0

H(t′)dt′
]
, (3.4)

with T the time-ordering operator.

The closed form in Eq. (3.4) is of little practical use in the present context

of solving the TDSE numerically. Instead, we approximate the time-dependent

23
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Hamiltonian as a series of piecewise time-independent Hamiltonians, and approx-

imate the TEO between t and t+ ∆t as

U(t+ ∆t, t) = exp [−iH(t)∆t] . (3.5)

We will refer to the TEO between t and t + ∆t in Eq. (3.5) as the short-time

propagator.

3.1.1 The initial state

To solve the TDSE, an initial state must be speci�ed. In many cases, this is chosen

as the ground state |Ψ0〉 of the system, corresponding to the smallest eigenvalue

solution to the TISE. If a numerical propagator for the TDSE is implemented,

the same propagator can be used to obtain the ground state by propagating in

imaginary time.

In the ITP method, the t is rewritten in terms of an imaginary time variable,

t = −iτ , with τ reel, and substituted into the TEO:

U(τ, 0) = exp (−H0τ) , (3.6)

with H0 the time-independent Hamiltonian. Action of this operator on a trial

state |Φ〉 yields
U(τ, 0) |Φ〉 =

∑
i

ciU(τ, 0) |Ψi〉

=
∑
i

ci exp(−Eiτ) |Ψi〉
(3.7)

where we have expanded |Φ0〉 in terms of the eigenstates |Ψi〉 of H0. With increas-

ing τ , the term in Eq. (3.7) involving the ground state energy E0 will dominate.

By propagating the wave function forward in time and repeatedly renormalizing

the wave function after a number of time steps, the ground state |Ψ0〉 can be

obtained. Note that for ITP, the trial state |Φ〉 must be chosen such that it has

a nonzero overlap with the ground state, c0 =
〈
Ψ0

∣∣Φ〉 6= 0.

After obtaining the ground state, the �rst excited state |Ψ1〉 can be constructed
by redoing the ITP, and projecting out the ground state at each time step,

Ψ(τ + ∆τ) = U(τ + ∆τ, τ)
(

1− |Ψ0〉 〈Ψ0|
)
|Ψ(τ)〉 . (3.8)

After su�ciently many iterations, the excited state |Ψ1〉 is obtained. In the same

way, higher excited states can be obtained.
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3.1.2 Complex absorbing potentials

In the numerical treatment of the TDSE, a �nite basis must be used, which often

involves the truncation of the coordinate space. The continuum WPs that are

created during the interaction with a strong laser pulse can travel great distances

during the pulse, and if such distances are greater than the simulation boundaries,

unphysical re�ections can occur, which in turn can disturb the dynamics. It is

therefore crucial to make sure that the wave packets do not reach the boundaries

of the simulation volume.

One method to achieve this is to add a CAP [77] to the Hamiltonian

H(t)→ H(t)− iVCAP, (3.9)

that can absorb the outgoing continuum WPs without modifying the bound part

of the total wave function.

The forms of the CAPs used in this thesis are

VCAP =

1− cos
[
π(|q|−qCAP)

2(qmax−qCAP)

]
, for |q| > qCAP,

0, else,
(3.10)

and

VCAP =

{
η (|q| − qCAP)n , for |q| > qCAP,

0, else,
(3.11)

with q the relevant coordinate (either electronic or nuclear), qCAP the start of the

CAP region, and qmax the grid boundary. The CAP is not a perfect absorber and

small unphysical re�ections will always occur in the CAP regions. In Eq. (3.11)

the prefactor η and the order n are chosen such that the unphysical re�ections

remain as small as possible. For most of our calculations, we choose η = 0.001

and n = 2.

The e�ect of the CAP can be made plausible by a simple argument. To �rst

order in ∆t, the TEO can be approximated by the split operator

U(t+ ∆t, t) = exp [−iH(t+ ∆t/2)∆t] exp (−VCAP∆t) . (3.12)

The action of this operator on the wave function |Ψ(t)〉 clearly decreases the

density in the CAP regions where VCAP is nonzero.

Many methods exist that can be used to remove the outgoing �ux in numerical

calculations. Such methods include multiplication of the wave function by a mask

function at each time step [78] and complex scaling where the coordinates are

rotated into the complex plane [79]. Recently, the in�nite-range exterior complex
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scaling, a method for perfect absorption, was introduced [80]. We have chosen

to use CAPs in this thesis due to their straightforward implementation and good

absorption properties.

3.1.3 Propagation methods

We now discuss some methods used to propagate the TDSE with the short-time

propagator in Eq. (3.4).

The split-operator, fast Fourier transform propagator

We will �rst discuss the split-operator fast Fourier transform (SO-FFT) method

[81]. For illustrative purposes, consider a model atom with one degree of freedom

interacting with a laser �eld, with the Hamiltonian

H(x, p, t) = h(p, t) + v(x, t), (3.13)

where h(p, t) [v(x, t)] is the momentum- [position-] dependent part of the Hamil-

tonian,

h(p, t) = Te(p) + pA(t), v(x) = V (x), (VG) (3.14)

h(p) = Te(p), v(x, t) = V (x) + F (t)x, (LG). (3.15)

The short-time propagator can be written

U(t+ ∆t, t) = e−ih(p,t) ∆t
2 e−iv(x,t)∆te−ih(p,t) ∆t

2 +O(∆t3), (3.16)

with O(∆t3) denoting error terms proportional to third and higher orders in ∆t.

By choosing a time-step much smaller than the characteristic time-scale of the

Hamiltonian, the error terms can be neglected.

The v(x, t) is diagonal in coordinate representation, while h(p, t) is diagonal

in momentum representation. We proceed by de�ning Nb equidistant grid points

in both representations.

xl = x0 + l∆x, pm = p0 +m∆p, (l,m = 0, . . . , Nb − 1), (3.17)

with ∆x = Le/Nb, ∆p = 2π/Le, and Le the length of the spatial grid. The wave

function in spatial representation Ψ(x) can be written in terms of the backward

Fourier transform (FT) of the momentum wave function Φ(p):

Ψ(xl, t) =
∆p√
2π

∑
m

Φ(pm, t)e
ipmxl (3.18)
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with the momentum wave function given as the forward FT of the spatial wave

function:

Φ(pm, t) =
∆x√

2π

∑
l

Ψ(xl, t)e
−ipmxl . (3.19)

During each step of the time-propagation, the action of the short-time propagator

on the wave function is performed by successively representing the wave function

in a basis that diagonalizes the operator in question, as follows:

Ψ(xl, t)
forward FT−−−−−−−→ Φ(pm, t) (3.20a)

Φ(pm, t)
multiplication−−−−−−−−→Φ(1)(pm, t) ≡ e−ih(pm,t)

∆t
2 Φ(pm, t) (3.20b)

Φ(1)(pm, t)
backward FT−−−−−−−−→Ψ(1)(xl, t) (3.20c)

Ψ(1)(xl, t)
multiplication−−−−−−−−→Ψ(2)(xl, t) ≡ e−iv(xl,t)∆tΨ(1)(xl, t) (3.20d)

Ψ(2)(xl, t)
forward FT−−−−−−−→ Φ(2)(pm, t) ≡ e−ih(pm,t)

∆t
2 Φ(2)(pm, t) (3.20e)

Φ(3)(pm, t)
backward FT−−−−−−−−→Ψ(xl, t+ ∆t). (3.20f)

In the SO-FFT method, most of computational e�ort is in the discrete FT

that has to be performed multiple times for each time step. With the Cooley-

Tukey fast fourier transformation (FFT) algorithm the scaling of each transform

with respect to the number of grid points is in the order of Nb log(Nb). For d

degrees of freedom, d-dimensional FFTs should be performed, with each transform

scaling as (Nb,1 · · ·Nb,d) log(Nb,1 · · ·Nb,d), where Nb,1, . . . , Nb,d are the number of

discretization points for each degree of freedom. We perform the FFT using the

Fastest Fourier Transform in the West library1.

Short-iterative Lanczos propagator

In the short-iterative Lanczos (SIL) method [82] for Hermitian HamiltoniansH(t),

a Krylov subspace L of dimension L+ 1 is de�ned at each time step, spanned by

the set of vectors
{
Hk |Ψ(t)〉

}L
k=0

. For notational convenience, we will henceforth

not always explicitly write the dependency on t. An orthonormal basis {|Qk〉}Lk=0

for L is found by the Gram-Schmidt orthogonalization procedure,

|Q0〉 = |Ψ〉 ,
H |Qj〉 = βj−1 |Qj−1〉+ αj |Qj〉+ βj |Qj+1〉 ,

(3.21)

with

βj−1 = 〈Qj |H |Qj−1〉 , αj = 〈Qj |H |Qj〉 . (3.22)

1http://www.fftw.org

http://www.fftw.org
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We approximate the Hamiltonian in this basis,

H =
L∑
i=0

L∑
j=0

|Qi〉 [HL]ij 〈Qj | , (3.23)

with the tridiagonal Krylov Hamiltonian

HL =


α0 β0

β0 α1
. . .

. . .
. . . βL−1

βL−1 αL

 . (3.24)

Now the short-time propagator in Eq. (3.4) becomes

U(t+ ∆t, t) ≈
L∑
i=0

L∑
j=0

|Qi〉 [exp(−iHL∆t)]ij 〈Qj | . (3.25)

After diagonalization of HL,

HL = S diag(λ0, . . . , λL)S†, (3.26)

the expansion coe�cients ci of the propagated wave function in the Krylov sub-

space can be evaluated,

|Ψ(t+ ∆t)〉 = U(t+ ∆t, t) |Ψ(t)〉 ≈
L∑
k=0

ck |Qk〉

ck =

L∑
j

[S]kj exp(−iλj∆t)[S−1]j0.

(3.27)

In this thesis, the Krylov dimension is ranging from 8 to 12. For non-Hermitian

Hamiltonians, e.g. when CAPs are included, a similar method exist, called the

short-iterative Arnoldi (SIA) method [78], where the Krylov Hamiltonian becomes

a Hessenberg matrix. Both methods are used in this thesis.

Note that the SIL and SIA propagation methods are quite general, and are

applicable to all problems where the TDSE can be written in matrix form. The

computational e�ort is mainly in the L evaluations of the matrix-vector products

at each time step. Each matrix-vector product scales as O(L2) for a �lled matrix,

O(L) for a diagonal matrix, and inbetween these scalings for a sparse matrix.
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3.2 Numerical solution of the surface model

We now discuss the method used to propagate the BO surface model described

in Section 2.2 to simulate strong-�eld physics without the electronic continua.

Our strategy for propagation is to employ the SO-FFT method. The TDSE in

Eq. (2.32) with H(3) neglected can be written as

i
∂

∂t
G(R, t) =

[
TN + M(t) + H(2)(t)

]
G(R, t), (3.28)

with

[TN ]ij = TNδij

[M(t)]ij = {Eel,i(R)− i[Γi(R)/2 + VCAP] + VI,N (R, t)} δij
[H(2)(t)]ij = βLG[D(R)]ijF (t).

(3.29)

The short-time propagator is expressed as follows:

U(t+ ∆t, t) = exp

(
−iTN

∆t

2

)
exp

(
−iM(t)

∆t

2

)
× exp

[
− iH(2)(t)∆t

]
× exp

(
−iM(t)

∆t

2

)
exp

(
−iTN

∆t

2

)
.

(3.30)

In the right hand side of Eq. (3.30), the second and fourth factors are diagonal in

the nuclear position space R, while the �rst and the �fth factors are diagonal in

nuclear momentum space, which makes them easy to evaluate using the SO-FFT

method. The third factor, while being diagonal in position space, is not diagonal

in the BO basis |φel,i〉. Hence to treat matrix exponential in the third factor of

Eq. (3.30), D(R) is diagonalized for all R,

C†(R)D(R)C(R) = D̄(R), (3.31)

with D̄(R) diagonal matrices. The diagonalization is performed before the time

propagation, with C and D̄(R) stored in memory. The memory requirement

is completely manageable, as it scales as O(NBONN ), with NN the number of

discretization points for R. The third factor in Eq. (3.30) is then rewritten,

exp
[
− iH(2)(t)∆t

]
= exp

[
− iβLGD(R)F (t)∆t

]
=C(R) exp

[
− iβLGD̄(R)F (t)∆t

]
C†(R).

(3.32)

Now the SO-FFT propagation method described in the previous section is applica-

ble, by successively transforming the wave function into a basis where the operator

in question is diagonal, and performing the operator operation by multiplication.



30 Chapter 3. Numerical solutions of the TDSE

3.3 Numerical solution of 1D H+
2

The 1D H+
2 model was introduced in Section ?? for the investigation of breakup

processes involving both the electronic and nuclear continua. We propagate the

TDSE using the SO-FFT method. The Hamiltonian for the problem in Eq. (2.37)

is

H(x,R, p, k, t) = h(p, k, t) + v(x,R, t), (3.33)

where p (k) is the electronic (nuclear) momentum oparator, and

h(p, k, t) =

{
Te(p) + TN (k) + VL(p, k, t), (VG)

Te(p) + TN (k), (LG)
(3.34)

v(x,R, t) =

{
VeN (x,R) + VN (R), (VG)

VeN (x,R) + VN (R) + VL(x, t), (LG),
(3.35)

with the individual terms given by Eq. (2.38). The short-time propagator is then

written as in Eq. (3.16),

U(t+ ∆t, t) = e−ih(p,k,t) ∆t
2 e−v(p,k,t)∆te−ih(p,k,t) ∆t

2 +O(∆t3). (3.36)

The discretization grids are de�ned,

xl = x0 + l∆x, pm = p0 +m∆p, (l,m = 0, . . . , Nb,e − 1)

Rj = R0 + j∆R, kn = k0 + n∆k, (j, n = 0, . . . , Nb,N − 1)
(3.37)

with ∆x = Le/Nb,e, ∆R = LN/Nb,N , ∆p = 2π/Le, ∆k = 2π/LN , and Le and

LN the length of the electronic and nuclear coordinate grids. The SO-FFT prop-

agation scheme described in Eq. (3.20) can then be performed. In the numerical

propagation for 1D H+
2 , we use the time-step ∆t = 0.005.

3.4 Numerical solution of the TD-GASCI method

The TD-GASCI method [67, 68] for solving the TDSE for a many-electron system

in FNA was introduced in Section ??. The method was �rst implemented by

Hochstuhl et al. in Ref. [67], while the version discussed in this thesis has been

implemented by Bauch et al. [68]. Larsson et al. [83] implemented the prolate

spheroidal basis set, while the Dyson orbitals, WFAT, and �ux methods in the

TD-GASCI are the new implementions, which will be discussed at a later stage

in this thesis.

In this section, we brie�y discuss some important points in the core imple-

mentation of TD-GASCI, for more details, see Refs. [67, 68, 83].
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3.4.1 The primitive basis

The primitive single-particle basis fi discussed in Subsection 2.4.4 should be cho-

sen such that it is computationally feasible and accurate for both the bound and

the continuum parts of the wave function. Standard Gaussian basis sets from

quantum chemitry can accurately describe the bound states [76], but is unable

to describe the continuum due to the fast decaying asymptotic tails of the Gaus-

sian functions. The two-center character of diatomics also makes the expansion in

spherical harmonics unfeasible due to the high angular momentum states required.

Working with prolate spheroidal coordinates, combined with �nite-element

discrete variable represenation (FE-DVR) basis, overcomes some of these obsta-

cles. In DVR [84] and FE-DVR methods [85], analytic basis functions localized

about discrete coordinate values are used. They can be constructed using Gaus-

sian quadrature rules, and integral evaluations are with Gaussian quadrature ac-

curacy. Kinetic energy matrix elements are known analytically, while potential

energy matrix elements are diagonal, making the evaluation and storage of the

matrix elements high e�cient. The FE-DVR approach is a combination of a FE

method with a DVR basis. The total spatial region is divided into �nite elements,

each element with its own set of DVR basis functions. This allows for an good

adaption of the basis to a physical problem, as we can specify the position of the

elements and the number of the DVR functions in each element. For example

in the problem of ionization, a FE element containing a large number of DVR

functions can be used near the nucleus to accurately represent the bound part

of the wave function, while FE's with less dense quadrature points far from the

bound region can be used to describe the continuum. See Appendix A for the

construction and properties of the FE-DVR basis set. For more details, see also

[85].

We brie�y discuss the prolate spheroidal basis set [86�88] used in the TD-

GASCI [83]. Consider the two nuclei placed at RA and RB, with R = |R| = 2a

the internucler distance, and rA = |r −RA| and rB = |r −RB| the distances to
the nuclei. The prolate spheroidal coordinates are de�ned by [89]

ζ =
rA + rB
R

, ζ ∈ [1,∞), (3.38a)

µ =
rA − rB
R

, µ ∈ [−1, 1], (3.38b)

ϕ = arctan
(y
x

)
, ϕ ∈ [0, 2π]. (3.38c)

The relation to some other relevant coordinate systems are given in Appendix D.
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The single-particle primitive basis are chosen as

fmia (ζ, µ, φ) =

√
1

a3(ζ2
i − µ2

a)
θmi (ζ)θma (µ)

exp(imφ)√
2π

, (3.39)

where the factor [a3(ζ2
i −µ2

a)]
−1/2 is introduced to counteract the prolate spheroidal

volume element dV = a3(ζ2−µ2)dζdµdφ, and the Gauss-Lobatto DVR basis sets

[Appendix A]

θmn (s) =
1√
ωn

Nb,s∏
i 6=n

s− si
sn − si

×

1, m even√
s2−1
s2n−1

, m odd,
(3.40)

are used for the ζ and µ coordinates, with s = ζ or s = µ in Eq. (3.40), and

Nb,s the number of basis functions for coordinate s. The extra factor for odd m

in Eq. (3.40) is to treat the non-polynomial behavior of the wave function at the

points ζ = 1 and |µ| = 1 [86]. For the η coordinates, a Gauss-Legendre DVR is

used, with the end points not chosen as quadrature points. For the ζ coordinates,

a FE-DVR basis is used, where the Gauss-Radau quadrature is employed for the

�rst element with ζ = 1 excluded, and Gauss-Lobatto quadrature is used for the

rest of the elements [see Appendix A]. Using the primitive basis in Eq. (3.18)

and the mentioned quadrature rules, the matrix elements for the kinetic energy

operator and potential energy operators can be evaluated [83]:

〈fmia |Te |fm
′

jb 〉 ∝ a−2δmm′(A
m
abδij +Bm

ij δab + Cmiaδijδab) (3.41a)

〈fmia |VeN |fm
′

jb 〉 ∝ a−1δmm′δijδab (3.41b)

〈fmia | z |fm
′

jb 〉 = aδmm′δijδabζiµa (3.41c)

〈fm1
i1a1

fm2
i2a2
|Vee |fm

′
1

j1b1
f
m′2
j2b2
〉 = a−1δm1−m′1,m′2−m2

δa1b1δa2b2δi1j1δi2j2 , (3.41d)

where Amab, B
m
ij , and C

m
ia are known analytically. The matrix elements are seen to

be highly sparse, and especially scaling of the two-electron integrals in Eq. (3.41d)

are drastically reduced from O(N4
b ) to O(N2

b,ζN
2
b,µNb,φ).

3.4.2 The orbital basis - partially rotated basis

Having de�ned the primitive basis, the spatial-orbital basis should be constructed.

The orbitals should correctly describe the bound structure near the nucleus, as

well as accurately describe the electron continuum. A space-partition concept

is used for this purpose, with the basis split into two regions: an inner region

with ζ < ζs and an outer region with ζ ≥ ζs, with ζs coinciding with a FE-DVR
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boundary. The spatial orbitals are chosen as

φi(r) =

{∑
j cijfj(r), if ζ < ζs,

fi(r), if ζ ≥ ζs,
(3.42)

where we have used a common index i to denote the three DVR indices in fmia . In

the inner region, the �rst N/2 spatial orbitals are the occupied HF orbitals, with

cij obtained from the HF procedure sketched in Subsection 2.4.3. The virtual

HF orbitals are often too di�use to be useful in truncated CI. Instead, the inner

region virtual orbitals are chosen as the virtual orbitals of the (N − 2)-electron

HF problem (with nuclear charges Z1 and Z2 unchanged), orthogonalized to the

occupied N -electron occupied orbitals [68]. This choice is based on intuition of

the photoionization problem: when one electron is ionized, another electron near

the nucleus feels the e�ective potential created by the N − 2 remaining electrons.

In the outer region, the primitive-basis functions are used as the spatial orbitals,

to better describe the continuum. Due to the properties of the FE-DVR basis, the

outer-region orbitals are orthogonal to the inner-region orbitals, and the orbital

basis de�ned in Eq. (3.42) is an orthonormal basis. All the choices made here

are to construct an orthonormal orbital basis that is able to describe the single-

ionization physics as good as possible, with a minimal primitive basis.

3.4.3 Solution outline

A TD-GASCI calculation proceeds as follows. First, the primitive basis and

the corresponding Hamiltonian matrix elements are set up in the inner region.

The HF calculations are then performed to obtain the expansion coe�cients cij
for the inner-region orbitals. Afterwards, the primitive basis and corresponding

Hamiltonian matrix elements are set up over the total spatial region, Subsequently,

the matrix elements in Eqs. (2.52) and (2.53) are set up in the spatial orbital

basis φi(r). The CI-matrix is constructed using Slater-Condon rules and the

initial ground state is obtained by ITP using the SIL method in Subsection 3.1.1.

Finally the TD-GASCI can be propagated in real time using the SIL or SIA

methods. The e�cient extraction of continuum observables is discussed in the

next chapter.



Chapter 4

Extraction of spectra from the

TDSE

After the introduction of di�erent methods that can be used to simulate strong-

�eld molecular breakup in Chapter 2 and Chapter 3, the attention now turns

toward the e�cient extraction of continuum observables from such simulations.

Standard methods of obtaining PMS and PES from numerical calculations include

the projection on plane waves [90, 91], the projection on scattering states [75, 92],

and the usage of �ux methods [71�73, 93]. In the �rst method, huge simulation

volumes are required, as it must be ensured that after the end of the pulse, the

scattered parts of the wave packet are well-separated from its bound part and not

re�ected from the box boundaries. In the second method, the simulation volume

can be reduced somewhat compared to the �rst method due to the orthogonality

between the scattering and bound states, and the projection can be performed

immediately at the end of the pulse. However, the construction of scattering states

is tedious and constitutes a numerical challenge in itself. For the �ux methods,

absorbers are placed at the boundaries of the simulation volume to remove the

outgoing �ux, and spectra are obtained by monitoring the �ux going through

surfaces placed at distances smaller than the absorber regions. In this way the

simulation volume can be signi�cantly reduced. One of these �ux methods is the

time-dependent surface �ux (tSURFF) method, which was �rst introduced for the

extraction of spectra in strong-�eld ionization of atoms [73, 94]. In this chapter,

this method is generalized to treat molecular breakup, as well as single-ionization

of many-electron systems.

34
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4.1 Di�erential spectra for 1D H+
2

For H+
2 interacting with a laser pulse, there are two breakup pathways:

• The DI channel H+
2 → p + p + e, where the molecule completely breaks

up into two protons and one electron. The observable of interest is the JES

that shows the energy sharing between the protons and the electron.

• The dissociation channel H+
2 → H + p, where the molecule dissociates into

a proton and a hydrogen atom in a given state (channel). The relevant

observables are the channel speci�c NKER spectra that show how the nu-

clear kinetic energies are shared between the di�erent dissociation channels

belonging to di�erent BO surfaces.

The tSURFF method for DI and dissociation will now be outlined here for the

speci�c case of our model H+
2 molecule.

To identify the di�erent channels and the corresponding observables, we parti-

tion the total coordinate space into four regions as shown in Fig. ??. Each region

corresponds to a reaction channel. By monitoring the �ux going through the sur-

faces at x = xs and R = Rs, the JES for DI and the channel-speci�c NKER for

dissociation can be constructed. To proceed formally, we de�ne the projection

operators

θe =

∫
dx θ(|x| − xs) |x〉 〈x| , (4.1a)

θN =

∫
dR θ(R−Rs) |R〉 〈R| , (4.1b)

where xs and Rs are coordinates of the surfaces beyond which the Coulomb in-

teractions VeN and VN are neglected, respectively, and θ(x) is the Heaviside step

function. The total wavefunction is partitioned into the four parts belonging to

the di�erent spatial domains of Fig. 4.1

|Ψ(t)〉 = |ΨB(t)〉+ |ΨD(t)〉+ |ΨI(t)〉+ |ΨDI(t)〉 , (4.2)

with |ΨB(t)〉 = (1 − θe)(1 − θN ) |Ψ(t)〉, |ΨD(t)〉 = (1 − θe)θN |Ψ(t)〉, |ΨI(t)〉 =

θe(1 − θN ) |Ψ(t)〉, and |ΨDI(t)〉 = θeθN |Ψ(t)〉. For su�ciently large times after

the end of the laser pulse T > Tpulse, the dissociation and DI WPs will have

moved into their speci�c spatial regions such that |ΨB(T )〉 contains the bound

part, |ΨD(T )〉 contains the dissociative part, and |ΨDI(T )〉 contains the DI part.
At time T , the wave packet in the spatial region corresponding to ionization

|ΨI(T )〉 = θe(1− θN ) |Ψ(T )〉 = 0, as all the ionized part will have moved into the

DI region since the nuclei do not support bound states after the removal of the

electron.
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|xs|

Rs R

|x|

Dissociation (D)Bound (B)

Ionization (I)

θe(1− θN)

Dissociative

Ionization (DI)

θeθN

(1− θe)θN(1− θe)(1− θN)

Figure 4.1: Sketch showing the four spatial domains used to analyse the WPs. The
dashed line at x = xs is a boundary surface beyond which the electron-nuclear interaction
VeN is neglected in the DI channel, while the dashed line at R = Rs is a boundary
surface beyond which the nuclear repulsion VN is neglected. In the tSURFF method, the
�ux passing through these surfaces are monitored and used to construct the di�erential
probability amplitudes. The projection operators of di�erent spatial domains are also
indicated.

4.1.1 tSURFF for dissociative ionization

The TDSE projected on the spatial region describing the DI channel reads

i∂t |ΨDI(t)〉 = HDI(t) |Ψ(t)〉 , (4.3)

with HDI(t) = θeθNH(t) ≈ Te+TN +VL(t). Notice that |Ψ(t)〉, and not |ΨDI(t)〉,
appears on the right-hand-side of Eq. (4.3), due to the fact that H(t) does not

commute with θeθN .

The TDSE for HDI(t) is separable in the electronic and nuclear degrees of

freedom, with the electronic TDSE given by

i∂t |φ(t)〉 = (Te + VL(t)) |φ(t)〉 , (4.4)

and the nuclear TDSE given by

i∂t |χ(t)〉 = TN |χ(t)〉 . (4.5)

A complete set of the solutions in position space is formed by the Volkov waves

φVp (x, t) =
〈
x
∣∣φVp (t)

〉
with momentum p for the electron [see Subsection 2.1.4] and
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plane waves χk(R, t) =
〈
R
∣∣χk(t)〉 with momentum k for the nuclei. The explicit

forms of these wave functions, with normalizations δ(k−k′) =
〈
χk(t)

∣∣χk′(t)〉 and
δ(p− p′) =

〈
φVp (t)

∣∣φVp′(t)〉, are
φVp (x, t) = (2π)−1/2 exp

[
i

(
px− p2t

2µ
− p

µ

∫ t

A(t′)dt′
)]
, (4.6)

χk(R, t) = (2π)−1/2 exp

[
i

(
kR− k2t

mp

)]
. (4.7)

The WP |ΨDI(t)〉 is expanded in the direct product basis of Volkov and plane

waves

|ΨDI(t)〉 = θeθN |Ψ(t)〉 =

∫
dp

∫
dkbp,k(t) |φVp (t)〉 |χk(t)〉 , (4.8)

where

bp,k(T ) = 〈φVp (t)| 〈χk(t)| θeθN |Ψ(t)〉 (4.9)

is the di�erential probability amplitude for measuring p and k. The joint momen-

tum spectrum (JMS) and JES are given by

∂2P

∂p∂k
= |bp,k(T )|2, (4.10a)

∂2P

∂Ee∂EN
=
∑
sgn(p)

mpµ

2pk
|bp,k(T )|2, (4.10b)

with EN = k2/mp, Ee = p2/2µ, and the summation over sgn(p) referring to the

summation of ±p corresponding to the same Ee.

The expression for bp,k(T ) can be rewritten using Eqs. (4.3)-(4.5) and the

fundamental theorem of calculus. The result reads

bp,k(T ) = bep,k(T ) + bNp,k(T ) (4.11)

with

bep,k(T ) = i

∫ T

−∞
dt 〈φVp (t)|

[
Te + VL(t), θe

]
〈χk(t)| θN |Ψ(t)〉 , (4.12)

and

bNp,k(T ) = i

∫ T

−∞
dt 〈χk(t)|

[
TN , θN

]
〈φVp (t)| θe |Ψ(t)〉 . (4.13)

In Eqs. (4.12)-(4.13), the commutators vanish everywhere except at the disconti-

nuity of the step functions. The probability amplitudes can thus be obtained by

integrating the time-dependent surface �ux. In Fig. 4.1, bep,k(T ) is the amplitude

corresponding to the �ux going from the dissociation region into the DI region,
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while bNp,k(T ) is the amplitude corresponding to the �ux going from the ionization

region into the DI region. The two amplitudes must be added coherently to ob-

tain the total amplitude for DI. It is, however, possible to choose Rs su�ciently

large so that all the �ux going into the DI region in Fig. 4.1 originate from the

ionization region, and therefore we can set bep,k(T ) = 0. The commutator in the

expression (4.13) for bNp,k(T ) can be calculated explicitly[
TN , θN

]
= − 1

mp

∫
dR |R〉

[
δ(1)(R−Rs) + 2δ(R−Rs)

∂

∂R

]
〈R| , (4.14)

where δ and δ(1) are the Dirac delta function and its �rst derivative, respectively.

After inserting Eq. (4.14) into Eq. (4.13), evaluating the resulting integral and

collecting terms in Eq. (4.11), we obtain

bp,k(T ) =
1

mp

∫ T

−∞
dtχ∗k(Rs, t)

[
k − i ∂

∂R

]
〈φVp (t)| θe |Ψ(t)〉

∣∣∣∣
Rs

.
(4.15)

To calculate the amplitude of Eq. (4.15), the matrix element 〈φVp (t)| θe |Ψ(t)〉
must be evaluated at Rs. Direct projection of θe |Ψ(t)〉 on the Volkov waves |χp(t)〉
is not an option as the electronic CAP will absorb part of the wavefunction at

x > xCAP > xs. To circumvent this problem we expand 〈φVp (t)| θe |Ψ(t)〉 in an

arbitrary time-independent basis ζm(R)

〈φVp (t)| θe |Ψ(t)〉 =
∑
m

ap,m(t) |ζm〉 (4.16)

with ap,m(t) = 〈ζm| 〈φVp (t)| θe |Ψ(t)〉. In our calculations we use a sine basis for

ζm. By taking the time derivative of ap,m(t), it can be shown that ap,m(t) satis�es

d

dt
ap,m(t) = −i

∑
m′

〈ζm|TN |ζm′〉 ap,m′(t) + f+
p,m(t) + f−p,m(t) (4.17)

with

f+
p,m(t) = φV ∗p (xs, t)

[(
p

2µ
+A(t)

)
− i

2µ

∂

∂x

]〈
ζm
∣∣Ψ(t)

〉∣∣∣∣
xs

(4.18)

and

f−p,m(t) = −φV ∗p (−xs, t)
[(

p

2µ
+A(t)

)
− i

2µ

∂

∂x

]〈
ζm
∣∣Ψ(t)

〉∣∣∣∣
−xs

. (4.19)

The terms f+
p,m(t) and f−p,m(t) can be interpreted as �ux terms, counting the

�ux going through the surfaces at x = xs and at x = −xs, respectively. In our
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calculations we solve Eq. (4.17) using a fourth-order Runge-Kutta method. The

coe�cients ap,m(t) give us information on the WP even in regions where the CAP

is active (x > xCAP > xs), as seen in Eq. (4.16). When describing laser ionization,

one of the two terms in fp,m(t) will usually be negligible and can be ignored. For

example, if p is positive, f− will be zero since in this case there is no incoming

wave at x = −xs.
Inserting Eq. (4.16) into Eq. (4.15), we obtain the �nal expression for bp,k(T )

determining the JES through Eq. (4.10b).

bp,k(T ) =
1

mp

∑
m

[
k − i ∂

∂R

]
ζm(R)

∣∣∣∣
Rs

∫ T

−∞
dtχ∗k(Rs, t)ap,m(t). (4.20)

Numerical demonstrations � JES for DI

We demonstrate the tSURFF method for DI by considering an A(t) pulse in VG

with sine squared envelope, Nc = 10, I = 8.8 × 1013 W/cm2, and two di�erent

frequencies, λ = 400 nm and λ = 800 nm. The simulation volume is chosen as

|x| ≤ 200 and |R| ≤ 60, the grid spacings chosen as x = 0.781 and R = 0.078, the

CAP placed at xCAP = 105 and RCAP = 26, and the tSURFF surfaces placed at

xs = 100 and Rs = 25. The converged JES obtained for T = 1200 are shown in

Fig. 4.2. For both wavelengths, the energy conservations predicted in Ref. [75]

EN + Ee = E0 + nω − Up, (4.21)

corresponding to multi-photon absorptions, are satis�ed (white diagonal lines in

Fig. 4.2). The size of the simulation volume used should be compared with the

sizes of the volumes used by other methods. Two other methods have been used

to determine the JES based on wave packet propagation. In one work [75], a

projection on approximate scattering states was performed with the simulation

volume |x| ≤ 1500. In another work [21], a resolvent technique was used with

|x| ≤ 3000. Both these values signi�cantly exceed the simulation volume used

here, which clearly demonstrates the advantage of the present tSURFF method.

Our obtained result of the JES for 400 nm is the same as the one presented in

Ref. [75]. In Fig. 4.2, for both wavelengths, there are structures not explained by

the energy conservations in Eq. (4.21). We will explain these interesting structures

in Chapter. 7.
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Figure 4.2: JES for DI of H+
2 , for a sine-squared pulse with parameters Nc = 10 and

I = 8.8×1013 W/cm2. Upper �gure: λ = 400 nm, lower �gure: λ = 800 nm. The top and
left side panels are the ATI and NKER spectra, respectively. The energy conservation
corresponding to n-photon absorption satisfying EN +Ee = E0 + nω−Up are the white
lines. The two lines in the upper �gure correspond to n = 9 and n = 10, while for the
bottom �gure they correspond to n = 21 and n = 29.
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4.1.2 tSURFF for Dissociation

Consider now the dissociation process H+
2 → H + p. The projected TDSE on the

region describing dissociation without ionization reads (see Fig. 4.1)

i∂t |ΨD(t)〉 = HD(t) |Ψ(t)〉 , (4.22)

where we have de�ned the projected Hamiltonian HD(t) = (1 − θe)θNH(t). To

obtain the dissociation-channel-speci�c NKER spectrum we de�ne the adiabatic

Born-Oppenheimer (BO) basis states |φel,i〉 as the solutions to the electronic time-

independent Schrödinger equation with parametric dependence on R(
Te + VeN + VN

)
|φel,i〉 = Eel,i(R) |φel,i〉 , (4.23)

where Eel,i(R) is the i'th electronic potential energy surface in the BO approxi-

mation. To ease notation we do not explicitly include the parametric dependence

on R in the BO-states. The WP ΨD(x,R, t) is expanded in the BO basis as

|ΨD(t)〉 = (1− θe)θN |Ψ(t)〉

=

∫
dk
∑
i

ci,k(t) |χk(t)〉 |φel,i(t)〉 ,
(4.24)

where |χk(t)〉 is a plane wave with momentum k given by Eq. (4.7), |φel,i(t)〉 =

|φel,i〉 e−iEel,i(R)t and

ci,k(t) = 〈χk(t)| 〈φel,i(t)| (1− θe)θN |Ψ(t)〉 . (4.25)

In Eq. (4.24), all the trivial time-dependence is included in |φel,i(t)〉 and |χk(t)〉,
while the non-trivial time dependence due to the external �eld and �ux going

from the bound region into the dissociation region of Fig. 4.1 is included in the

expansion coe�cients ci,k(t). At time T > Tpulse, when all the dissociative parts of

the WP have moved into the dissociative region, ci,k(T ) describes the di�erential

probability amplitude for the electron to be in the bound state i and the nuclei

to have momentum k.

The expression for ci,k(T ) can be written in terms of a time integral:

ci,k(T ) = cNi,k(T ) + cei,k(T ) + cLi,k(T ), (4.26)

with

cNi,k(T ) = i

∫ T

−∞
dt 〈χk(t)|

[
TN , θN

]
〈φel,i(t)| (1− θe) |Ψ(t)〉 , (4.27)

cei,k(T ) = i

∫ T

−∞
dt 〈φel,i(t)|

[
Te + VeN + VN , (1− θe)

]
〈χk(t)| θN |Ψ(t)〉 , (4.28)

cLi,k(T ) = −i
∫ T

−∞
dt 〈φel,i(t)| 〈χk(t)| (1− θe)θNVL(t) |Ψ(t)〉 . (4.29)
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In the derivation of Eq. (4.27), it is assumed that the action of the nuclear kinetic

energy operator on the electronic BO-states is neglected. This is in accordance

with the BO approximation wherein the �rst- and second-order derivatives of the

electronic state with respect to R are neglected.

In Fig. 4.1, The amplitude cNi,k(T ) corresponds to the �ux going from the bound

region into the dissociation region through the surface at R = Rs, while c
e
i,k(T )

corresponds to the �ux going through the surfaces at x = ±xs. The amplitude cei,k
can thus be neglected if the dissociative WP never reaches the surface x = ±xs at
time T . In the pure dissociation process, the electron is localized near one of the

protons, i.e., along the lines x = ±R/2. The previous condition can thus always

be satis�ed if we choose xs > Rs/2.

The amplitude cLi,k(T ) in Eq. (4.29) includes the time-dependent interaction

VL(t). Let Timpact be the instant at which the fastest part of the dissociative WP

hits the surface R = Rs. Then cLi,k(T ) can be neglected as long as Timpact ≥ τ ,

with τ the pulse duration. This can be seen by rewriting Eq. (4.29) as

cLi,k(T ) = −i
∫ T

−∞
dt

{
〈φel,i(t)| 〈χk(t)|VL(t)(1− θe)θN |Ψ(t)〉

+ 〈φel,i(t)| 〈χk(t)|
[
(1− θe), VL(t)

]
θN |Ψ(t)〉

} (4.30)

with the commutator in the velocity gauge given by[
(1− θe), VL(t)

]
= −iβA(t)

∫
d |x〉 sgn(x)δ(|x| − xs) 〈x| . (4.31)

For Timpact ≥ τ , both terms in Eq. (4.30) are zero. The �rst term is zero because

|ΨD(t)〉 = (1−θe)θN |Ψ(t)〉 = 0 for t < τ , while VL(t) = 0 for t > τ . Similarly, the

second term is zero because Ψ(±xs, R, t) = 0. The condition Timpact ≥ τ depends

on the interaction VL(t) and can be satis�ed by placing the Rs appropriately.

The �nal expression for the ci,k(T ) is then, using Eq. (4.14) and Eq. (4.26),

ci,k(T ) =
1

mp

∫ T

−∞
dtχ∗k(Rs, t)

[
k − i ∂

∂R

]
〈φel,i(t)| (1− θe) |Ψ(t)〉

∣∣∣∣
Rs

. (4.32)

We see that the di�erential probability amplitude ci,k(T ) can be calculated by

monitoring the �ux going through the surface R = Rs. Moreover, the electronic

BO-states φel,i(x;R) with parametric dependence on R only has to be calculated

at points near Rs, reducing the numerical e�ort.
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tSURFF for dissociation � the surface model

The NKER spectrum in the surface model [Section 2.2] can also be obtained by

the tSURFF method. The dissociation-channel-speci�c di�erential probability

amplitudes cBOi,k (T ), with i = 0, . . . , NBO − 1, reads

cBOi,k (T ) = 〈χk(T )| θN |Gi(T )〉

=
1

mp

∫ T

−∞
dtχ∗k(Rs, t)

[
k − i ∂

∂R

]
Gi(t)

∣∣∣∣
Rs

,
(4.33)

which is obtained using the same techniques as the rest of this section. We have

assumed that the laser pulse is over at the time the dissociative WPs �rst hit

the surface Rs. To check this method, the dissociative spectrum within the two-

surface model obtained using tSURFF was compared with the results in Ref. [95],

and a perfect match was observed.

Numerical demonstrations � NKER for dissociation

We here give a demonstration of tSURFF for the dissociation process and pro-

vide some numerical results, using the same simulation parameters as for the

demonstration of tSURFF for DI.

Figure 4.3(a) shows the NKER spectrum for the 400 nm pulse with dissociation

via the two lowest electronic states in H+
2 : φ

g/u
el,0 corresponding to the the 1sσg

and 2pσu states. The vertical dashed lines in Fig. 4.3(a) are the n-photon energy

conservation lines satisfying E0 + nω = Eel,0(R =∞) +EN , where Eel,0(R =∞)

is the ground state energy of the hydrogen atom. Dissociation via 1sσg is located

around the 2-photon line, while dissociation via 2pσu is located around the 3-

photon line. This result can be understood by drawing the diabatic Floquet

potential curves [96, 97], shown in Fig. 4.4(a).

Starting from the vibrational ground state, the laser can induce a dissociative

wave packet by the ATD process, which will move down the 2pσu−3ω curve. The

time for the wave packet to move from the intersection between 1sσg − 0ω and

2pσu − 3ω at R = 2.23 a.u. to the intersection between 1sσg − 2ω and 2pσu − 3ω

at R = 4.7 a.u. is approximately 204 a.u. (4.93 fs). At the latter intersection,

part of the population can be transferred to the 1sσg − 2ω curve by stimulated

photoemission. The time for the population to move from R = 4.7 to R = 10

via the surface 1sσg − 2ω is approximately 311 a.u. (7.52 fs), so the total time

to reach R = 10 a.u. from the vibrational groundstate via the described pathway

approximately equals the pulse duration of 13.3 fs. The pulse duration is therefore

not long enough to induce transitions between the 1sσg−2ω and 2pσu−1ω curves,

nor is it intense enough to lower the adiabatic Floquet potentials (gap proportional
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Figure 4.3: NKER spectra for dissociation with pulse parameters λ = 400 nm, Nc = 10,
and I = 8.8× 1013 W/cm2, with dissociation via (a) the �rst pair of gerade or ungerade
states (1sσg and 2pσu), and (b) the second pair of gerade or ungerade states (2sσg
and 3pσu). As indicated, di�erent colors correspond to di�erent methods used for the
calculations. The solid and dashed lines show dissociation via the gerade and ungerade
states, respectively. In the BO calculations, the spectra are scaled for easier comparison
with the TDSE calculation. The vertical lines labeled by nω (n = 1, 2, . . . , 6) denote
photon absorptions above threshold (see text).
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dressed curves of 1sσg and 2pσu states. (b) Additional dressed curves of 2sσg and 3pσu
states.



4.1. Di�erential spectra for 1D H+
2 45

to electric �eld) to induce tunneling from the vibrational ground state (v = 0) to

the 2pσu − 1ω curve. This is the reason for the absence of the 1-photon peak in

the nuclear KER spectrum.

In addition to the TDSE calculation, calculations in the BO-approximation

are performed for the surface model with NBO = 2, 4, 6. In Fig. 4.3(a) it is seen

that the nuclear KER yield for the 2-surface model is shifted more from the energy

conservation lines than the TDSE calculation, indicating that the AC-Stark shift is

inaccurately accounted for in the 2-surface model. Moreover, the ratio of the 1sσg
dissociation yield to the 2pσu dissociation yield is overestimated in the 2-surface

model. As seen in Fig. 4.3(a), the dissociation spectra is somewhat improved in

the 4-surface model, where the peaks now are located at the correct positions,

but the ratio of the 1sσg dissociation yield to the 2pσu dissociation yield is still

overestimated. For the 6-surface model, the spectra almost overlaps with the

spectra in the full TDSE calculation, with correct locations and ratio. This result

indicates that when six BO states are used instead of four, additional dressed

states can couple to 1sσg, leading to depletion in the dissociation wave packet in

1sσg, resulting in the correct spectra.

Figure 4.3(b) shows the nuclear KER spectrum for the 400 nm pulse with dis-

sociation via the third and fourth electronic states φ
g/u
el,1 corresponding to the 2sσg

and 3pσu states. The vertical dashed lines in Fig. 4.3(b) are the n-photon energy

conservation lines satisfying E0 + nω = Eel,1(R =∞) +EN , where Eel,1(R =∞)

is the energy of the �rst excited state in hydrogen. Dissociation via 2sσg is located

between the 4- and 6-photon lines, while dissociation via 3pσu is located between

the 5- and 7-photon lines.

To understand the dissociation spectrum in Fig. 4.3(b), the Floquet poten-

tial curves for 2sσg and 3pσu dressed by four to seven photons are plotted in

Fig. 4.4(b). Furthermore, a study is performed where we gradually increase the

intensity of the laser �eld and observe the resulting nuclear KER spectra, shown in

Fig. 4.5. At lower intensities, I . 2× 1013 W/cm2 in Figs. 4.5(a) and 4.5(b), the

4-photon peak for the gerade state and the 5-photon peak for the ungerade state

are clearly seen, stemming from the wave packet following the pathway 1sσg−0ω

→ 2pσu − 3ω → 1σg − 2ω → 2σg − 4ω and 3pσu − 5ω, shown in Fig. 4.4(b).

This is also indicated by the 2sσg − 4ω and 3pσu − 5ω curves in Fig. 4.4(b). In

Fig. 4.5(b) a small peak at around EN = 0.4 a.u. is seen for the ungerade state

and a smaller peak at around EN = 0.27 a.u. is seen for the gerade state. These

are the AC-Stark shifted 7-photon and 6-photon absorption peaks, respectively.

Figure 4.4(b) clearly shows that the 3pσu − 7ω and 2sσg − 6ω curves cross the

1sσg − 0ω curve at R = 2 a.u., below the energy of the vibrational groundstate

(v = 0), leading to ATD processes explaining the peaks in Fig. 4.5(b). As the
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Figure 4.5: Each subplot is as in Fig. 4.3(b), now for the intensities: (a) I = 1× 1013
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(e) I = 4 × 1013 W/cm2, (f) I = 5 × 1013 W/cm2, (g) I = 8 × 1013 W/cm2, and (h)
I = 1× 1014 W/cm2.

intensity is increased from Fig. 4.5(c) to Fig. 4.5(h), the 7-photon and 8-photon

peaks are Stark shifted to lower nuclear energies, and additional structures in the

peaks emerge. The additional structures are believed to be due to the interferences

from the near-degeneracy of the 3pσu−7ω and 2sσg−6ω curves in Fig. 4.4(b) for

R < 7 a.u., i.e. the strong coupling inducing many 1-photon absorption/emission

paths that all lead to the same �nal dissociating state.

In Figure 4.3(b) the corresponding N -surface calculations with N = 4, 6 are

shown. For the N -surface calculations, the peaks are located in the same energy

region as the TDSE calculation, ranging from EN = 0.1 to EN = 0.35 for the

2sσg yields and from EN = 0.22 to EN = 0.5 for the 3pσu yields. However,

the structures in the spectra are very di�erent, indicating that coupling to even

higher excited electronic states and the double continuum are important. Thus,

the numerous previous descriptions of the dissociation process of H+
2 where the

2-surface model has been used [95, 96, 98�102], are inadequate to describe all the

correct dissociation processes. We have thus demonstrated here that the tSURFF

method can be used to e�ciently extract the NKER for dissociation.
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4.2 Continuum observables in many-electron

systems

For many-electron systems, the extraction of continuum observables from a TDSE

solver presents a challenge as well. We will here present a generalized tSURFF

method that is able to obtain the PAD and the di�erential PMS and PES for

single ionization from TD-GASCI, formulated in second quantization.

4.2.1 Single-ionization projection operator

We de�ne the operator

θ̂s =

∫
dqψ̂†(q)ψ̂(q)θrs(r), (4.34)

where ψ̂†(q) (ψ̂(q)) is a creation (annihilation) �eld operator with position-spin

coordinate q = (r, σ), the integral is
∫
dq ≡∑σ

∫
dr, and θrs(r) ≡ θ(r− rs) with

θ the Heaviside step function. The �eld operators satisfy the anti-commutation

relations {
ψ̂(q), ψ̂(q′)

}
=
{
ψ̂†(q), ψ̂†(q′)

}
= 0{

ψ̂(q), ψ̂†(q′)
}

= δ(r − r′)δσσ′ .
(4.35)

In Eq. 4.34, the surface radius rs is chosen su�ciently large such that for r > rs
the binding potentials can be neglected and the electron only feels the laser �eld.

To be a projection operator, θ̂s must be idempotent, satisfying θ̂s = θ̂sθ̂s, but a

simple calculation shows

θ̂sθ̂s =

∫
dq′
∫
dqψ̂†(q)ψ̂(q)ψ̂†(q′)ψ̂(q′)θrs(r)θrs(r

′)

= θ̂s + 2θ̂d,

(4.36)

with

θ̂d =
1

2

∫
dq′
∫
dqψ̂†(q′)ψ̂†(q)ψ̂(q)ψ̂(q′)θrs(r)θrs(r

′). (4.37)

The involvement of θ̂d in Eq. (4.36) seems to make θ̂s non-idempotent, but for all

the TD-GASCI partition schemes considered in this work, only a single particle is

included in the continuum, such that θ̂s is actually a projection unto the single-

ionized space. Indeed, by considering the total wave function |Ψ(t)〉 as a linear

combination of determinants with maximal one continuum orbital occupied in

each determinant, θ̂d |Ψ(t)〉 = 0 and θ̂s |Ψ(t)〉 t→∞== |S〉, where |S〉 contains only
the single-ionized terms of |Ψ(t)〉.



48 Chapter 4. Extraction of spectra from the TDSE

For completeness, we discuss here the general case of multiple ionization. Con-

sider �rst a TD-GASCI partition scheme with max two electrons in the continuum.

A simple calculation shows

θ̂dθ̂d = θ̂d + θ̂higher-order, (4.38)

with θ̂higher-order containing normal-ordered operator strings with three or more

�eld-operator pairs. As max two electrons in the continuum are assumed to be

allowed, θ̂d projects out the double-ionized part of the wave function, as can be

easily checked for the simple example θ̂dψ̂
†(q1)ψ̂†(q2) |0〉 = ψ̂†(q1)ψ̂†(q2) |0〉 with

r1, r2 > rs. The single-ionized part can be projected out by the operator θ̂s − θ̂d,
which satis�es the idempotent condition

(θ̂s − θ̂d)(θ̂s − θ̂d) =θ̂sθ̂s − (θ̂sθ̂d + θ̂dθ̂s) + θ̂dθ̂d

=(θ̂s + 2θ̂d)− 4θ̂d + (θ̂d + θ̂higher-order)

=(θ̂s − θ̂d) + θ̂higher-order.

(4.39)

For the general case, letNcont denote the maximal continuum electrons allowed

in a speci�c TD-GASCI scheme, and let m denote the speci�c ionization process,

with m = 1 for single ionization, m = 2 for double ionization and so on. The

projection operator that gives us the part of |Ψ(t→∞)〉 with exactly m ionized

electrons is

θ̂(Ncont,m) = θ̂m − θ̂m+1 − · · · − θ̂Ncont , (4.40)

with θ̂1 = θ̂s, θ̂2 = θ̂d, and the other θ̂i de�ned analogously.

As mentioned, for the TD-GASCI partition schemes considered in this the-

sis, a maximum of one electron is assumed in the continuum, meaning that θ̂s in

Eq. (4.34) is a projection onto the single-ionized space. This is assumed hence-

forth.

4.2.2 PAD �ux method

At asymptotic large times T when the ionized WPs have moved beyond the radius

rs, the probability of occupation in the single-ionized con�guration space is

Pion(T ) = 〈Ψ(T )| θ̂sθ̂s |Ψ(T )〉
= 〈Ψ(T )| θ̂s |Ψ(T )〉

= i

∫ T

dt 〈Ψ(t)|
[
H(t), θ̂s

]
|Ψ(t)〉 ,

(4.41)

where we used Eq. (4.37) at the second equality, and the Schrödinger equation

and the fundamental theorem of calculus at the third equality. The Hamiltonian
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in FNA

H = Te + VeN + Vee + VL(t), (4.42)

is given in terms of the �eld operators in second quantization

Te = −1

2

∫
dqψ̂†(q)∇2

rψ̂(q), (4.43a)

VeN =

∫
dqψ̂†(q)VeN (r)ψ̂(q), (4.43b)

Vee =
1

2

∫
dq

∫
dq′ψ̂†(q)ψ̂†(q′)Vee

(
|r − r′|

)
ψ̂(q′)ψ̂(q), (4.43c)

VL(t) =

∫
dqψ̂†(q)VL(r, t)ψ̂(q), (4.43d)

with the laser �eld interaction VL(r, t) = −iA(t) · ∇r in velocity gauge and

VL(r, t) = E(t) · r in length gauge. The following commutators can be derived

(not shown in this thesis) in spherical coordinates (a linearly polarized �eld in the

positive z direction is assumed),[
T, θ̂s

]
=

1

2

∑
σ

∫
dΩr2

(
∂

∂r
ψ̂†(q)ψ̂(q)− ψ̂†(q)

∂

∂r
ψ̂(q)

)∣∣∣∣
r=rs

, (4.44a)[
VeN , θ̂s

]
=
[
Vee, θ̂s

]
= 0, (4.44b)[

VL, θ̂s

]
=

{
−iA(t)

∑
σ

∫
dΩr2 cos θψ̂†(q)ψ̂(q)|r=rs (VG)

0 (LG)
(4.44c)

The �eld operators can be transformed into a spin-orbital basis

ψ̂†(q) =
∑
p̄

φ̄∗p̄(q)â†p̄

ψ̂(q) =
∑
q̄

φ̄q̄(q)âq̄,
(4.45)

with the spin orbitals φ̄p̄(q) = φp,ms(r, σ) = φp(r)χms(σ) = φp(r)δms,σ. Inseting

Eq. (4.44) into Eq. (4.41), and using Eq. (4.45), we obtain the �nal expression for

Pion in Eq. (4.41)

Pion =r2
s

∫
dΩ

∫ T

dt
∑
pq

Dpq(t)

×
{
i

2

[
∂

∂r
φ∗p(r)φq(r)− φ∗p(r)

∂

∂r
φq(r)

]
+Kpq(r, t)

}∣∣∣∣
r=rs

,

(4.46)

with

Kpq(r, t) =

{
A(t) cos θφ∗p(r)φq(r) (VG)

0 (LG)
(4.47)
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and the reduced one-particle spin-independent density matrix

Dpq(t) =
∑
σ

〈Ψ(t)| â†pσâqσ |Ψ(t)〉 . (4.48)

The expression for the PAD is then

dPion
dΩ

=r2
s

∫ T

dt
∑
pq

Dpq(t)

×
{
i

2

[
∂

∂r
φ∗p(r)φq(r)− φ∗p(r)

∂

∂r
φq(r)

]
+Kpq(r, t)

}∣∣∣∣
r=rs

.

(4.49)

When a CAP is placed at r > rCAP > rs to absorb the outgoing �ux and to prevent

re�ection at the simulation boundaries, one has to make sure that Eq. (4.49) is

unchanged when |Ψ(t)〉 is replaced by |Ψ′(t)〉, the solution to TDSE with the CAP

included. Obviously D′pq(t) =
∑

σ 〈Ψ′(t)| â
†
pσâqσ |Ψ′(t)〉 is not equal to Dpq(t) for

every p and q, but because the orbitals in the outer region φ∗p(r) are localized

FE-DVR functions, the sum in Eq. (4.49) will only run over indices p and q with

the Dpq(t) = D′pq(t) condition satis�ed. This shows that the PAD can be obtained

with Eq. (4.49) even when a CAP is used.

The radius rs is always taken outside the HF region, so the orbitals in Eq. (4.49)

are the primitive spatial orbitals. For atoms, the spherical coordinate system with

the orbitals φklm(r, θ, ϕ) = fk(r)Ylm(θ, ϕ)/r is the natural choice, and evaluation

of Eq. (4.49) is straightforward using the FE-DVR functions fk(r). In the case

of diatomics, the prolate spheroidal basis is preferred. For the calculation of

the PAD, a desired grid in spherical coordinates (rs, θi, ϕj) (with i, j grid in-

dices) is �rst de�ned, then transformed into the corresponding prolate spheroidal

grid (ζi, µi, ϕj) using Eqs. (D.2) and (D.6). The orbitals φp(ζi, µi, ϕj) and orbital

derivatives ∂φp(ζ, µ, ϕ)/∂r = (∂ζ/∂r)∂φp(ζ, µ, ϕ)/∂ζ+(∂µ/∂r)φp(ζ, µ, ϕ)/∂µ can

then be evaluated in at (ζi, µi, ϕj), and the PAD in Eq. (4.49) be calculated.

4.2.3 PMS and PES �ux method

We now derive a �ux method that can be e�ciently used to obtain the PMS and

PES for single ionization in multi-eletcron codes such as TD-GASCI.

Ionization channel

We de�ne a single-ionization channel

|Φc,p,ms(t)〉 = |Φion
c (t)〉 |φV (p,ms, t)〉 , (4.50)
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with |φV (p,ms, t)〉 describing a free electron with canonical momentum p and spin

projectionms, and |Φion
c (t)〉 the c'th ionic channel. We approximate |φV (p,ms, t)〉

by a Volkov state, so that the form of |φV (p,ms, t)〉 in spatial representation is

〈
r
∣∣φV (p,ms, t)

〉
=

{〈
r
∣∣p〉e−iSVG(p,t) |χms〉 , (VG)〈
r
∣∣p+A(t)

〉
e−iS

LG(p,t) |χms〉 , (LG),
(4.51)

with the spin ket |χms〉, the Volkov phases

SVG(p, t) =

∫ t

−∞

[
p2

2
+ p ·A(t′)

]
dt′,

SLG(p, t) =
1

2

∫ t

−∞

[
p+A(t′)

]2
dt′,

(4.52)

and 〈
r
∣∣p〉 = (2π)−3/2eip·r. (4.53)

The second quantized operator that describes a Volkov state φV
†
(p,ms, t) in the

spin-orbital representation is

φV (p,ms, t) = φV
†
(p,ms, t) |0〉 =

∑
i,σ

|i, σ〉
〈
i, σ
∣∣φV (p,ms, t)

〉
=
∑
i,σ

〈i, σ|
(∫
|r〉 〈r| d3r

)
|φV (p,ms, t)〉 â†i,σ |0〉

=
∑
i

∫
φ∗i,ms(r)

〈
r
∣∣φV (p,ms, t)

〉
d3r︸ ︷︷ ︸

≡φ∗i (p,t)

â†i,ms |0〉 .

(4.54)

Using Eq. (4.51), we obtain for the (spin-independet) momentum-space Volkov

orbitals

φ∗i (p, t) =

{
φ∗i (p)e−iS

VG(p,t) (VG)

φ∗i (p+A(t))e−iS
LG(p,t) (LG),

(4.55)

with the momentum space representation of the spatial orbital

φ∗i (p) = (2π)−3/2

∫
d3rφ∗i (r)eip·r. (4.56)

In Eq. (4.55) we see that φ∗i (p, t) in velocity gauge is just a position-independent

phase factor multiplied by the momentum space orbital, which often can be cal-

culated once, stored, and then reused at each time during time propagation. In

length gauge, on the other hand, since φ∗i (p) is not known analytically (at least

not derived here), to calculate φ∗i (p+A(t)), the integral in Eq. (4.55) must be

evaluated at each time-step, making it computationally unfeasible.
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PMS amplitude

At a su�ciently large time T at which all the single-ionized fragments has moved

into the con�guration space speci�ed by θ̂s, the momentum amplitude for single-

ionization into the channel state |Φc,p,ms(T )〉 can be written

bc,p,ms(T ) = 〈Φc,p,ms(T )| θ̂s |Ψ(T )〉

= i

∫
dt 〈Φc,p,ms(t)|

[
H, θ̂s

]
|Ψ(t)〉

= i

∫
dt 〈φV (p,ms, t)|

[
H, θ̂s

]〈
Φion
c (t)

∣∣Ψ(t)
〉
,

(4.57)

where we at the second equality used that the states |Φc,p,ms(t)〉 and |Ψ(t)〉 satisfy
the same TDSE. At the third equality in Eq. (4.57), we have commuted 〈Φion

c |
to the right as it assumed that the ionic bound state is con�ned to r � rs,

and the commutator acts near the surface r ≈ rs. The overlap between the

N -electron state and the (N−1)-electron ionic state,
〈
Φion
c (t)

∣∣Ψ(t)
〉
, is the (time-

dependent) Dyson orbital, which we here will denote as |Yc(t)〉. The evaluation

and implementation of the Dyson orbital in the TD-GASCI is described in Sec. 8.3.

Here, the Dyson orbital in spin-orbital representation can be written

|Yc(t)〉 ≡
〈
Φion
c (t)

∣∣Ψ(t)
〉

=
∑
i

〈
i,ms

∣∣Yc(t)〉︸ ︷︷ ︸
≡di(t)

â†i,ms |0〉 . (4.58)

To evaluate the time-dependent Dyson orbital, the (N −1)-electron ionic channel

states |Φion
c (t)〉 are needed at all times. We prepare the (N − 1)-electron ionic

state |Φion
c (T )〉 in the primitive basis of the N -electron problem, and obtain and

store the CI vector of |Φion
c (t)〉 by propagating it backwards in time to t = 0.

Insertion of the commutators (4.44), the basis transformations (4.45), and the

Volkov state (4.54) into Eq. (4.57), we obtain the expression for the channel-

resolved transition amplitude in velocity gauge

bVGc,p,ms(T ) = ir2
s

∫
dteiS

VG(p,t)

∫
dΩ

×
{

1

2

∑
pq

φp(p)

[
d

dr
φ∗p(r)φq(r)− φ∗p(r)

d

dr
φq(r)

]
r=rs

dq(t)

−iA(t) cos θ
∑
pq

φp(p)φ∗p(r)φq(r)dq(t)|r=rs

}
,

(4.59)
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and in length gauge

bLGc,p,ms(T ) = ir2
s

∫
dteiS

LG(p,t)

∫
dΩ

× 1

2

∑
pq

φp(p+A(t))

[
d

dr
φ∗p(r)φq(r)− φ∗p(r)

d

dr
φq(r)

]
r=rs

dq(t).
(4.60)

While the expression in length gauge seems to be of simpler form with one less

term compared to the velocity gauge expression, the evaluation of φp(p+A(t)) at

each time mentioned in previous subsection makes the length gauge form compu-

tationally unfeasible. Henceforth in this chapter we consider the velocity gauge.

Recently, similar expressions to the one presented in Eq. (4.60) were presented

in Ref. [103], used in the hybrid coupled channels approach. However, our cur-

rent calculation and derivation are done in second quantization, and are directly

applicable in the TD-GASCI method.

4.2.4 Demonstration of the �ux methods

Although the implementation of the PAD and PMS �ux methods should be pos-

sible and straightforward to implement in the spherical and prolate basis, this is

not yet done. Instead, to demonstrate the method, we implement it for a reduced-

dimensionality model for He, where the electrons are con�ned to one dimension

only. The Hamiltonian considered is

H(t) =
∑
i=1,2

(
−1

2

∂2

∂z2
i

− 2√
(zi − zH e)2 + 1

− iA(t)
∂

∂zi

)
+

1√
(z1 − z2)2 + 1

,

(4.61)

with zHe the position of the He nucleus.

For a sin2 pulse with ω = 1.5, F0 = 0.05 and Nc = 10, we calculate the PMS

using the �ux method for the single-ionization channel with the ion at t = T is

in the ground state. The CIS partition is used in the TD-GASCI, and results for

the total PMS for both spins projections

dP

dp
=
∑
ms

|bVGc,p,ms(T )|2 (4.62)

are shown in Fig. 4.6. Except at small values of |p| which are generally di�cult to

converge, the PMS is seen to be converged to the accuracy 10−9 w.r.t variation of

zs. Also plotted in Fig. 4.6 are the results obtained by calculating the momentum

distribution [68] at T

n(p, T ) =
∑
pq

ρpq(T )φ∗p(p)φq(p), (4.63)
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Figure 4.6: PMS for ionization of 1D He in the ionic ground state, calculated using the
CIS partition scheme in TD-GASCI, for a pulse with parameters ω = 1.5, F0 = 0.05 and
Nc = 6. Simulation box is z ∈ [0, 110] with the inner HF region z ∈ [50, 60] and the atom
placed at zHe = 55. Length of each FE interval is 2, 8 DVR function are used in each FE,
CAP acts in the region |z−zHe| > zCAP = 46, and �nal time in the propagation is chosen
as T = 150, with time step ∆t = 0.2. Also shown is the PMS from the momentum-space
density, obtained for time-propagation without CAP and z ∈ [0, 490], zHe = 245.

with ρpq the spin-independent density matrix. This way of obtaining the PMS

requires the asymptotic parts of the single-ionized WPs to be well-represented,

and time-propagation is performed without the CAP. The simulation volume is

z ∈ [0, 490] (zHe = 245), which should be compared to z ∈ [0, 110] used in the

�ux method, which again illustrates the advantage of �ux methods. The PMS

calculated in the two methods agree quite well.

In Table. 4.1 the ionization probabilities are shown, calculated using three

di�erent methods: integration of the �ux method PMS in Fig. 4.6; using the �ux

PAD method described in Sec. 4.2.2 adapted to 1D; and by calculating the norm

1 −
〈
Ψ(T )

∣∣Ψ(T )
〉
removed by the CAP. A single run of the program is used to

obtain all results in Table. 4.1. The total PAD �ux norm and CAP norm are

the same to the accuracy considered, indicating the accuracy of the �ux method.

The di�erence in norms between PMS integration and PAD �ux is because only

the PMS for ionization into the ground ionic state is calculated here, and thus

1.8× 10−5 is the norm for ionization into the excited states of He.

We have thus demonstrated that the �ux method derived for single ionization

for TD-GASCI works quite well.
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Table 4.1: Left, right, and total ionization probabilities for ionization of 1D He for a
pulse with ω = 1.5, F0 = 0.05 and Nc = 6. The total ionization probability in the last
row is the total norm removed by the CAP. The results are for rs = 40.

Left (10−3) Right (10−3) Total (10−3)

PMS integration 1.103 1.103 2.205
PAD �ux method 1.112 1.112 2.223
CAP norm 2.223



Chapter 5

Molecular dynamic interference

in the intense XUV regime

As discussed in the introduction, recent advances in laser technology has led to

the production of very intense femtosecond XUV laser pulses, with intensities

greater than 4 × 1017 W/cm2 being reported [43]. This has sparked the interest

in the theoretical investigation of ionization using such intense XUV laser pulses

in simple atomic systems [47, 48, 91, 104�106]. Modulations in the PES were

discovered, with the following explaination. Due to the external �eld, the �eld-

dressed ground state energy is shifted in time by the ac-Stark shift, which follows

the laser �eld intensity envelope. There are two times during the pulse at which

there is resonance conditions to the same continuum energy, once at the rising

part and another at the falling part of the laser pulse [47, 48]. The two electronic

wave packets ionized at the two di�erent times pick up di�erent phases during the

duration of the pulse and interfere in the continuum, resulting in the interference

structure observed in the PES. This ac-Stark shift induced e�ect is referred to

as the dynamic interference [48]. In this chapter, we show, by considering H+
2 ,

that the dynamic interference e�ect can be observed in molecules, and models are

presented to describe the e�ect.

5.1 Numerical results

For our numerical calculations, we use the simulation volume |x| ≤ 200 and

R ≤ 60, with grid spacings ∆x = 0.391 and ∆R = 0.059. The CAPs are placed

at xCAP = 110 and RCAP = 25, and the tSURFF surfaces placed at xs = 100,

Rs = 20. The ground state energy is found by ITP to be E0 = −0.597. We

work in VG, and the pulse envelope chosen to be a Gaussian with FWHM τ . The

56
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Figure 5.1: Spectra of H+
2 exposed to pulses with ω = 2.278, τ = 1.1 fs and two di�erent

intensities I. Main panels show the JES. The left and right dashed diagonal lines indicate
the energy conservations Ee + EN = E0 + ω and Ee + EN = E0 + ω + ∆, respectively,
with ∆ the Stark shift [Eq. (5.1)]. In the upper subpanels, thick, black curves show the
PES obtained by integration of the JES, while the thin, grey curves show the PES for
nuclei �xed at the equilibrium distance R0 = 2.06. The �xed nuclei PES are scaled for
better comparability with the moving nuclei PES. The dashed grey vertical lines show
the energy conservations and Stark shifted energies for the �xed nuclei calculations. In
the side subpanels, thick, black curves show the NKER obtained by integration of the
JES, while the thin, grey curves show the scaled re�ection principle results [Eq. (5.2)].
The horizontal dashed grey lines indicate the position EN = 1/R0.

carrier frequency of the laser pulse is chosen as ω = 2.278, allowing for dissociative

ionization by one-photon absorption, and the intensities are in the range from

I = 3×1017 W/cm2 to I = 24×1017 W/cm2. Here, we are speci�cally interested

in the �rst JES peak corresponding to one-photon absorption from the ground

state, located close along the diagonal line EN + Ee ≈ E0 + ω in the JES [see

Fig. 5.1]. Note that although the pulses considered in this work are intense, we

are still in the non-relativistic regime. Indeed, if the cycle-averaged quiver energy

of a free electron (the ponderomotive energy) Up = A2
0/4 is much less than its

rest energy mec
2 = 1372, we are in the non-relativistic regime [107�109]. This

condition is certainly satis�ed here, as even for the most intense pulse I = 24×1017

W/cm2 the ponderomotive energy is only Up = 3.29.
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Figure 5.1 shows the JES, NKER and PES for dissociative ionization of H+
2

for laser pulses with τ = 1.1 fs and two di�erent intensities. In the JES panels,

we de�ne the Stark energy shift ∆ of the ground state |Ψ0〉 to be the shift at the

�eld maximum, t = 0,

∆ = φ̇(0)− E0, (5.1)

where φ(t) is the phase of the ground state amplitude
〈
Ψ0

∣∣Ψ(t)
〉

= |
〈
Ψ0

∣∣Ψ(t)
〉
|e−iφ(t),

which is directly extracted from the TDSE calculations [105]. In the side subpan-

els of Fig. 5.1, the NKER from the TDSE calculations and the re�ection principle

are shown. The re�ection principle [110�112] amounts to the approximation where

the electron is emitted into the continuum by the laser at the internuclear distance

R, leaving behind two bare protons that Coulomb explode, gaining the kinetic en-

ergy EN = 1/R. The NKER is then obtained by re�ecting the probability density

of the initial vibrational state χ0(R), and weighting with −dR/dEN = 1/E2
N :

dP

dEN
∝ |χ0(1/EN )|2

E2
N

. (5.2)

In the upper subpanels of Fig. 5.1, the PES are shown for the moving nuclei

and �xed nuclei TDSE calculations. For the �xed nuclei calculations, we �x the

internuclear distance at the equilibrium R0 ≡ 〈Ψ0|R |Ψ0〉 = 2.06.

For the intensity I = 3× 1017 W/cm2 in Fig. 5.1(a), the JES displays a single

peak centered at (Ee, EN ) = (1.23, 0.46), with a region of zero density along the

line EN = 0.6 (perhaps more discernible in the NES). In the NKER panel, the

result for the re�ection approximation peaks at EN = 1/R0 = 0.484, a clear

shift with respect to the correct NKER peak located at 0.455. Furthermore, the

minima at EN = 0.6 is absent in the re�ection principle result. This is to be

expected, as the re�ection principle is a crude approximation, and can only be

used for qualitative analysis. In the PES panel, there is a shift of the peak of the

�xed nuclei result compared to the moving nuclei result. This shift is due to the

fact that the �xed nuclei result does not take into account the probability density

of the initial vibrational state |χ0(1/EN )|2.
For the more intense pulse in Fig. 5.1(b), additional structures appear in the

JES and the Stark shift is larger as indicated by the dashed energy conservation

lines in the JES. At least four peaks are now clearly visible in the JES, with the

largest one centered at (Ee, EN ) = (1.28, 0.44). The three most visible peaks are

more or less along energy conservation lines Ee +EN = 1.62, 1.72, 1.85 (lines not

drawn in Fig. 5.1(b)). In the NES, the TDSE result is shifted towards lower EN ,

with the magnitude of the shift similar to the case for the lower laser intensity

in Fig. 5.1(a). In the PES for moving nuclei, only two peaks are visible, with

the highest energy peak in the JES being weighted out from the integration of
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Figure 5.2: As Fig. 5.1, but for pulses with parameters ω = 2.278, I = 15×1017 W/cm2

and two di�erent pulse durations.

the JES. We therefore stress the importance of the JES: if only the PES and the

NKER were at our disposal, no information on the third peak in the JES could

be obtained. This extends the conclusion of Refs. [21, 22, 75] to the XUV regime

that the JES is a very useful observable.

It should be noted that in Ref. [91], it was suggested that the combination of

using small simulation volumes and CAPs placed at the box boundaries would

make it impossible to produce the dynamic interference in the PES, and enor-

mously large simulation volumes (radial coordinate up to rmax = 10000) were

used in their calculations to obtain the PES for hydrogen. However, as shown

in Fig. 5.1(b), it is indeed possible to observe interference e�ects in the JES and

PES by using t-SURFF in a small simulation volume |x| ≤ 200.

Figure 5.2 shows the JES for longer laser pulses τ = 5.6 fs, 11.1 fs, with

intensity I = 15 × 1017 W/cm2. The increase of the pulse duration has several

e�ects on the JES. Firstly, due to the smaller bandwidth of the laser pulse, the

JES in Fig. 5.2 are now narrower compared to the results for the shorter pulses

in Fig. 5.1. Secondly, the increase of pulse duration from 5.6 fs in Fig. 5.2(a) to

11.1 fs in Fig. 5.2(b) leads to more interference peaks emerging, similar to the

case of dynamic interference in hydrogen [48, 91, 105, 106], but now visible along
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the diagonal in the JES. In addition, the JES and NKER for the 5.6 fs pulse in

Fig. 5.2(a) are shifted toward smaller EN values compared to the shorter pulses

used in Fig. 5.1, with the peak now located around EN = 0.4 in the NES. For

the 11.1 fs pulse in Fig. 5.2(b), a peak is observed around EN = 0.36 in the NES,

while a "shoulder" structure is seen around EN = 0.42. When we compare the

PES results for moving nuclei to the corresponding �xed nuclei results in Fig. 5.2,

the PES for moving nuclei has its dynamic interference peaks completely smeared

out, with no interference patterns visible. Furthermore, the PES for moving nuclei

in Fig. 5.2(b) peaks at Ee = 1.31, a clear shift with respect to the �xed nuclei

peaks around Ee = 1.21. Thus, due to the inclusion of the nuclear degree of

freedom, the �xed nuclei results for the PES are completely wrong. This again

stresses the importance of using the JES for the detection of dynamic interference

in molecules.

5.2 Analysis of the JES

We will now analyze the structures in the spectra of Figs. 5.1 and 5.2, using two

methods.

5.2.1 Essential states expansion

In the �rst analysis we follow Ref. [48] and extend it to the molecular case of H+
2

by including the nuclear degree of freedom. The molecule-laser interaction is now

chosen in the length gauge, with V LG
L = βLGxF (t). The electric �eld is chosen

on the form F (t) = F0g(t) cos(ωt), g(t) a Gaussian envelope.

The wave function is �rst expanded in terms of the "essential" states consisting

of the initial state and the continuum eigenstates of the �eld-free Hamiltonian

|Ψ(t)〉 = c0(t) |Ψ0〉 e−iE0t +
∑
P

∫
dEe

∫
dENc

P
Ee,EN

(t) |uPEe,EN 〉 e
−iωt, (5.3)

where |uPEe,EN 〉 is a �eld-free continuum state of H+
2 with parity P ("e" for even,

"o" for odd), electronic continuum energy Ee and nuclear continuum energy EN .

The latter states are obtained in the BO approximation by the method outlined

in the Appendix B. Inserting Eq. (5.3) into the TDSE and projecting onto the

"essential" states, we arrive at the coupled di�erential equations:

iċ0(t) =

∫
dEe

∫
dEN

[
1

2
do∗Ee,ENF0

]
g(t)eiE0tcoEe,EN (t) (5.4a)

iċoEe,EN (t) =

[
1

2
doEe,ENF0

]
g(t)e−iE0tc0(t) + (Ee + EN − ω) coEe,EN (t), (5.4b)
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Figure 5.3: The transition dipole matrix element squared |doEe,EN
|2 =

| 〈uoEe,EN
|x |Ψ0〉 |2 [see the discussion of Eq. (5.4)].

where dPEe,EN = 〈uPEe,EN |x |Ψ0〉 is the transition dipole matrix element. In ob-

taining Eq. (5.4), we have used the RWA and the fact that the initial state |Ψ0〉 has
even parity. Furthermore, we have neglected the continuum-continuum couplings.

The solution to Eq. (5.4b) is given by

coEe,EN (t) = −i
[

1

2
doEe,ENF0

]
e−i(δ+E0)t

∫ t

−∞
c0(t′)g(t′)eiδt

′
dt′, (5.5)

where

δ = Ee + EN − ω − E0 (5.6)

is the detuning. The JES is then

∂2P

∂Ee∂EN
= |coEe,EN (T )|2 (5.7)

with T � τ .

We see from Eqs. (5.5) and (5.7) that in the present model, the structure

of |doEe,EN |
2 will determine the structure of the JES. The former is plotted in

Fig. 5.3. The highest-density region is located along EN = 0.45, immediately

explaining the peaks in the JES and NKER of Fig. 5.1(a). Furthermore, a valley

of zero density is seen in Fig. 5.3, explaining the minima in Fig. 5.1(a) located

around (Ee, EN ) = (1.1, 0.6) in the JES. However, Fig. 5.3 does not explain the

structures in Fig. 5.1(b), where the peak in the NKER is still at EN = 0.45, but

instead of a minimum at EN = 0.60, there is now a local maximum.

To calculate the JES using Eq. (5.7), we need to solve the coupled di�erential

equations in Eq. (5.4). These equations can be decoupled by following the pro-

cedure of Refs. [48, 105]. First, if c0(t′)g(t′) in Eq. (5.5) varies slowly compared

to the rest of the integrand, it can be taken out of the integral and evaluated at

time t. This approximation will be referred to as the local approximation. By
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evaluating Eq. (5.5), plugging the result into Eq. (5.4a) and solving the resulting

uncoupled di�erential equation, we obtain c0(t) on the form

c0(t) ∼= e−(i∆+Γ/2)J(t), (5.8)

where ∆ is the Stark shift, Γ the ionization rate, and

J(t) =

∫ t

−∞
g2(t′)dt′. (5.9)

As noted in Refs. [48, 105], ∆ is di�cult to calculate and also depends on the "non-

essential" states which were omitted in the present model. We therefore follow the

procedure proposed in Ref. [105] and extract ∆ from the TDSE calculations by

employing Eq. (5.1) and use it in Eq. (5.8). The Stark shift obtained in this way

is beyond the RWA. The expression for Γ obtained in the derivation of Eq. (5.8)

is

Γ = 2π

∫
dEe

∫
dEN |

dEe,ENF0

2
|2δ (E0 + ω − Ee − EN ) . (5.10)

Note that Eq. (5.10) can also be obtained using Fermi's golden rule. Compared

with the previous works on atoms [48, 105], Γ now contains an extra integral over

the nuclear kinetic energy, with the energies related by Ee + EN = E0 + ω. For

the laser pulse used in Fig. 5.1(a), the survival probability of the ground state in

the present model is

Pmodel
0 (∞) = |c0(∞)|2 = e−ΓJ(∞) = 0.978, (5.11)

which is comparable to the TDSE result PTDSE
0 = 0.975. This demonstrates

that the approximation (5.10) is not too bad, at least for the intensity used in

Fig. 5.1(a).

We may insert the approximation for c0(t) given by Eq. (5.8) into Eq. (5.5)

to obtain an approximate formula for the JES in the local approximation:

∂2P

∂Ee∂EN
∼= |1

2
doEe,ENF0

∫ T

−∞
g(t′)e−Γ/2J(t′)+iΦ(t′)dt′|2, (5.12)

with

Φ(t) = δt−∆J(t). (5.13)

It should be noted that because c0(t) of Eq. (5.8) was obtained in the local ap-

proximation, Eq. (5.12) also only works in this approximation, a point we will

come back to below. Figures 5.4(a) and 5.4(b) show the JES, calculated using

Eq. (5.12), and their corresponding PES and NES, for two di�erent pulse dura-

tions (same laser parameters as in Fig. 5.2). In the JES of Fig. 5.4(a), two peaks
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Figure 5.4: Panels (a) and (b): JES calculated using the approximation (5.12) (denoted
by �full� in the panels). Panels (c) and (d): JES calculated using the saddle-point
approximation (5.14) (denoted by �saddle� in the panels). Laser parameters are the
same as in Fig. 5.2, i.e. ω = 2.278, I = 24 × 1017 W/cm2 and two di�erent pulse
durations τ displayed in the �gure. The magnitude of the spectra are in arbitrary units.
The left and right dashed diagonal lines correspond to δ = 0 and δ = ∆, respectively.

are clearly visible, with a large peak located along Ee +EN = 1.71 and a smaller

one along Ee+EN = 1.68. This is in agreement with the results for the full TDSE

calculation shown in Fig. 5.2(a), where we also had two clearly visible peaks along

the same mentioned diagonals. However, in the present model where the ground

state is assumed to be the only bound state, the norm-squared of the dipole ma-

trix element |doEe,EN |
2 restricts the NKER to be centered around EN = 4.5, in

disagreement with Fig. 5.2(a). In the JES of Figure 5.4(b), three peaks are now

visible, along the diagonal lines Ee +EN = 1.68, 1.69, 1.71. The number of peaks

and diagonal positions of these peaks are in agreement with the full TDSE result

in Fig. 5.2(b). The spectrum is again incorrectly centered around EN = 4.5, due

to |doEe,EN |
2 and the insu�cient description of the nuclear degree of freedom.

To gain more physical insight into the structures of the JES in Figs. 5.4(a) and

5.4(b), we have evaluated Eq. (5.12) using the saddle-point approximation and in

this way obtained an approximate expression for the JES (see Refs. [48, 105] for
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the a similar expression for the PES in the atomic case):

∂2P

∂Ee∂EN
∝|
doEe,ENF0

2

∑
t=±ts

g(t)√
|Φ̈(t)|

e−Γ/2J(t)ei[Φ(t)+ζ(t)]|2

∝|
doEe,ENF0τ

2
√

∆ts
|2
{
e−ΓJ(−ts) + e−ΓJ(ts)

+ 2e−Γ/2[J(−ts)+J(ts)] cos [K(δ)]
}
,

(5.14)

with

K(δ) = −2δts −∆(J(−ts)− J(ts))− π/2. (5.15)

In Eqs. (5.14) and (5.15), ζ(±ts) = ±π/4; J(t) is given by Eq. (5.9); and ±ts are
the saddle points with

ts =
τ

2

√
ln(∆/δ)

2 ln(2)
(5.16)

satisfying the stationary-phase condition

Φ̇(±ts) = δ −∆g2(±ts) = 0. (5.17)

The JES calculated using the saddle-point expression (5.14) are shown in Figs. 5.4(c)

and 5.4(d). Comparing these results with Figs. 5.4(a) and 5.4(b), it is seen that the

saddle-point approximation captures the essential features of the JES calculated

using the full time-integral (5.12): the number of peaks perpendicular to the diag-

onal, the positions of the peaks, and the relative intensities of the peaks are qual-

itatively similar to the results of the full calculation. From the stationary-phase

condition (5.17) and the de�nition of g(t) in Eq. (2.7a), it is seen that for a saddle

point to exist, the detuning must belong to the interval δ ∈ [0,∆]. For δ lying in

this interval, K(δ) is a monotonically decreasing function, as dK/dδ = −2δ ≤ 0.

Furthermore, K(0) = ∆J(∞) − π/2 and K(δ) = −π/2. The total accumulated

phase of the cosine in Eq. (5.14) is thus ∆J(∞) =
√
π/(8 ln 2)∆τ ≡ 2πk, with

k corresponding to the number of oscillations. For τ = 5.6 fs the accumulated

phase is 1.19× 2π while for τ = 11.1 fs it is 2.38× 2π. These numbers are indeed

in qualitative agreement with the JES of Figs. 5.4(c) and 5.4(d), where slightly

more than one oscillation and slightly more than two oscillations are visible, re-

spectively. At ∆ = δ, the saddle point is ts = 0, and the approximation for the

JES in Eq. (5.14) diverges. This divergence is seen in Fig. 5.4 as the discrepancy

between the �full� results and the �saddle� results near the right dashed lines cor-

responding to ∆ = δ. We have thus demonstrated that the interference patterns

in the JES are indeed due to the dynamic Stark e�ect, where two contributions

to the same energy pair (Ee, EN ) in the JES coherently superimpose. Figure 5.4
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Figure 5.5: Vibrational distributions at the end of the laser pulses, for the laser pa-
rameters used in Figs. 5.1 and 5.2.

again con�rmed that the introduction of a nuclear degree of freedom makes the

dynamic interference e�ect completely invisible in the PES.

We now discuss the two main de�ciencies in the present model. The �rst one

is the neglect of the excited vibrational states in the expansion of Eq. (5.3), which

could have been populated during the pulse by impulsive Raman-type transitions

from the ground vibrational state. The vibrational populations of the �rst few

vibrational states at the end of the laser pulse are shown in Fig. 5.5. For the short

pulses considered in Figs. 5.5(a) and 5.5(b), the population is predominantly in

the vibrational ground state, and the expansion in Eq. (5.3) is expected to be

a good approximation. However, for the high intensity pulse with I = 24 ×
1017 W/cm2, the variation of c0(t′)g(t′) in Eq. (5.5) is comparable to the rest of

the integrand, and the local approximation cannot be applied. As a result, the

approximation for the JES in Eqs. (5.12) and (5.14) will fail. For the longer pulses,

the local approximation is expected to work well. However, the pulse energy of

the laser is much greater, meaning that much stronger Raman couplings and thus

much greater population of excited vibrational states is observed, as shown in

Figs. 5.5(c) and 5.5(d). The essential expansion in Eq. (5.3) that neglects the

excited vibrational states is thus expected to break down, which is indeed seen to

be the case by comparing the results of Figs. 5.2 and 5.4. Although Eq. (5.3) is

not expected to work well, the analysis in the present section is still useful, as it

provides insight into the structures of the JES in terms of dynamical interference,

provided that only the vibrational ground state is populated.

Another de�ciency in the present model is the neglect of continuum-continuum

couplings. The ponderomotive energy of the most intense pulse used is Up =
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Figure 5.6: JES calculated using Eq. (5.18) for the same laser parameters as in
Fig. 5.1(b), ω = 2.278, τ = 1.1 fs and I = 24× 1017 W/cm2.

3.29, larger than the photon energy ω = 2.278. This indicates that multiphoton

processes at these intensities cannot be neglected and will contribute to di�erences

in the JES calculated using the present model and the JES obtained from the full

TDSE calculations. Such di�erences were observed in the atomic case [91] in

terms of di�erences in the relative amplitudes of the peaks in the PES.

5.2.2 Re�ection method for the JES

In situations where ionization from the initial state is dominant, the JES can

be approximated by weighting the �xed nuclei results with the initial vibrational

density:
∂2P

∂Ee∂EN
∝ |χ0 (1/EN ) |2

E2
N

dP

dEe
(1/EN ) , (5.18)

where dP/dEe(R) is the PES calculated at the �xed internuclear distance R. We

refer to this model as the re�ection method for the JES. The JES calculated using

Eq. (5.18) for the �eld parameters in Fig. 5.1(b) are shown in Fig. 5.6. There is

indeed a good qualitative match, with all structures in the JES of Fig. 5.1(b)

accounted for in Fig. 5.6. The reason for this is simple: all of the electron-

laser couplings are included in dP/dEe(R) of Eq. (5.18), while there are minimal

populations of higher excited vibrational states (see Fig. 5.5).

For the longer pulses considered in Fig. 5.2 there is signi�cant vibrational

excitation during the pulse, as shown in Figs. 5.5(c) and 5.5(d), and the approx-

imation leading to Eq. (5.18) is not valid. This is indeed veri�ed by comparing

Fig. 5.7 with Fig. 5.2(a), where in Fig. 5.2(a) the JES is shifted towards lower

EN . Notice that we have solved the TDSE exactly at �xed internuclear distances

in the present approximation, meaning that the electronic continuum-continuum
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Figure 5.7: JES calculated using Eq. (5.18) for the same laser parameters as in
Fig. 5.1(a), ω = 2.278, τ = 5.6 fs and I = 15× 1017 W/cm2.

couplings neglected in the "essential states" model from Sec. 5.2.1 are included

here.

The shift towards lower nuclear energies in the JES of Fig. 5.2 compared

to Fig. 5.1 is due to the excited vibrational populations, which can be shown

qualitatively using the simple re�ection principle (5.2). In Fig. 5.8, results of

Eq. (5.2) for the lowest four vibrational states are plotted. For the τ = 5.6 fs

pulse in Fig. 5.2(a), the most populated vibrational state at the end of the pulse

is ν = 1. In Fig. 5.8, re�ection result for ν = 1 has the large peak at EN = 0.408,

thus explaining the peak in the NKER of Fig. 5.2(a) at around EN = 0.408.

Similarly, for the τ = 11.1 fs pulse in Fig. 5.2(b), the most populated vibrational

state is ν = 2, which in Fig. 5.8 has the largest peak located at EN = 0.366,

explaining the the peak in the NKER of Fig. 5.2(b) at around EN = 0.36. The

shoulder structure in the NKER of Fig. 5.2(b) at around EN = 0.42 can be

interpreted as resulting from the ν = 1 state.

5.3 Conclusion

We investigated dissociative ionization of H+
2 using intense, femtosecond XUV

laser pulses. Distinct interference structures in the JES were observed as the

laser intensity is increased. The �essential� states model was able to relate the

interference structures to the Dynamics interference e�ect. The PES and NKER

were shown to be inadequate for the observation of the dynamic interference e�ect

in H+
2 , stressing the importance of the JES.
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Chapter 6

Molecular breakup in the very

intense XUV regime

There has recently been a renewed interest [113�115] in the laser parameter regime

known as the stabilization regime [49, 50], where the ionization rate does not

necessarily increase with increasing laser intensities. The e�ect usually requires

the photon energy to be larger than the ionization potential, and experimental

evidence for the e�ect has not yet been observed in the XUV regime, most due to

the lack of laser systems with the required intensities. With the new laser sources,

such an observation could soon be possible. Theoretical investigations on the

stabilization e�ect have mostly been on atoms or molecules in the FNA, probably

due to the intuitive assumption that when the laser frequency is larger than the

ionization potential, ω > Ip, the dissociation channels will be so far o�-resonance

with the one-photon absorption that they will never contribute to the breakup

dynamics. In this chapter, we will show that while molecules stabilize w.r.t.

ionization, they do not necessarily stabilize w.r.t. dissociation. A theoretical

model is proposed to explain the observations, as well as predicting the control of

the breakup dynamics.

6.1 TDSE results

We propagate the TDSE with a time step of ∆t = 0.005. The box size is de�ned

as |x| ≤ 100 and R ≤ 80 with grid spacings ∆x = 0.391 and ∆R = 0.0781. The

ground state energy is E0 = −0.597, dissociation limit Ed = −0.5, equilibrium

internuclear distance R0 = 2.064, and ionization potential Ip = 1.1 at R0. We

work in VG, with the pulse envelope chosen to be of a Gaussian form. All pulses

used in this chapter satisfy the non-relativistic criteria 2Up/c
2 � 1 [108, 116] and

69
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Figure 6.1: Continuum probabilities for H+
2 interacting with intense laser pulses con-

taining 100 cycles, corresponding to τ = 2.1 − 15.8 fs. (a) and (b) DI and dissociation
probabilities for ω = 2.278, (c) and (d) DI and dissociation probabilities for di�erent ω2

and F0. The dashed line in (c) traces the position of the largest DI rate, calculated from
HFFT (see text). The dashed, straight line in (d) corresponds to α0 = F0/ω

2 = 2.41.
The inset in (d) shows the nuclear dynamics for pulse parameters tracing this line (see
Fig. 6.4 and the accompanying discussion).

the dipole condition Up/2ωc � 1 [117], with Up = F 2
0 /4ω

2 the ponderomotive

potential.

We obtain the total continuum probability from the TDSE calculations by

Ptot = 1− Pb, with the bound probability Pb obtained at the end of the pulse by

projection onto bound states of H+
2 . The ionization probability is calculated as

Pion = 1− Pbox, with Pbox the norm at T in the spatial region |x| ≤ 60, R ≤ 70.

For all pulse parameters considered, the dissociative WPs, moving on a much

slower time-scale than the ionized wave packets, are inside the box region at T .

The dissociation probability is �nally calculated as Pdis = Ptot − Pion.
Fig. 6.1(a) shows the DI probability Pion of H

+
2 by pulses with τ = 11.1 fs and

ω = 2.278. Pion increases with F0 for lower amplitudes until it reaches a maximum

at F0 ' 6.2, whereafter it decreases. The latter behavior indicates stabilization

with respect to DI [49]. Figure 6.1(b) shows the dissociation probability Pdis. For

the lower values of F0, no dissociation is observed as expected from pertubation
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theory. At F0 ' 9, dissociation sets in, increasing with F0, until it �saturates� at

F0 ' 15.

A complete picture is drawn in Figs. 6.1(c) and 6.1(d), which show Pion
and Pdis, respectively, as functions of F0 and ω2. For �xed ω the suppression

of DI for large F0 is evident [Fig. 6.1(c)]. Lobes corresponding to large Pion are

seen emanating from the origin. The dashed line traces the largest high-frequency

Floquet theory (HFFT) [118] rate, in reasonable agreement with the TDSE result.

A version of the HFFT generalized to include the nuclear degree of freedom is

described in the next section. The oscillatory behavior in Pion was discussed for

reduced-dimensionality atomic systems [49, 119, 120], and was attributed to the

two-center character of dressed the atomic wave function. In the case of Pdis in

Fig. 6.1(d), appreciable dissociation is observed for pulses with α0 = F0/ω
2 ≥

2.41 indicated by the dashed line. In this regime, Pion + Pdis = 1, implying

unity probability for breakup. The remnants of the lobes from DI are present

in Fig. 6.1(d), an indication of the di�erent time scales for DI and dissociation

processes: DI occurs during the pulse, and what is not ionized, dissociates after

the pulse. The physics of the dashed line is explained in the next section.

6.2 High-frequency Floquet theory

To understand the TDSE results, we apply the HFFT [49], which is here extended

to include the nuclei motion.

6.2.1 Kramers-Henneberger frame

Starting from the TDSE

i
∂

∂t
Ψ(x,R, t) = [Te + TN + VeN (x,R) + VL(t)] Ψ(x,R, t), (6.1)

and applying the unitary transformation

Ψ(x,R, t) = exp (−βα(t)d/dx) ΨKH(x,R, t) (6.2)

with the quiver motion α(t) =
∫ t
A(t′)dt′, the Kramers-Henneberger (KH) frame

TDSE is obtained:

i
∂

∂t
ΨKH(x,R, t) = [Te + TN + VeN (x+ βα(t), R)]ΨKH(x,R, t). (6.3)

Consider �rst a monochromatic �eld, withA(t) = (F0/ω) cos(ωt), α(t) = α0 sin(ωt),

and α0 = F0/ω
2. The periodic potential allows the Floquet ansatz for ΨKH(x,R, t)
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and the Fourier expansion of VeN (x+ βα(t), R) in the KH TDSE:

ΨKH(x,R, t;α0) = e−iE(α0)t
∞∑

n=−∞
φn(x,R;α0)einωt

VeN (x+ βα(t)) =

∞∑
n=−∞

Vn(x,R;α0)einωt
(6.4)

with the parametric dependency on the quiver amplitude α0 is explicitly stated,

and with the Fourier components given by

Vn(x,R;α0) = (ω/2π)

∫ 2π/ω

0
VeN (x+ βα(t), R)e−inωtdt. (6.5)

The resulting coupled di�erential equations

[H0(x,R;α0)− E(α0)− nω]φn(x,R;α0) = −
m 6=n∑
m

Vn−m(x,R;α0)φm(x,R;α0),

(6.6)

with H0(x,R;α) ≡ He(x,R;α0)+TN and He(x,R;α0) = Te+V0(x,R;α0), can be

treated in the framework of HFFT, where E(α0) and φn(x,R;α0) are expanded

in terms of contributions of increasing orders in ω−1.

6.2.2 Structure equation

To zeroth-order, corresponding to ω → ∞ at �xed α0, Eq. (6.6) reduces to the

structure equation [49, 121]

H0(x,R;α)u(x,R;α0) = W (α0)u(x,R;α0), (6.7)

with W (α0) and u(x,R;α0) being the zeroth order approximations to E(α0) and

φ0(x,R;α0), respectively. The Hamiltonian in Eq. (6.7) is Hermitian, which im-

plies thatW is real and no ionization occurs to �rst order in HFFT. Equation (6.7)

is solved in the BO approximation. For the bound states, it is assumed

ui,ν(x,R;α0) = ξi(x;R,α0)χν(R;α0), (6.8)

with electronic states ξi(x;R,α0) and nuclear vibrational states χν(R;α0) satis-

fying
He(x;R,α0)ξi(x;R,α0) = Vel,i(R,α0)ξi(x;R,α0)

[TN + Eel,i(R;α0)]χν(R;α0) = Wi,ν(α0)χν(R;α0),
(6.9)

where Vel,i and Wi,ν are the �eld-dressed BO potential curves and eigenenergies,

respectively.
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Figure 6.2: (a) �eld-dressed ground BO curves Vel,1(R,α0), with the dashed line
showing the �eld-free dissociation limit. (b) �eld-dressed ground state energy W1,0,
(c) internuclear distance R0 ≡ 〈u1,0|R |u1,0〉, and (d) vibrational timescale Tv ≡
2π/(W1,1 −W1,0), as functions of α0.

Figure 6.2 shows Vel,1(R,α0), W1,0(α0), the equilibrium internuclear distance

R0(α0) ≡ 〈u1,0(α0)|R |u1,0(α0)〉 and the vibrational time scale Tv(α0) ≡ 2π/
[
W1,1(α0)−

W1,0(α0)
]
, as functions of α0. With increasing α0, the BO curve is shifted upwards

in energy, towards greater R, and becomes gradually shallower, which imply the

increase of W1,0(α0), R0(α0), and Tv(α0). The generality of such observations for

diatomic molecules in the small-α0 limit is discussed in Appendix C.

6.2.3 HFFT rates

The unbound solutions to Eq. (6.7) is chosen on the form uPEeEN (x,R;α0) =

ξPEe(x,R;α0)χEN (R;α0), satisfying[
He(x;R,α0)− 1

R

]
ξPEe(x;R,α0) = Eeξ

P
Ee(x;R,α0)[

TN +
1

R

]
χEN (R;α0) = ENχEN (R;α0),

(6.10)

with P denoting the parity, and Ee (EN ) the electronic (nuclear) kinetic energy.

A numerical method that can be used to solve these equations were presented in

Appendix B.

For �nite ω, the energy gains an imaginary term, E(α0) = Re[E(α0)] −
iΓ(α0)/2, with Γ(α0) the ionization rate. In �rst-order HFFT the total rate
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Figure 6.3: One-photon ionization rate Γ1 as a function of F0 and ω
2. The dashed line

traces the maximum of the largest �lobe�.

is

Γ(α0) =
∑
m 6=0

Γm(α0), (6.11)

with the m-photon rate

Γm(α0) =2π 〈u1,0(α0)|V−m(α0) (6.12)

× δ
[
W1,0(α0) +mω −H0(α0)

]
Vm(α0) |u1,0(α0)〉 (6.13)

=
∑
P

∫
dEe

∫
dEN

∂2ΓPm(α0)

∂Ee∂EN
, (6.14)

and
∂2ΓPm(α0)

∂Ee∂EN
=2π| 〈uPEe,EN (α0)|Vm(α0) |u1,0(α0)〉 |2

× δ(W1,0(α0) +mω − Ee − EN ).

(6.15)

To obtain Eq. (6.14), the identity

1 =
∑
i,ν

|ui,ν(α0)〉 〈ui,ν(α0)|+
∑
P

∫
dEe

∫
dEN |uPEe,EN (α0)〉 〈uPEe,EN (α0)| .

(6.16)

was inserted. For the ω's considered here, we checked that Γ(α0) ' Γ1(α0).

Figure 6.3 shows Γ1(α0) as a function of F0 and ω
2. The dashed line traces the

largest �lobe� corresponding to the largest ionization rate, which is also plotted in

the TDSE results of Fig. 6.1(c). The deviation of this line from the largest �lobe�

in Fig. 6.1(c) is partly due to Γ being the rate calculated for a monochromatic

�eld. A pulse with a smooth turn-on and αmax at the �eld maximum, will sweep

though all intermediate values of quiver amplitudes 0 < α0 < αmax. For this

reason the �lobe� in Fig. 6.1 is shifted towards higher F0 compared to the line

tracing the ionization rate.
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Figure 6.4: Schematic of the nuclear dynamics in the KH frame for di�erent α0 and τ .
For (a)-(c), α0 = 3.25, and for (d)-(f), α0 = 1.87. In each panel, from bottom to top, the
lowest �eld-dressed BO curve is shown for di�erent times corresponding to α0(t) = 0,
1.87, (and 3.25). The lowest three �eld-dressed vibrational levels are indicated. The
horizontal lines indicate Ed. The arrows sketch the pathways of the vibrational WP
during the turn-on and -o� of the pulse. The �nal position of the WP after the pulse is
shown in dark blue.

6.3 Physical model based on HFFT

For pulsed laser �elds, we let the maximal quiver amplitude vary with the �eld

envelope, α0 → α0(t) ≡ α0g(t). The lowest BO curve is plotted in Fig. 6.4

for α0(t) = 0, 1.87 and 3.25. In accordance with the last section, W1,0(α0(t)),

R0(α0(t)), and Tv(α0(t)) all increase with α0(t).

A qualitative model of the dissociation mechanism is now presented, which

will be validated later by TDSE calculations. Let τ be the time scale for the

turn-on (and -o�) of the laser pulse, and α0,th satisfy W1,0(α0,th) = Ed, i.e. the

quiver amplitude at which the dressed ground state equals the dissociation limit
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[inset of Fig. 6.1(d)]. Provided the pulse satis�es

(i) α0 > α0,th

(ii) Tv(0) ∼ τ
(iii) Tv(α0)� τ

the dissociation process occurs as follows (illustrated in Fig. 6.4(b)). During

the turn-on of the pulse, (ii) ensures the population to follow the �eld-dressed

ground state adiabatically. At the �eld maximum, (i) implies that the bound WP

populates dressed eigenstates with energies greater than Ed. Due to (iii), the turn-

o� of the pulse can be considered sudden, and the nuclear WP does not feel the

fast change of the electronic potential, leaving its position and energy unchanged.

After the pulse, the nuclear WP is trapped above Ed, resulting in dissociation via

the �eld-free electronic ground state, with NKER given by EN (α0) = W1,0(α0)−
Ed.

The laser �eld regime for which Pdis is nonzero in the TDSE calculations of

Fig. 6.1(d) satis�es (i)-(iii). For H+
2 , we have α0,th = 2.41, Tv(0) = 15.2 fs and

Tv(α0,th) = 41.7 fs. In Fig. 6.1(d), the onset of dissociation is indeed around

the dashed line corresponding to α0 = α0,th. This agreement supports the the

physical model. The frequency range ω2 = 2 − 8 in Fig. 6.1(d) where Pdis is

nonzero corresponds to τ = 9.0 − 17.9 fs, which ful�lls condition (ii) at least

approximately. For α0 > α0,th, we have τ � Tv(α0,th) < Tv(α0), and condition

(iii) is satis�ed as well. DI occurs throughout the whole duration of the pulse due

to higher-order Floquet components in VeN (x + βα(t), R). In the stabilization

regime, DI is greatly suppressed, leaving the population trapped above Ed to

dissociate. This explains Pion + Pdis = 1 in the parameter regime of Fig. 6.1(d)

where Pdis is nonzero.

Figures 6.4(a) and (c) illustrate the cases for which (i) is satis�ed, but (ii)

and (iii) are not. In the case where the pulse duration is short, τ � Tv(0), the

perturbation can be considered sudden, and the initial population is una�ected,

resulting in no dissociation [Fig. 6.4(a)]. For long pulses τ � Tv(α0), the adiabatic

approximation is accurate, and the initial state follows the dressed ground state

throughout the whole pulse resulting in a �nal bound distribution similar to the

initial population [Fig. 6.4(c)]. For the case where (ii) and (iii) are satis�ed, but

with α0 < α0,th, no dissociation occurs. Instead, an excited vibrational WP is

created containing �eld-free vibrational states with quantum numbers ν satisfying

W1,ν(0) = W1,0(α0) [Fig. 6.4(e)].

The qualitative physical model is validated by TDSE calculations. Figure 6.5

shows Pion, Pdis and Pion +Pdis for ω = 2.278 and di�erent pulse durations Nc as
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Figure 6.5: (a) Ionization Pion, (b) dissociation Pdis, and (c) continuum probabilities
Pion + Pdis for ω = 2.278 and di�erent pulse durations as a function of F0. The dotted
vertical line indicates the F0 corresponding to the onset of dissociation at α0,th = 2.41
(see text).

a function of F0. While Pion in Fig. 6.5(a) increases with Nc for a �xed F0, Pdis in

Fig. 6.5(b) behaves di�erently. For Nc = 20 (τ = 2.2 fs � Tv(0) = 15.2 fs), there

is minimal dissociation in accordance with the model predictions [Fig. 6.4(a)]. For

a given F0, Pdis increases with Nc until it reaches a maximal value at Nc ' 60−80,

whereafter Pdis decreases due to adiabaticity. For pulses in the rangeNc = 60−140

and the larger F0, the saturation condition Pion+Pdis = 1 [Fig. 6.5(c)] contributes

to the decrease in Pdis. For these Nc's the onset of dissociation is approximately

at the dotted line corresponding to α0 = α0,th, consistent with Fig. 6.4(b). For the

pulse with Nc = 200 (τ = 22 fs), Pdis is less than 0.3, consistent with the picture

that the population follows the �eld-dressed states adiabatically and dissociation

is suppressed [Fig. 6.4(c)].

6.4 Control of the wave packet

The mechanisms described in Fig. 6.4 imply that by varying τ and α0, the vi-

brational populations, dissociation yields, and NKER can be controlled. This

prediction is con�rmed by the TDSE results of Fig. 6.6, which shows the bound

vibrational populations and the NKER spectra for the 1sσg state at the end of

the pulse, for ω = 2.278, F0 = 1 − 17.9, and Nc = 10 − 500. We checked that

no dissociation occurs via the excited electronic states. For Nc = 10, the ν = 0
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Figure 6.6: Vibrational distributions at the end of the pulse (bottom panels), and
NKER spectra for dissociation in the ground electronic 1sσg state of H+

2 (top panels).
The laser pulses have ω = 2.278, varying F0, and di�erent Nc. For a given Nc, a vertical
cut through the top and bottom panels correspond to a single TDSE calculation. The
vertical axes are equidistant in energy using the same scale for the bound (bottom panels)
and continuum (top panels) parts. Each row has the same color scale. The dotted lines
indicate the energies of the �eld-dressed vibrational ground state at �eld maxima with
respect to the dissociation limit, W1,0(α0)− Ed.

level is most populated, except at F0 & 14 where strong non-adiabatic couplings

excite some vibrations. No dissociation occurs, in agreement with Fig. 6.4(a).

For Nc = 140, the vibrational population and the NKER spectra follow approxi-

mately the dotted line corresponding to W1,0(α0)−Ed. This is in agreement with

Figs. 6.4(b), 6.4(e), and the accompanying discussions, where we argued that

the energy of the �nal WP with respect to Ed after the pulse is W1,0(α0) − Ed.
If W1,0(α0) < Ed, the WP is bound, and �eld-free vibrational states satisfy-

ing W1,ν(0) ' W1,0(α0) are populated. If W1,0(α0) > Ed, the WP dissociates

with NKER EN ' W1,0(α0) − Ed. Note that the onset of dissociation occurs at

F0 ' ω2α0,th. From Nc = 140 to Nc = 500, the adiabatic approximation for the

evolution of the WP described in Fig. 6.4(c) becomes gradually more appropriate,

with the �eld-free vibrational ground state populated up to increasingly larger F0.

For Nc = 350 − 500, no dissociation occurs. By suitable choices of τ and F0, we

can thus control the �nal vibrational populations and the NKER spectra.
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Figure 6.7: Time-resolved analysis showing the buildup of the JES for DI during a
laser pulse with parameters α0 = 2.41, ω = 2.278, and Nc = 100. Diagonal lines indicate
the energy conservations Ee + EN = E0 + ω (left lines) and Ee + EN = W1,0(α0) + ω.
The upper and side subpanels show respectively the photoelectron and NKER spectra.
Q1, . . . ,Q4 denote the four maxima.

6.5 Probing the dissociative WP

As discussed, ionization happens throughout the whole duration of the pulse,

leading to the possibility of probing the dissociation process by monitoring the

DI channel. To understand the interplay between DI and dissociation, Fig. 6.7

presents the formation of the JES for the DI process, determined by the tSURFF

method. Note that compared to Fig. 6.6, the NKER energies from DI are much

greater than that from dissociation. The JES after the pulse (t = ∞) shows

four distinct peaks, denoted by Q1, . . . ,Q4. The physical picture in Fig. 6.4(b)

explains these. At t = −6.7 fs, the Stark shift ∆(t) ≡ W1,0(α0(t)) − E0 is

negligible, and ionization produces Q1 in the JES along the line corresponding to

the one-photon resonance Ee + EN = E0 + ω. At t = 0, according to the model,

the nuclear WP has the largest Stark shift ∆(0) = 0.09732, and ionization leads

to Q2 along the shifted one-photon resonance Ee +EN = W1,0(α0) +ω. At t > 0,

the population stays above Ed and dissociates. During dissociation, ionization

occurs at large R, leading to Q3 and Q4 with low EN in the JES at t = 6.7. The

structure of Q3 and Q4 will not be discussed here. Note that Q1 is unchanging in

magnitude and position for t > 0, consistent with the model prediction that no

�eld-free bound states become repopulated during pulse turn-o�. For this reason

the dynamic interference e�ect discussed in Chapter 5, where ionized WPs with

equal continuum energy created during the rising and falling edges of the pulse
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interfere, is not observed. These insights indicate that dissociation and probing

of dissociation by DI can be achieved using a single pulse, with the nuclear WP

being promoted to the �eld-free dissociation continuum during turn-on (pump)

and probed through DI during turn-o�.

6.6 On the generality of the model

The dynamics in terms of the physical model has two requirements:

a) Stabilization with respect to DI; (6.17)

b) Increase of Eel,1 and Tv with α0. (6.18)

Consider �rst a). We expect stabilization to occur in two-electron molecules

such as H2, D2, and HeH+, provided ω > Ip [114, 122]. For other diatomics like

N2, O2, CO, or NO, the orbital energies can be grouped into two classes formed by

innershells with energies less than -11, and outershells with energies larger than

-2. The same classi�cation holds for triatomic molecules (e.g., CO2 and H2O),

and even larger systems like naphthalene. For typical ω's considered in this work,

e.g. 2-3, the outershells satisfy ω > Ip where we expect stabilization, while

innershell electrons can be excited to Rydberg states by multiphoton absorption

and subsequently be stabilized [49, 50].

Now consider b). For large α0, it has been shown that Eel,1 ∝ α
−2/3
0 [122,

123], while a perturbative analysis for small α0 [124] shows that for a general

diatomic molecule, Eel,1, R0, and Tv increases with α0. For intermediate α0,

using quantum chemistry codes, the requirement b) was also ful�lled for H2 [123,

125, 126]. Even when the molecule is not aligned with the linearly polarized

�eld, the mentioned two requirements a) and b) still holds [123, 127], indicating

that the observed dynamics would also occur in non-aligned molecules. In light

of these considerations, the described dynamics are expected to be observable in

two-electron diatomics, while further studies are required to determine whether

this is generally the case.

For a molecule X2, with X some atomic species, the charged fragments X+

and e from DI can be detected in coincidence by cold-target recoil ion mo-

mentum spectroscopy [51]. The resulting JES will contain structures satisfying

Ee + 2EX+ = W1,0(α0) +ω for outershell DI, and Ee + 2EX+ = W1,0(α0) +nminω

for innershell DI, with nmin the minimum number of photons required. A large

spread in EX+ containing low-energy X+ fragments is a signature of continuous

ionization during dissociation towards larger R, and thus a direct indication of

the dressed dissociation channel (see Q2-Q4 in Fig. 6.7 for H+
2 ).
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6.7 Conclusion

We have characterized some hitherto unobserved molecular breakup phenomena

in the regime of super-intense, high-frequency, femtosecond pulses, adding insight

to the general �eld of strong laser-matter interaction. The characteristics we �nd

include: (i) Even with full inclusion of nuclear dynamics, stabilization against

ionization occurs. (ii) A mechanism by which dissociation, in contrast to the ex-

pectation from energy considerations, completely dominates over ionization; (iii)

Control over the vibrational distribution, dissociation yield, and NKER spectra

by the parameters of the laser pulse; (iv) Insight into the interplay between dis-

sociation and DI, and possibilities of measuring the dynamics using the JES.



Chapter 7

Inter- and intracycle

interference effects in

dissociative ionization

7.1 Motivation

As mentioned in the introduction, a characteristic atomic strong-�eld photoelec-

tron spectrum (PES) features peaks separated by the photon energy, and the

corresponding process is referred to as above threshold ionization (ATI) [9]. The

appearance of such structures in the PES can be interpreted as interference be-

tween electronic wave packets (WPs) released during di�erent cycles of the pulse,

referred to as intercycle interferences. A decade ago, it was demonstrated that

the PES can exhibit structures with modulations on larger energy scales than

that of the photon, which were interpreted as intracycle interferences between

WPs released during the same subcycle [11, 12, 128]. The signatures of intra-

cycle interferences have been di�cult to identify clearly in the complex spectra

following strong-�eld ionization of atoms by linearly polarized laser pulses, but

a two-color scheme with orthogonally polarized pulses very recently allowed a

unique identi�cation in Ar [129].

In the JES of the electron Ee and nuclear EN energies, diagonal maxima

separated by the laser frequency, ω, appear in the continuum JESs showing the

energy sharing between electron and nuclei,

Ee + EN = E0 + nω − Up. (7.1)

The traditional ATI peaks in the PES were shown to be either badly resolved or

gone completely due to the energy sharing [21, 75]. For �eld parameters close to

the tunneling regime, the electrons were claimed to not share the energy with the

82



7.2. TDSE results 83

nuclei at all due to tunneling electrons [21], leading to a distribution of EN for

�xed Ee, i.e., for Ee ' const [Figs. 4(a) and (b)].

In this chapter, we show that the exact inclusion of the nuclear degree of

freedom in ionization by strong few-cycle laser pulses leads to clear holographic

interference structures in the JES that at �rst sight defy standard energy con-

servation interpretations with pronounced cross-diagonal structures, i.e., maxima

approximately at Ee−EN ' const′ [Fig. 1(c)]. In the JES with EN vs Ee we then

have (i) diagonal maxima with postive slope [Eq. (7.1)], (ii) vertical maxima at

constant Ee (in�nite slope), and (iii) cross-diagonal maxima with negative slope.

We show that all the structures (i)-(iii) are due to intra- and intercycle interfer-

ence e�ects and the laser dependent DI dynamics. The main characteristics of

the JES may be controlled by changing the frequency and carrier-envelope phase

(CEP) of the driving pulse. The interplay between intra- and intercycle structures

are present in the JES for all wavelength considered, but are especially clear for

DI with midinfrared pulses. We note that there are di�erent de�nitions of the

midinfrared frequency regime, with 2000 nm often being the lower wavelength

threshold of the de�nition. In this chapter, we will refer to the 1600 nm pulse as

a midinfrared pulse.

7.2 TDSE results

We base our study on the 1D H+
2 model, and work in VG with the vector potential

A(t) =
F0

ω
g(t) cos

[
ω
(
t− τ

2

)
+ ϕCEP

]
, (7.2)

and a sine-squared envelope g(t). The dipole approximation holds for laser pulses

considered here [36, 117].

Figure 7.1 shows the JES for H+
2 after exposure to �elds from the visible to

the midinfrared regime. For the 400 nm pulse in Fig. 7.1(a), the characteristic

diagonal peaks satisfy Eq. (7.1) [1, 21, 22, 75]. Due to the short pulse, electrons

detected at ±x have di�erent JESs [Fig. 7.1(a) insets]. Modulations along each

diagonal is also observed. In the 800 nm case [Fig. 7.1(b)], in addition to the

diagonal peaks, oscillatory structures on larger energy-scales are discernible, e.g.,

a strucure with maximum at Ee = 1.6, and cross-diagonal structures with a

positive slope shown in the insets. For the 1600 nm case in Fig. 7.1(c), the

JES is, at �rst glance, completely dominated by the cross-diagonal structures,

seemingly satisfying the nonintuitive energy-conservations Ee−EN = const′. The
insets show diagonal peaks, now superimposed on the cross-diagonal structures.

Although one can distinguish fast oscillations superimposed on slower ones in
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Figure 7.1: JES of H+
2 after exposure to laser pulses with I = 3×1014 W/cm2, Nc = 6,

and (a) λ = 400 nm (b) 800 nm (c) 1600 nm, calculated by TDSE. The side and upper
subpanels show nuclear spectra and PES. The grey lines shows the �xed-nuclei PES with
R = 2.06 with rescaled magnitude. The left and right insets show zooms of the JES
in the rectangular box, for electrons escaping in the positive and negative x-direction,
respectively. The red markers indicate values of Up.

the �xed nuclei PES in Fig. 7.1(c), they are completely washed out in the PES

for moving nuclei, proving that for real molecules, the traditional PES is a poor

observable. As we will show in the following, the di�erent structures in the JES

are due to the interplay between subcycle and intercycle interferences.

7.3 Strong-�eld approximation

In the strong-�eld approximation (SFA) [52, 54�56], the transition amplitude

for direct ionization to the double continuum reads (we set µ ≡ βVG ≡ 1 for

simplicity)

Tp,k = −i
∫ τ

0
dt 〈φp(t)χk(t)| ṼI(t) |Ψ0(t)〉 , (7.3)

with ṼI(t) = −iA(t)∂/∂x+A(t)2/2 the laser-matter interaction, |Ψ0(t)〉 = |Ψ0〉 e−iE0t,

|φp(t)〉 = |φp〉 e−i
∫ t dt′[p+A(t′)]2/2 the Volkov wave with Ee = p2/2, and |χk(t)〉 =
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|χk〉 e−ik
2t/mp the Coulomb wave solution to TN + VN with EN = k2/mp. We

calculate Tp,k in the saddle-point approximation [130],

Tp,k =
∑
s

Mp,k(ts)e
iSp,k(ts). (7.4)

The SFA phase is

Sp,k(t) =

∫ t{ [p+A(t′)]2

2
+ EN − E0

}
dt′, (7.5)

and

Mp,k(ts) = −i
〈
φpχk

∣∣Ψ0

〉
eiϕs

√
2π

|S̈p,k(ts)|

[
pA(ts) +

A2(ts)

2

]
, (7.6)

with

ϕs =
−θs + ξsπ

2
, (7.7)

where iS̈(ts) = |S̈(ts)|eiθs , and the term involving ξs = ±1 in Eq. (7.7) corre-

sponds to the forward and backward directions along the integration trajectories

of steepest descent. The angle ϕs determines the relative phase between the terms

in Eq. (7.4) and must be evaluated correctly. By considering the global behavior of

e.g. |eiS(t)|2 = e2 Re[iS(t)], we can show that for the present case, ϕs ∈ [−π/2, π/2]

(the principal argument is chosen to lie in the interval ] − π, π]). The complex

saddle points ts are solutions of

Ṡp,k(t) =
[p+A(t)]2

2
+ EN − E0 = 0 (7.8)

with 0 < Re(ts) < τ and Im(ts) > 0, and Ṡp,k (S̈p,k) denotes the derivative

(double-derivative) of Sp,k with respect to time, t. For an Nc-cycle sin2 pulse there

are 2(Nc + 1) solutions. The terms in Eq. (7.4) correspond to quantum paths for

electrons and nuclei reaching the same �nal momentum pair (p, k) but released at

di�erent times Re(ts), leading to interference in the continuum. The left panels

of Fig. 7.2 show the SFA JESs obtained from |Tp,k|2. We use a logarithmic scale

for the SFA analysis due to its qualitative nature. The qualitative similarities

with Fig. 7.1 are evident. For 400 nm, the SFA shows three lobes eminating in

the cross-diagonal direction, with diagonal structures superimposed on each lobe,

which are consistent with the modulations along the diagonals in Fig. 7.1(a). For

800 nm and 1600 nm in Fig. 7.2, the same trend is observed, with shorter spacings

between the cross-diagonal structures as the wavelength is increased.
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Figure 7.2: Left panels: JES calculated with SFA. Middle and right panels: Intracycle
Gintra
p,k and intercycle Ginter

p,k contributions [Eq. (7.22)] assuming a constant �eld envelope.

The pulse parameters are I = 3×1014 W/cm2, Nc = 6, and from top to bottom: λ =400
nm, 800 nm, and 1600 nm.

7.3.1 Analytic expressions for a �at-top pulse

For further analysis, we consider an Nc-cycle �at-top pulse

A(t) =


A0(t) for t ∈]−∞, 0[,
F0
ω cos(ωt+ ϕCEP) for t ∈ [0, τ ],

A1(t) for t ∈]τ,∞[,

(7.9)

with A1(t) and A2(t) the smooth pulse turn-on and turn-o�. In the following,

we consider only the �at-top segment t ∈ [0, τ ] of the pulse to obtain analytical

expressions and make physical interpretations.

We will only treat the case with p > 0, as the case with p < 0 can be treated

analogously and will not be discussed here. The equation for the saddle points in

Eq. (7.8) can be rewritten

cos(ωt+ ϕCEP) = −κ± iγ, (7.10)

where we have de�ned the scaled momentum

κ =
ωp

F0
(7.11)

and the EN -dependent Keldysh parameter

γ =
ω
√

2(−E0 + EN )

F0
. (7.12)
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We denote the two complex solutions ts during the j'th optical cycle in Eq. (7.10)

satisfying 0 < Re(ts) < τ and Im(ts) > 0 as tj1 and tj2. They are given by

tj1 =
1

ω

[
cos−1 (−κ− iγ) + 2π(j − 1)− ϕCEP

]
,

tj2 =
1

ω

[
2π − cos−1 (−κ+ iγ) + 2π(j − 1)− ϕCEP

]
.

(7.13)

Evaluation of Mp,k

We will now evaluate Mp,k and show that Mp,k(tj1) ≈ Mp.k(tj2). The factor in

square brackets in Eq. (7.6) is easily evaluated to give

pA(tj1) +
A2(tj1)

2
= pA(tj2) +

A2(tj2)

2

= −Ee − EN + E0.

(7.14)

By using the identities sin(cos z) =
√

1− z2 and
√
z =

√
|z|+ Re z+i sgn(Im z)

√
|z| − Re(z),

it is straight forward to show that

iS̈(tj1) = F0

√
−E0 + EN (−A+ iB),

iS̈(tj2) = F0

√
−E0 + EN (−A− iB),

(7.15)

with

A =
√
|z+z−| − Re(z+z−), B =

√
|z+z−|+ Re(z+z−), (7.16)

z+ = κ+ 1 + iγ, z− = κ− 1 + iγ, (7.17)

Due to A > 0 and B > 0, θj1 (θj2) lies in the second (third) quadrant, with

θj1 = −θj2. So to satisfy the condition ϕs ∈ [−π/2, π/2], we must have in

Eq. (7.7)

ξj1 = 1

ξj2 = −1.
(7.18)

The Mp.k(ts) element reads

Mp.k(ts) = M̃p,k ×
{
ei(π−θj1)/2 for ts = tj1,

ei(−π−θj2)/2 for ts = tj2,
(7.19)

with

M̃p,k =
−i
√

2π
〈
φpχk

∣∣Ψ0

〉
(E0 − Ee − EN )

√
F0 [(A2 +B2)(−E0 + EN )]1/4

. (7.20)

Note that for a �at-top pulse, Mp,k is independent of the optical cycle index j.
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We will now show that Mp,k(tj1) ≈ Mp,k(tj2). First we argue that A ≥ B.

For this to be true, in Eq. (7.16) we must satisfy the condition −Re(z+z−) =

1 + γ2 − κ2 ≥ 0, which is equivalent to (1 + γ2)/2 ≥ Eeω
2/F 2

0 . For the worst

scenario with the electron having the largest possible energy without rescattering,

Ee = 2Up, and (1 + γ2)/2 ≥ 1/2, which is always satis�ed, proving A ≥ B. If

A� B, which is often the case, Mp,k(tj1) = Mp,k(tj2) follows. In the worst case

scenario A = B [requiring Re(z+z−) = 0 in Eq. (7.16)], θj1 = −θj2 = 3π/4, and

ϕj1 = −ϕj2 = π/8. As Re(eiϕj1) = Re(eiϕj2) = 0.92 is dominant compared to

Im(eiϕj1) = − Im(eiϕj2) = 0.38, we haveMp,k(tj1) ≈Mp,k(tj2) also in this (worst)

case. Henceforth we will make the approximation

Mp,k(tj1) = Mp,k(tj2) ≡Mp,k. (7.21)

Factorization of |Tp,k|2

Assuming the relation (7.21), and de�ning the averaged phase

S̄p,k,j =
Sp,k(tj1) + Sp,k(tj2)

2
, (7.22)

and the phase di�erence (independent of the cycle index j)

∆Sp,k = Sp,k(tj1)− Sp,k(tj2), (7.23)

the transition probability is rewritten

|Tp,k|2 =|Mp,k|2
∣∣∣∣∣∣
Nc∑
j=1

[
eiSp,k(tj1) + eiSp,k(tj2)

]∣∣∣∣∣∣
2

=|Mp,k|2
∣∣∣∣∣∣
Nc∑
j=1

eiS̄p,k,j
(
ei∆Sp,k/2 + e−i∆Sp,k/2

)∣∣∣∣∣∣
2

=4|Mp,k|2 cos2

(
∆Sp,k

2

) ∣∣∣∣∣∣
Nc∑
j=1

eiS̄p,k,j

∣∣∣∣∣∣
2

=4|Mp,k|2 cos2

(
∆Sp,k

2

)
|Cp,k|2

∣∣∣∣∣∣
Nc∑
j=1

eijQp,k

∣∣∣∣∣∣
2

(7.24)

=4|Mp,k|2 cos2

(
∆Sp,k

2

)
︸ ︷︷ ︸

≡Gintra
p,k

|Cp,k|2
[

sin(NcQp,k/2)

sin(Qp,k/2)

]2

︸ ︷︷ ︸
≡Ginter

p,k

, (7.25)
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with Qp,k = 2π(−E0 + Ee + EN + Up)/ω and

|Cp,k|2 =

[
1

2

(√
2
√
|z+z−|+ κ2 + γ2 − 1 + |z+|+ |z−|

)]−F2
0
ω3 (κ2+1/2+γ2)

× exp

[√
2

4

F 2
0

ω3
(γA+ 3κB)

] (7.26)

which is independent of Nc, and

∆Sp,k =
F 2

0

ω3

[
−
(
κ2 +

1

2
+ γ2

)
cos−1

( |z+| − |z−|
2

)
+

√
2

4
(3κA− γB)

]
.

(7.27)

In Refs. [128, 131], a similar factorization approach was employed for atomic

systems where Im(ts) and E0 were neglected. In our case, however, due to the

dependence on EN , Im(ts) must be taken into account.

The factor Ginter
p,k can be interpreted as intercycle interference where wave

packets (WPs) released during di�erent cycles interfere, giving rise to multiphoton

peaks as described by Eq. (7.1). This is shown in the right panels of Fig. 7.2, where

Ginter
p,k is plotted for a six-cycle pulse with di�erent wavelengths. In the limit of

an in�nitely long pulse, the sum in Eq. (7.24) turns into the Dirac comb,

∞∑
j=−∞

eijQp,k = ω

∞∑
n=−∞

δ (−E0 + Ee + EN + Up − nω) . (7.28)

The factor Gintra
p,k arises due to the intracycle interferences between WPs re-

leased during the same subcycle, and is depicted in the middle panels of Fig. 7.2.

The period of the intracycle structures increases with Ee for �xed EN , and de-

crease with EN for �xed Ee. With increasing ω, the energy period increases as

well. The increase of period with Ee and ω can be understood intuitively: larger

Ee and ω imply shorter time interval ∆t between WP-releases in a subcycle due to

p ≈ −A [Re(ts)], which in turn corresponds to a larger energy period ∆Ee ∼ 1/∆t.

Note that in this simple SFA model, the derived formulas for intercycle and

intracycle interference patterns determined byGintra
p,k and the sin2 factor inGinter

p,k of

Eq. (7.24) should work generally for all molecular species undergoing dissociative

single ionization from a bound state, with the only molecular-dependence being

the initial state energy E0. Additional patterns in the JES can occur due to the

weighing factor |Mp,k|2 in Eq. (7.24), which can be molecular structure-speci�c.
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Low frequency limit

In the limit ω � 1, by expanding the exponent of the exponential function in

Eq. (7.26) to lowest order in ω (the �rst term in Eq. (7.26) is rewritten as a =

exp[ln(a)] before expansion), we obtain

|Cp,k|2 ω�1
== exp

(
− 2s3

3F0

)
exp

[(
s2

5
− p2

)
s3ω2

3F 3
0

]
, (7.29)

with s =
√

2(−E0 + EN ). The �rst factor is recognized as the exponential factor

in the tunneling ionization rate [132] and predicts the decay of yield with increas-

ing EN , while the second factor predicts decay of yield with increasing Ee. Both

are consistent with the right panels of Fig. 7.2.

For the intracycle structures, to lowest orders in ω,

∆Sp,k
ω�1
== − π

4

F 2
0

ω3
+ 2p

F0

ω2
− π(p2 + s2)

2

1

ω

+

(
p3

3
+

3ps2

2

)
1

F0
− p2s2

2

ω

F 2
0

.

(7.30)

Setting ∆Sp,k = 2πn, we readily obtain an analytical expression for the maxima

of the intracycle structures [see Fig. 7.5],

EN =
−2πnω − π

4
F 2

0
ω2 + 2F0p

ω − πp2

2 + ωp3

3F0

π − 3ωp
F0

+ ω2p2

F 2
0

+ E0. (7.31)

Note that the oscillating parts of Ginter
p,k and Gintra

p,k have increasing periods in

the ω → 0 limit. For very small ω this leads to a washing out of any modulation

in the spectra in accordance with the expectation from tunneling theory in the

dc limit.

7.4 Time-resolved JES

The interplay between inter- and intracycle interferences are directly con�rmed by

the time-resolved formation of the JES by TDSE calculations, shown in Fig. 7.3.

During the �rst 7/4 cycles of the pulse shown in the top panels of Fig. 7.3,

appreciable ionization can only occur during the half-cycle indicated by the dots

due to the scaling of F in Eq. (7.29). The ionized WPs can be considered a

double-slit in time, giving rise to intracycle interferences in the direction p > 0.

Half a cycle later, we observe intracycle structures in Fig. 7.3 with p < 0. Near

the end of the pulse, intercycle structures separated by ω are superimposed on
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Figure 7.3: The buildup of the JES for λ = 1600 nm, I = 3×1014 W/cm2, and Nc = 4,
calculated with TDSE. The right panels depict the pulse, with the circles indicating the
instantaneous times and the dots indicating the contributing Re(ts) corresponding to
Ee = 0.5. The insets show the vibrational populations of the �rst four vibrational states
with the ordinate scale [0, 1]. The dashed lines in the lowest panels show the analytical
predictions Eq. (7.31) for n = −35 to −32.

intracycle structures for p > 0 due to interference of WPs ionized in two di�erent

cycles. The clear increase in the JES yield is due to the signi�cant population of

excited vibrational states with a smaller ionization potential (IP), shown in the

insets of Fig. 7.3. A good agreement is observed between the TDSE intracycle

peaks and the analytical prediction in the low-frequency limit given by Eq. (7.31)

(dashed lines in Fig. 7.3).

7.5 CEP e�ects

For a two-cycle pulse, the CEP-dependence of the JES is illustrated in Fig. (7.31).

In the ϕCEP = 0 case, dominant ionization occurs in the direction p < 0, corre-

sponding to ionization near the peak of the A-�eld, and intracycle interference

patterns are clearly observed. In the direction p > 0, weak intercycle patterns

in terms of diagonal structures are present, corresponding to interference wave

packets released between the two minima of the �eld. For ϕCEP = π/4, intracycle

structures in the JES are visible for both p > 0 and p < 0, with the intercycle

structures absent due to the absence of equally-contributing WP release from two

di�erent cycles. For ϕCEP = π/2, the pulse is symmetric, but the JESs in the

two directions are clearly not. The reason is the population of excited vibrational

states during the �rst cycle of the pulse, which ionizes during the second cycle

towards the direction p > 0 with higher probability. Also, the JES density is

largest at Ee ≈ 0.22 instead of Ee ≈ 0, suggesting a possible channel-closing
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Figure 7.4: The CEP dependence of the JES for λ = 1600 nm, I = 3 × 1014 W/cm2,
and Nc = 2, by solving the TDSE. The right panels depict the pulse. The insets show the
vibrational populations of the �rst four vibrational states with the ordinate scale [0, 1].
The dashed lines in the lowest panels show the analytical predictions (7.31) for n = −35
and −34.

mechanism. This e�ect is not understood presently and will not be discussed.

For ϕCEP = 3π/4, intracycle patterns are clearly observed for p > 0, while for

p < 0 no such structures are present. For ϕCEP = π, the situation is the same

as for the ϕCEP = 0 case, with the role of left and right direction reversed. We

have established that the CEP can be used to control the inter- and intracycle

interferences, as well as the electron release direction.

7.6 Nuclear motion e�ects

So far, we have associated the diagonal structures to intercycle e�ects and the

cross-diagonal structures to intracycle e�ects. At lower intensities however, a

di�erent picture emerges, which is depicted in Figs. 7.5(a) and 7.5(b). Instead

of intracycle structures with positive slope, the structures are now vertical, and

the JES for p > 0 is shifted towards smaller EN compared to the JES for p < 0.

The physical explaination is sketched in Fig. 7.5(c). At t1, the instantaneous

intensity is too low to allow signi�cant direct ionization. Instead, a dissociative

WP is created on the 2pσu curve. This is con�rmed by a separate calculation for

the nuclear dynamics wherein we neglect the electronic continuum, and only take

into account the lowest two BO surfaces [96]. The population density in 2pσu
is shown in Fig. 7.5(e) and a dissociative nuclear WP is seen created at t1. At

t ≈ t2, the dissociative WP has moved towards larger R, but the IP and F are

still unsuitable for appreciable ionization, resulting in the JESs at t3 shown in the
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Figure 7.5: (a) JES from TDSE for λ = 1600 nm, I = 1014 W/cm2, and Nc=2, with
p < 0. The insets show the time-resolved buildup of the JES during the pulse shown in
(d). (b) Same as (a), with p > 0. (c) Schematic of the nuclear dynamics. The three
curves are the lowest two BO curves corresponding to the electronic states 1sσg and
2pσu, and the DI curve 1/R. (e) Nuclear density in the 2pσu electronic state using a
two-surface model (see text).

�rst inset of Figs. 7.5(a) and 7.5(b). At t ≈ t4 and t5, two electronic continuum

WPs are created, giving rise to intracycle interferences for p < 0. However, as the

2pσu and 1/R curves are nearly parallel, the e�ective IP is almost independent

of R, and ∆Sp,k is independent of EN . This explains the vertical structures

observed in Fig. 7.5(a). The nuclear WPs follow the two pathways indicated in

Fig. 7.5(c) by the orange and red arrows, and lead to the same �nal nuclear WP.

The average nuclear energy ĒN of the �nal DI WP is the sum of 1/R(t5) and

the kinetic energy gained during dissociation from t1 to t5. The dissociative WP

is created at R ≈ 3 [Fig. 7.5(e)], which leads to ĒN = 0.289, in good agreement

with Fig. 7.5(a). By the same reasoning, the electronic WPs created at t = t7 and

t = t8 interfere for p > 0, resulting in the vertical intracycle interference patterns

in Fig. 7.5(b) and a nuclear energy ĒN = 0.282. For longer pulses, we observed

near-vertical structures separated by ω, corresponding to intercycle interferences

(not shown). Note that our understanding of the vertical structures are di�erent

from the one given in Ref. [21], where it was claimed that the vertical structures

in the JES were due to tunneling electrons from the ground electronic state 1sσg.
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The importance of the excited electronic states in the JES were discussed recently

in Ref. [133].

7.7 Conclusion

In conclusion, we have established that in strong-�eld dissociative single ioniza-

tion of molecules, the emerging rich structures in the JES, involving diagonal

[Eq. (7.1)], vertical, and cross-diagonal patterns, are due to the interplay between

inter- and intracycle interferences. Although the numerical demonstration is per-

formed for H+
2 , strong-�eld physics in the long wavelength regime is the physics of

valence electrons, and our results is expected to hold generally for multielectron

molecular systems as well. This is also re�ected in the fact that for a �at-top pulse,

the SFA analytical expressions determining the interference patterns in Eq. (7.24)

depend only on the molecular species in terms of the initial state energy.

The PES alone provides a poor observable for the detection of the inter- and in-

tracycle structures. Luckily, measurement techniques such as COLTRIMS [36, 51]

exist that can measure ions and electrons in coincidence, and midinfrared sources

are also already available [36]. The linear scale of the colorplots, and the distinct

characteristic crossings of the structures, therefore points to the feasibility of an

experimental veri�cations of the predicted e�ects. The inter- and intracycle inter-

ference structures carry direct information of femtosecond and sub-femtosecond

dynamics, and the present insights therefore add to the understanding of time-

resolved phenomena.



Chapter 8

Molecular Tunneling ionization

with electron-electron

correlation

The semi-classical model for strong-�eld processes is described in terms of the

three-step model, mentioned brie�y in the introduction, consisting of ionization,

propagation in the �eld, and rescattering. In the quasistatic picture at su�ciently

low �eld frequency and high intensity, the electron ionizes by tunneling through

the e�ective potential barrier created by the ionic potential and the instantaneous

electric �eld. The correct description of tunneling ionization is therefore crucial

for the understanding of strong-�eld processes.

We will in Section 8.1 give an overview of tunneling theories, before moving

on to give a brief description of many-electron weak-�eld asymptotic theory (ME-

WFAT) in Section 8.2. In Section 8.3 we will discuss the Dyson orbitals required

in WFAT and how to obtain them using the TD-GASCI method. Results for the

molecular-orientation-dependent structure factor in H2 and LiH are presented in

Section 8.4. Section 8.5 concludes the chapter.

8.1 Tunneling ionization overview

In analytical tunneling theories, the rate for ionization in a static electric �eld in

the limit F → 0 satis�es the asymptotic expansion [60]

Γ = cF be−a/F (1 +AF lnF +BF + . . . ), (8.1)

with the coe�cients a, b, c, A, B, . . . independent of F . It took several decades to

obtain the leading order coe�cients for the hydrogen ground state [132, 134] with

a = 2/3, b = −1, and c = 4. Generalizations were later obtained for a short-range

95
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potential [135], arbitrary states of hydrogen [136, 137], and arbitrary states in a

spherically symmetric potential [138, 139]. The latter results were reproduced and

popularized by Ammosov, Delone, and Krainov [57], and are referred to now as

ADK theory. An attempt to extend the atomic results [57] to general molecular

systems was performed in Ref. [58], now referred to as MO-ADK theory. The

formulas for the MO-ADK ionization rate are not derived with the Schrödinger

equation as the starting point, but rather derived by analogy with the atomic ADK

theory. Consequently, the range of applicability of the theory and the consistency

with respect to the dominant terms in the asymptotic expansion (8.1), remains

unclear. Furthermore, the e�ect of a possible permanent dipole is not included in

the original MO-ADK, which is especially unsatisfying in light of recent interest

in dipole e�ects in strong-�eld ionization [140, 141].

The one-electron weak-�eld asymptotic theory (OE-WFAT) was developed

recently [59] to improve and extend the previous tunneling theories. OE-WFAT

naturally incorporates the permanent dipole moment, allows the treatment of

polar molecules, gives a more clear range of applicability, and can consistently pick

out the dominant leading-order term in the expansion (8.1). The approximations

made in the derivation are the non-relativistic approximation, the SAEA (for

multi-electron systems), and the FNA. In the dominant leading-order term, Γ

consists of two factors. The �rst factor is the so-called structure factor, which

depends on the asymptotic tail of the �eld-free orbital for the active electron.

It is thus independent of F and depends on the orientation of the molecule with

respect to the �eld. The second factor is an analytically known function of F . The

WFAT was applied on linear molecules [20, 59, 142, 143], and on more complicated

systems such as C2H4 [144], H2O [145], CH3Br and CH3F [146], and HCCI [147].

The generalization of the WFAT to the many-electron systems was considered

in Ref. [60], which we refer to as ME-WFAT. The dominant term in the expansion

(8.1) was shown to take on a similar analytical form as in the one-electron case,

being a product of a structure factor and a �eld-dependent factor. The major

di�erence is now that the structure factor depends on the Dyson orbital, which

is the overlap between the N -electron wave function and the (N − 1)-electron

wave function of the ion. Formulation of many-electron tunneling theories exist

prior to WFAT (e.g. Ref. [148]), but they are not derived from the perspective

of the asymptotic expansion in Eq. (8.1). In the next section we will give a brief

overview of the derivation of ME-WFAT.

An extension of the WFAT to molecules beyond the FNA with inclusion of

the initial nuclear wave function is considered in Ref. [149�151], while conclusion

of �rst-order terms in the expansion (8.1) is treated in Ref. [152] in FNA and

SAEA. These extensions will not be considered in this thesis.
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8.2 The weak-�eld asymptotic theory

We will brie�y sketch the derivation steps and the main results of ME-WFAT in

this section, following the approach in Refs. [59, 60]. The formulas are derived for

a general N -electron, polyatomic molecule in �rst quantization.

In the FNA, the Hamiltonian for an N -electron, A-nuclei system interact-

ing with a static electric �eld F > 0 pointing in the positive z direction of the

laboratory frame reads

HN =

N∑
i=1

−1

2
∇2

ri −
A∑
a=1

Za
|ri −Ra|

+

i−1∑
j=1

1

|ri − rj |
+ Fzi

 . (8.2)

The electronic wave function is denoted by Ψ(QN ), with QN = (q1, . . . , qN ) and

qi = (ri, σi), where ri is the spatial and σi the spin cordinate of the ith electron. A

one-electron spin function is denoted χms with the property χms(σ) = δmsσ, and

a spin projection is denoted χTms(σ) with the orthonormality condition χTmsχm′s =

δmsm′s . Ψ(QN ) is a solution to the TISE

(HN − E) Ψ(QN ) = 0. (8.3)

Regular solutions to Eq. (8.3) with outgoing boundary conditions are the Siegert

states (SSs) [153], which has complex eigenvalues

E = E − i

2
Γ (8.4)

with the energy E and ionization rate Γ.

8.2.1 Adiabatic expansion in parabolic coordinates

In the weak-�eld limit, one of the N electrons can tunnel out towards the negative

z direction, labelled here as the Nth electron. Tunneling ionization of more than

one electron will be shown to be exponentially suppressed. It is thus instructive

to rewrite the Hamiltonian as

HN = HN−1 −
1

2
∇2 + V (r) + Fz, (8.5)

with r = rN , σ ≡ σN , HN−1 the (N − 1)-electron Hamiltonian, and V (r) the

interaction of the outgoing electron with the nuclei and all other electrons:

V (r) = −
A∑
a=1

Za
|r −Ra|

+

N−1∑
i=1

1

|r − ri|
. (8.6)
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In the asymptotic region

V (r)|r→∞ = −Z
r

+O(r−2), (8.7)

with the total charge of the parent ion

Z =
A∑
a=1

Za −N + 1. (8.8)

As known from litterature [132], the TISE for a one-electron atom in a static

electric �eld is separable in parabolic coordinates,

ξ = r + z, ξ ∈ [0,∞] (8.9a)

η = r − z, η ∈ [0,∞] (8.9b)

ϕ = tan−1
(y
x

)
, ϕ ∈ [0, 2π], (8.9c)

and due to V (r) approaching 1/r at large distances in Eq. (8.7), one expects these

parabolic coordinates to be useful in the present context as well. The TISE (8.3)

takes on the form[
∂

∂η
η
∂

∂η
+ B(η) + (E −HN−1)

η

2
+
Fη2

4

]
Ψ(QN ) = 0, (8.10)

with the adiabatic Hamiltonian B(η) acting on ξ and ϕ, and depending on η as

a parameter,

B(η) =
∂

∂ξ
ξ
∂

∂ξ
+
ξ + η

4ξη

∂2

∂ϕ2
− ξ + η

2
V (r) + (E −HN−1)

ξ

2
− Fξ2

4
. (8.11)

In the current adiabatic approach, η is treated as the �slow� variable, similar to

the internuclear distance in the BO approximation. Everything is still exact if all

non-adiabatic couplings are taken into account. The η-coordinate is the relevant

coordinate for tunneling, as the tunneling-ionized electron is accelerated toward

z → −∞, corresponding to η →∞. In this limit,

B ≡ B(η)|η→∞ =
∂

∂ξ
ξ
∂

∂ξ
+

1

4ξ

∂2

∂ϕ2
+ Z + (E −HN−1)

ξ

2
− Fξ2

4
. (8.12)

The ionization channels are de�ned as eigensolutions of this operator:

(B − βν)ΦνM ′S
(QN−1, ξ, ϕ, σ) = 0. (8.13)

One can make separation of variables

ΦνM ′S
(QN−1, ξ, ϕ, σ) = ΨnM ′S

(QN−1)φν(ξ)
eimϕ√

2π
χMS−M ′S (σ), (8.14)
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where ΨnM ′S
is a SS of the (N − 1)-electron subsystem with eigenvalues En,

n characterizing the ionic SSs, and m the azimuthal quantum number of the

outgoing electron. The quantum numbers denoted by a prime such as M ′S are

quantum numbers for the (N − 1)-electron subsystem. The functions φν satisfy

the boundary conditions φν |ξ→0 ∝ ξ|m|/2 and φν |ξ→∞ = 0. The channel function

is thus completely characterized by the quantum numbers ms = MS −M ′S and

ν = (n, nξ,m), (8.15)

with nξ = 0, 1, 2, . . . enumerating the di�erent solutions to Eq. (8.13) for a given

n and m.

By continuity, the speci�cation of ionization channels in terms of the quantum

numbers ν can be used for all values of η. Making the ansatz for the complete

solution to the N -electron TISE in (8.10),

Ψ(QN ) = η−1/2
∑
νM ′S

fνM ′s(η)ΦνM ′S
(QN−1, ξ, ϕ, σ; η), (8.16)

results in a di�erential equation for η with nonadiabatic terms including deriva-

tives of ΦνM ′S
(QN−1) w.r.t. η. These terms will go to zero in the limit η →∞ as

ΦνM ′S
ceases to depend on η. In this limit, fν(η) satis�es[

d2

dη2
+ p2(η)

]
fνM ′S (η) = 0, (8.17a)

p2(η) =
Fη

4
+
E − En

2
+
βν
η

+O(η−2). (8.17b)

The strategy in WFAT is to calculate the �ux going through a surface in the limit

η → ∞, and the O(η−2) term in Eq. (8.17) can be neglected for the leading-

order WFAT. For F > 0 the SSs satisfy Eq. (8.17) with the outgoing boundary

conditions

fνM ′S (η)|η→∞ =

√
2fνM ′S

(Fη)1/4
exp

[
iF 1/2η3/2

3
+
i(E − En)η1/2

F 1/2

]
. (8.18)

Note the independence of the eigenvalue of the ionization channels, βν , in the

above equation.

8.2.2 Connection formula

The weak-�eld ionization rate Γ depends on the channel amplitudes fνM ′S . It

is the purpose of the WFAT to express these in terms of the properties for the

�eld-free bound-state wave function.



100Chapter 8. Molecular Tunneling ionization with electron-electron correlation

The F = 0 case

For F = 0, the solutions to Eq. (8.13) are known, given by

φ(0)
ν = κ1/2

n (κnξ)
|m|/2e−κnξ/2

√
nξ!

(nξ + |m|)!L
|m|
nξ

(κnξ), (8.19a)

β(0)
ν = Z − κn

(
nξ +

|m|+ 1

2

)
, (8.19b)

with κn =
√

2In, In = E
(N−1)
n − E(N)

0 the �eld-free IP, and L
|m|
nξ (κnξ) the gen-

eralized Laguerre polynomials. The �eld-free bound-state wave function can be

expanded similarly to Eq. (8.16) and can be shown to take the asymptotic form

Ψ
(N)
0 (QN )|η→∞ = N−1/2

∑
νM ′S

gνM ′Sη
β

(0)
ν /κn−1/2e−κnη/2Φ

(0)
νM ′S

(QN−1, ξ, ϕ, σ) .

(8.20)

The coe�cients gνM ′S can be projected out, and is given by

gνM ′S = P̂ν

[
χTMS−M ′SYnM ′S

]
, (8.21)

with the projection operator

P̂ν [ψ(r)] = η1/2−β(0)
ν /κneκnη/2

∫ ∞
0

dξ

∫ 2π

0
dϕφ(0)

ν (ξ)
e−imϕ√

2π
ψ(r)

∣∣∣∣
η→∞

, (8.22)

and the Dyson orbital

YnM ′S (q) =
√
N

∫
Ψ

(N−1)T
nM ′S

Ψ
(N)
0 dVN−1. (8.23)

The F → 0 case

By setting p(η) = 0 in Eq. (8.17b), the outer turning point for tunneling is

obtained to be

ηt =
κ2
n

F
+O(F 0). (8.24)

The outer turning point can be considered to determine the η-coordinate scale of

the tunneling problem. One therefore considers the asymptotics

F → 0, η = O(F−1). (8.25)

By perturbation theory,

E = E
(N)
0 − µ(N)

0z F +O(F 2) (8.26a)

En = E(N−1)
n − µ(N−1)

nz F +O(F 2) (8.26b)

βν = β(0)
ν +O(F ) (8.26c)
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with the dipole moments

µ
(N)
0 = −

N∑
i=1

∫
Ψ

(N)T
0 riΨ

(N)
0 dVN (8.27a)

µ(N−1)
n = −

N−1∑
i=1

∫
Ψ

(N−1)T
nM ′S

riΨ
(N−1)
nM ′S

dVN−1. (8.27b)

Substituting Eq. (8.26) into p2(η) of Eq. (8.17b) and taking into account Eq. (8.25),

p2(η) is expanded up to order O(F ). The outgoing wave solution to Eq. (8.17) is

given by a semiclassical approximation,

fν(η) =
C exp[iS(η)]√

p(η)
, S(η) =

∫ η

ηt

p(η′)dη′ (8.28)

applicable in the region (d/dη)[1/p(η)]� 1 corresponding to

F 1/3|η − ηt| � 1. (8.29)

Solution matching

In the range η � ηt, matching the solution of Eq. (8.28) with Eq. (8.18) gives C =

fνM ′S exp(−iπβν/κn). The matching region used to obtain fνM ′S is now discussed.

In Eq. (8.17), the term involving F can be neglected for η � κ2
n/F = ηt, leading

to the �eld-free solutions (8.19). Meanwhile, the term in Eq. (8.17) involving

β
(0)
ν can be neglected for η � 4|β(0)

ν |/κ2
n, yielding the asymptotics in Eq. (8.18)

independent of β
(0)
ν . Thus the matching region is taken as

4|β(0)
ν |/κ2

n � η � ηt, (8.30)

corresponding to the WFAT �eld requirement

F � Fc, Fc =
κ4

4|β(0)
ν |

. (8.31)

The semiclassical solution in the matching region (8.30) can be obtained by an-

alytically continuing (8.28) from η > ηt to η < ηt through the upper half of the

complex η plane, all the while satisfying condition Eq. (8.29). After matching

this solution to the F = 0 solution (8.20) in the matching region, one obtains the

channel-amplitudes

fν,M ′S =

√
κngνM ′S√

2N

(
4κ2

n

F

)β(0)
ν /κn

exp

[
iπ

4
+
iπβ

(0)
ν

κn
− κnµn −

κ3
n

3F

]
× [1 +O(F lnF )] ,

(8.32)
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with

µn = µ
(N)
0z − µ(N−1)

nz . (8.33)

Ionization rate

The ionization rate in the weak-�eld limit can be shown to take on the form

Γ =
∑
νM ′S

ΓνM ′S , ΓνM ′S = N |fνM ′S |
2. (8.34)

We will assume in this thesis that the initial N -electron state is the ground state

withMS = 0, so that the (N −1)-electron state has spin projectionsM ′S = ±1/2.

By realizing

gν ≡ gν( 1
2) = gν(− 1

2), (8.35)

the sum over M ′S in Eq. (8.34) can be readily performed, yielding

Γ = 2
∞∑
n=0

Γn, Γn =
∞∑

nξ=0

∞∑
m=−∞

Γν , (8.36)

with Γn the ionization rate into a given �nal state n of the (N − 1)-electron

subsystem, and Γν the ionization rate into a given ionization channel ν

Γν = |Gν |2Wν(F ) [1 +O(F lnF )] . (8.37)

In Eq. (8.37), Gν is the structure factor

Gν = e−κnµngν , (8.38)

and Wν(F ) is the �eld factor

Wν(F ) =
κn
2

(
4κ2

n

F

)2Z/κn−2nξ−|m|−1

exp

(
−2κ3

n

3F

)
. (8.39)

Terms in square brackets in Eq. (8.37) of orders O(F lnF ) or higher are neglected

in the current ME-WFAT. The exponential factor in Eq. (8.39) is dominant for

the smallest ionization potential, corresponding to the (N − 1)-electron ground

state with n = 0. In addition, for a given n, the dominant contribution to Γn
is determined by the power factor with the largest exponent, corresponding to

nξ = m = 0. So in this thesis we approximate the rate by its dominant term,

Γ ≈ 2|G000|2W000(F ). (8.40)
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Note that our expression di�ers slightly compared to that used in Ref. [60], where

the factor 2 is absorbed into |G000|2.
The range of applicability is determined by Eq. (8.31). For the example of

atomic hydrogen with Z ∼ 1 and κ0 = 1, Fc ∼ 0.5 corresponds to the intensity

I ∼ 8.8 × 1015 W/cm2. Previously, it was shown that Γexact/ΓWFAT ≈ 0.6 at

F = 0.05 (I ∼ 8.8 × 1013 W/cm2). Thus, despite the terminology �weak-�eld�,

WFAT is applicable to moderate �eld strengths in the current strong-�eld physics.

8.3 Dyson orbital in TD-GASCI

Although the formulation of the lowest-order ME-WFAT is completed, its ap-

plication on complex systems still provides a challenge. As the �eld-dependent

factor is analytically known (assuming the knowledge of the IP), the challenge

is in the calculation of the structure factor, which for molecules includes the

orientation-dependence of the molecule with respect to the �eld direction. As

already demonstrated for the OE-WFAT, usage of standard quantum chemistry

Gaussian basis sets to obtain the structure factor is di�ucult and convergence is

slow [20, 145]. This is because the inaccurate long-range behaviors obtained from

these basis sets are unimportant for the calculation of the ground state energy,

which is the main objective in quantum chemistry. For diatomics in the HF ap-

proximation, an existing grid-based method in a prolate spheroidal basis, X2DHF

[154], was shown to produce accurate long-range behavior [20, 143]. For poly-

atomic molecules, the usage of a polarization-consistent basis was able to obtain

structure factors in the HF approximation [20]. In the multi-electron case beyond

the HF approximation, the structure factor was extracted for the simplest atoms

H− and He [60, 155], and the simplest multielectron molecule H2 [60]. For H2, the

asymptotic tail of the Dyson orbital was only correct up to around r ≈ 6. All in

all, the multi-electron correlation e�ects in static tunneling ionization of molecules

have not been properly discussed. As we will show now, the TD-GASCI method

for solving the TISE and TDSE for a multielectron system [See Section 2.4], com-

bined with the ME-WFAT, provides an avenue for observation of multi-electron

e�ects in tunneling ionization.

8.3.1 Orbital representation

Using the TD-GASCI method, we can for an N -electron (N even) system obtain

the ground state energy E
(N)
0 and the ground state wave function by ITP

|Ψ(N)
0 〉 =

∑
IN

CIN |IN 〉 . (8.41)
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The multi-indices IN = (i1, . . . , iN ) are ordered as i1 ≤ · · · ≤ iN , and depend on

the particular GAS scheme used IN ∈ V(N)
GAS, with ik running up to the number

of spin-orbitals 2Nb. For notational simplicity, we have changed notation here

compared to Section 2.4, and use index i for the spin-orbitals and index ĩ for the

spatial orbitals. The determinants |IN 〉 can be written

|IN 〉 = â†i1 · · · â
†
iN
|0〉 . (8.42)

Using the same orbital basis for the (N −1)-electron system as for the N -electron

system (corresponding to the same set of creation operators {â†i}i=1,...,2Nb), the

(N − 1)-electron ground state |Ψ(N−1)
0M ′S

〉 can be calculated in the TD-GASCI,

|Ψ(N−1)
0M ′S

〉 =
∑
JN−1

BJN−1
|JN−1〉 , (8.43)

with the multi-indices JN = (j1, . . . , jN−1) ordered as j1 ≤ · · · ≤ jN−1 and

depending on the particular GAS scheme used JN−1 ∈ V(N−1)
GAS , jk running up to

2Nb, and

|JN−1〉 = â†j1 · · · â
†
jN−1

|0〉 . (8.44)

The Dyson orbital (8.23) in second quantization can now be written as

|Y0M ′S
〉 =

〈
Ψ

(N−1)
0M ′S

∣∣Ψ(N)
0

〉
=
∑
JN−1

∑
IN

B∗JN−1
CIN

〈
JN−1

∣∣IN〉
=
∑
JN−1

∑
IN

B∗JN−1
CIN âjN−1 · · · âj1 â†i1 · · · â

†
iN
|0〉

=
∑
JN−1

∑
IN

B∗JN−1
CIN

N∑
k=1

(−1)kδj1i1 · · · δjk−1ik−1
â†ikδjk,ik+1

· · · δjN−1iN |0〉

=
N∑
k=1

(−1)k
∑

j1<···<jk−1<ik
<jk<···<jN−1

B∗j1...jN−1
Cj1...jk−1ikjk...jN−1 â

†
ik
|0〉

=

2Nb∑
i=1

〈
i
∣∣Y0M ′S

〉
|i〉 ,

(8.45)

where we in the fourth equality used Wick's theorem to rewrite the operator

string. The explicit form of the Dyson orbital in the spin-orbital representation

is obtained by projection〈
i
∣∣Y0M ′S

〉
=

N∑
k=1

(−1)k
∑

j1<···<jk−1<i
<jk<···<jN−1

B∗j1...jN−1
Cj1...jk−1ijk...jN−1 . (8.46)
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Compared to the expression for the Dyson orbital in �rst quantization in Eq. (8.23),

the factor
√
N is absent in Eq. (8.46). The equivalence between the �rst and

second quantized Dyson orbitals can be demonstrated by realizing
〈
x
∣∣Y0M ′S

〉
=

(−1)N−1 〈Ψ(N−1)
0M ′S

| ψ̂(x) |Ψ(N)
0 〉, and using the expression for the annihilation �eld

operator ψ̂(x) given by1

ψ̂(x) =

∞∑
n=1

√
n

∫
dx2 · · ·xn |x2, . . . ,xn〉 〈x2, . . . ,xn| . (8.47)

In the TD-GASCI, we assume MS = 0. For a given M ′S (equal to either 1/2

or −1/2),
〈
i
∣∣Y0M ′S

〉
is nonzero only for spin-orbitals 〈i| with the spin projection

mS = −M ′S . The spin-independent Dyson orbitals in orbital representation can

thus be written as

|ψD〉 ≡ χT−M ′S |Y0M ′S
〉 =

Nb∑
ĩ=1

〈̃
i
∣∣ψD〉 |̃i〉 (8.48)

where the notation for spin projection χT−M ′S
from the previous section is used, and

|̃i〉 = ã†
ĩ
|0〉 are orbitals with spin projected out. In the case of HF calculations,

|Ψ(N−1)
0M ′S

〉 = â†1 · · · â†N−1 |0〉, |Ψ
(N)
0 〉 = â†1 · · · â†N |0〉, and the above reduces to

|ψD〉 = |N〉 , (8.49)

with |N〉 the highest occupied molecular orbital (HOMO).

The numerical implementation follows Eqs. (8.45) and (8.48). In practice, for

all JN1 and IN , the overlap
〈
JN−1

∣∣IN〉 is calculated in the Slater representation,

yielding only a nonzero result when all indices in JN−1 are contained in IN . If

the remaining index in IN is k, the term B∗JN−1
CIN (with a phase factor ±1) is

added to the coe�cient dk. For the HF case in Eq. (8.49), the HOMO orbital |N〉
from the HF calculation is used.

It should be noted that after choosing a particular GAS partition for the

calculation of the N -electron wave function |Ψ(N)
0 〉, the same GAS partition must

be made for the calculation of |Ψ(N−1)
0M ′S

〉. For example, when the GAS-scheme

CAS∗(2,K) is used for the N -electron system, the GAS-scheme CIS-v must be

used for the (N − 1)-electron system to ensure a consistent GAS partition.

1DOI:10.1021/acs.jpca.5b09444
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Figure 8.1: Dyson orbital propability density for H2, calculated using TD-GASCI in
the CIS partition scheme, with R = 1.4011. Left: |ψD(x′, y′ = 0, z′)|2 in Cartesian
coordinates. Right: |ψD(r′, θ′, ϕ′ = 0)|2 in spherical coordinates. The primes in the
coordinate labels refer to the molecular frame coordinate system.

8.3.2 Spatial representations

In spatial representation, the Dyson orbital is given by

ψD(r) =
〈
r
∣∣ψD〉 =

Nb∑
ĩ=1

〈̃
i
∣∣ψD〉〈r∣∣̃i〉. (8.50)

For diatomic molecules, we use the FEDVR basis in prolate spheroidal coordinates

as the primitive basis set in the TD-GASCI calculations. The Dyson orbital in

these coordinates is

ψD(ζ, µ, φ) =
〈
ζ, µ, ϕ

∣∣ψD〉 =

Nb∑
ĩ=1

〈̃
i
∣∣ψD〉〈ζ, µ, ϕ∣∣̃i〉. (8.51)

Representation of the the Dyson orbitals in another coordinate system (λ1, λ2, λ3)

can be obtained by a coordinate transformation

ψD(λ1, λ2, λ3) =
〈
ζ, µ, ϕ

∣∣ψD〉
= ψD [ζ(λ1, λ2, λ3), µ(λ1, λ2, λ3), φ(λ1, λ2, λ3)] .

(8.52)

Some useful coordinate transformations between spherical, prolate spheroidal, and

parabolic coordinates are given in Appendix D. As an example, the Dyson orbital

for H2 with the molecular axis oriented along z is shown in Figs. 8.1 in Cartesian

and spherical coordinates.

8.4 Structure factor

The ionization rate depends on the orientation of the linear molecule w.r.t. the

polarization direction of the static electric �eld F only through the structure
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factor in Eq. (8.38). We introduce the molecular-frame position vector r′ = R̂r,

with R̂ the Euler rotation from the laboratory frame to the molecular frame. We

use the convention that the z axis is directed along the linear polarized electric

�eld, the z′ axis along the internuclear axis lies in the xz plane, and the y and y′

axis coincide. Now the orientation of the linear molecule can be described by the

single angle β ∈ [0, π], de�ning the rotation from z to z′ about the y-axis,

x′ =x cosβ − z sinβ

z′ =x sinβ + z cosβ.
(8.53)

All equations in the previous sections are given in the laboratory frame, with the

β-dependency being implicit in ψD(r) (8.50) and µn (8.33).

We now sketch the procedure used to calculate the structure factor. The

desired structure factor is

G000(β) = lim
η→∞

G000(β; η) = e−κ0µ0 lim
η→∞

g000(β; η), (8.54)

where the structure coe�cient is given by the projection in Eqs. (8.21) and (8.22)

such that

g000(β; η) =
1√
2π
η1/2−β(0)

ν /κ0eκ0η/2

∫ ∞
0

φ(0)
ν (ξ)

∫ 2π

0
ψD(r)dϕdξ. (8.55)

To perform the integral in Eq. (8.55), we need the Dyson orbital in parabolic

coordinates in the laborabory frame. Numerically, parabolic spatial quadrature

grid (ξi, ηj , ϕk) is �rst chosen such that the integration can be conveniently per-

formed. We use Laguerre quadrature [see Appendix A] for the ξ coordinate and

a equidistant grid points for ϕ. The parabolic grid is transformed into Cartesian

coordinates using Eq. (D.9), which afterwards is transformed into the molecular

frame Cartesian coordinates by Eq. (8.53). Lastly, this molecular Cartesian grid is

transformed into the corresponding prolate spheroidal grid, were the Dyson orbital

can be evaluated using the rotated basis in the TD-GASCI [see Subsection 3.4.2].

Using this procedure, we obtain the Dyson orbital in the parabolic quadrature grid

ψD(ξi, ηj , ϕk), which is integrated according to Eq. (8.55) to obtain the structure

coe�cient g000(β; η). The calculation of the orientation-dependent Dyson orbitals,

which numerically is the most time-consuming part, only needs to be performed

once. The z component of the dipole moment on the µn is given in terms of the

z′ component µ′n by the relation

µn = µ′n cosβ. (8.56)

The G000(β; η) can hereby calculated. We will henceforth denote all relevant

quantities given in the molecular frame with a prime.
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Figure 8.2: Red solid curves: |G000(β; η)|2 for H2 with R = 1.4011 calculated using
TD-GASCI in HF approximation. Blue dashed curves: �ts according to Eq. (8.57), with
N�t = 80 and Ndeg = 2. The vertical dotted lines indicate the �tting interval ηmin = 10
and ηmax = 16. We extract at 1/η = 0 the structure factor |G000(β = 0)|2 = 3.67.

Our numerical η-grid is �nite, so obtaining the structure factor G000(β) in

Eq. (8.54) by taking the limit η → ∞ needs a mention. We consider G000(β; η)

as a function 1/η with N�t points in the interval [1/ηmax, 1/ηmin], and �t it with

a polynomial of degree Ndeg,

G000(β; η) =

Ndeg∑
n=0

cn(β)

(
1

η

)n
. (8.57)

The structure factor is then the coe�cient G000(β) = limη→∞G000(β; η) = c0(β).

We choose N�t = 80 and Ndeg = 2 in our calculations. The choice of ηmax and

ηmin will vary, as G000(β; η) can show unphysical non-monotonic behavior at large

η due to the choice of the primitive basis and di�erent CAS partition schemes.

We must choose ηmax smaller than the distance corresponding the onset of such

behaviors.

In Fig. 8.2 we show an example of this �tting procedure for H2 in the HF

approximation. The prolate spheroidal basis parameters used in the TD-GASCI

calculations are given in Table 8.1. We extract |G000(β = 0)|2 = 3.67.

8.4.1 Structure factor for H2

In Fig. 8.3 we present the η-dependent structure factors for H2 in di�erent CAS-

partitions using the rotated pseudo-orbital basis [see Subsection 3.4.2]. The pro-

late basis parameters used and the η interval used for �tting the structure fac-

tor are given in Table 8.1. For m′max = 0 in the upper �gure, it is seen that

for CAS∗(2, 20)-0, the smallest CAS space considered, unphysical oscillations are

seen at η ≈ 12 due to the too small CAS space used. For CAS∗(2, 40)-0, the un-

physical oscillations has died out on the scale of the �gure. The extension -0 (-1)
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Figure 8.3: Structure factor squared |G000(0; η)|2 calculated for H2 with R = 1.4011
calculated in di�erent CAS-partitions. Upper �gure m′max = 0; lower �gure m′max = 1.
The inset is a zoom of the rectangled area.
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Table 8.1: TD-GASCI Prolate spheroidal basis parameters used for H2 with R =
1.4011. The extension -0 (-1) in a method denotes m′max = 0 (m′max = 1) used in
the prolate basis. Nµ is the number of µ-coordinate DVR functions. ζFE gives the FE
boundaries with the vertical line separating the inner and outer regions, and the dots
indicating equivadistant FE in the outer region. Nζ is the number of ζ-coordinate DVR
functions in each FE, and we use same number of DVR functions in each FE in the outer
region. The energies are converged to the �fth decimal w.r.t. to the prolate spheroidal
basis parameters. The total number of spatial orbitals in the inner region is 168 for
m′max = 0 and 504 for m′max = 1.

Method Nµ ζFE Nζ [ηmin, ηmax]

HF 8 (1 2 4 7 11 15 19) (4 6 7 8 8 8) [10,16]
CAS∗(2,·)-0 8 (1 2 4 7 11 | 15.2 · · · 32) (4 6 7 8 | 8 · · · ) [10,20]
CAS∗(2,·)-1 8 (1 2 4 7 11 | 15.2 · · · 32) (4 6 7 8 | 8 · · · ) [10,20]

in a CAS method denotes m′max = 0 (m′max = 1) used in the prolate basis. For

CAS∗(2, 80)-0, a su�ciently high number of di�use orbitals are included in the

calculation, and the result is fully converged w.r.t. the CAS space. To correctly

include correlations TD-GASCI, orbitals with higher azimuthal quantum number

must be taken into account. The case m′max is shown in the lower sub�gure of

Fig. 8.3. Again unphysical oscillations are present, with convergence observed for

CAS∗(2, 140)-0 and CAS∗(2, 160)-0. Note that for both m′max = 0 and m′max = 1,

the converged CAS space is much smaller than the largest possible CAS spaces

(CAS∗(2, 168)-0 and CAS∗(2, 504)-0, respectively).

For the HF and the converged CAS-partitions, we calculate for each angle β

the structure factors G000(β) by the �tting procedure described in the previous

subsection. The results are shown in Fig. 8.4. First we notice that our current HF

result agrees very well with previous result by Saito et al. [143], with the largest

rate at β = 0 and β = π when the molecule is aligned along the polarization

direction of the electric �eld. This can be understood physically by remembering

that in the molecular frame, the Dyson orbital (HOMO in this case) density is

largest near the two nuclei at z′ = ±R/2 [see e.g. Fig. 8.5]. At the orientation

β = π/2, tunneling ionization mostly occurs along the z-axis where the Dyson

density is low, which leads to a lower structure factor.

For the CAS∗(2, 80)-0 case, the structure factors are similar to the HF case

near β = 0 and β = π, while the value is reduced at β = π/2. The smaller

structure factor can be explained by the population of σ∗ orbitals with m′ = 0

and a nodal xy-plane at z′ = 0, which will contribute to the rate at β = 0, but not

at β = π/2. This explaination is in agreement with the lower sub�gure of Fig. 8.5,

where the Dyson orbital for the CAS∗(2, 80)-0 calculation is plotted. We indeed

observe less density in the θ′ = π/2 direction, consistent with the population of
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Figure 8.4: Orientation-dependent structure factor calculated for H2 with R = 1.4011
and di�erent CAS-partitions.

σ∗ orbitals.
In Fig. 8.4, the structure factor for the CAS∗(2, 160)-1 scheme is consistently

larger than the CAS∗(2, 160)-1 result for all β. At �rst glance, this result is quite

counterintuitive since the included π-orbitals with m′ = 1 have a nodal plane

containing the z′-axis, and should not contribute to the ionization rate at β = 0.

However, this naive argument does not apply in the correlated multi-electron

case. Indeed, the inclusion of the π-orbitals allows in the CI-expansion of the

two-electron initial state the Slater-determinant |σ, π〉, describing one electron

in a σ-orbital and another electron in a π-orbital, with the corresponding CI

coe�cient Cσ,π. When projected onto the one-electron ion in the π-state |π〉 with
CI-coe�cient Bπ, an extra term −BπCσ,π is added to the σ-orbital amplitude

of the Dyson orbital
〈
σ
∣∣ψD〉 [see Eq.(8.48)], which is not present in the case of

CAS∗(2, 80)-0. This simple argument is not a proof of the larger structure factor

in CAS∗(2, 160)-1, but hints at the possibility of having a greater population of

σ-states when the π orbitals are taking into account, as well as demonstrating

that multi-electron correlation e�ects are hard to interpret. As seen in Fig. 8.4,

at β = 0, our result does not coincides with that in Ref. [60]. The reason for the

discrepancy could be due to the small interval used (1 ≤ r ≤ 5) in their �tting

procedure.
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Figure 8.5: Dyson orbital propability density for H2 in spherical coordinates
|ψD(r′, θ′, ϕ′ = 0)|2, calculated using TD-GASCI in the HF approximation (upper �gure),
CAS∗(2, 120)-0 (middle �gure), and CAS∗(2, 160)-1 (bottom �gure), with R = 1.4011.
The primes in r′ and θ′ refer to the molecular frame coordinate system.

8.4.2 Structure factor for LiH

In Fig. 8.6 we present the η-dependent structure factor for LiH in di�erent CAS-

partitions using the pseudo-orbital basis, assuming two electrons are frozen in

the two lowest bound spin-orbitals [see Fig. 2.3]. The prolate basis parameters

used and the η interval used for �tting the structure factor are given in Table 8.2.

For m′max = 0 in the upper sub�gure of Fig. 8.6, with increasing CAS space,

the unphysical oscillations decrease in amplitude and eventually disappears for

CAS∗(2, 120). For the m′max = 1 case in the lower sub�gure, the convergence is

achieved at least up to η = 17 for CAS∗(2, 180). A calculation for a larger CAS-

space with the presently used version of the TD-GASCI code is not possible due
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Table 8.2: TD-GASCI Prolate spheroidal basis parameters used for LiH with R =
3.0139. The notation is the same as Table. 8.1. The HF energy is converged to the third
decimal w.r.t. to the prolate spheroidal basis parameters. The total number of spatial
orbitals in the inner region is 192 for m′max = 0 and 552 for m′max = 1.

Method Nµ ζFE Nζ [ηmin, ηmax]

HF 8 (1 2 4 7 11 15) (6 7 7 8 8) [10,20]
CAS∗(2,·)-0 8 (1 2 4 7 11 | 15 19) (6 7 7 8 | 8 · · · ) [20,40]
CAS∗(2,·)-1 8 (1 2 4 7 11 | 15 19) (6 7 7 8 | 8 · · · ) [10,17]
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Figure 8.7: Orientation-dependent Structure factor calculated for LiH at R = 3.0139
with di�erent CAS-partitions. Solid lines: |G000(β)|2. Dashed dotted lines: |g000(β)|2 in
Eq. (8.55) excluding the dipole factor.

to memory problems in storing the sparse CI matrix. However, an implementa-

tion of the CI-matrix and CI-vector multiplication wherein the CI-matrix is not

explicitly stored is already implemented by L. K. Sørensen et. al. The current

implementation of the Dyson-orbital and ME-WFAT can straight-forwardly be

combined with such a TD-GASCI implementation, and is planned for the future.

Nevertheless, the structure factor can still be extracted by �tting the η-interval

[10, 17] [Table 8.2], albeit with slightly less accuracy compared to previous �ts.

The orientation-dependent structure factors in Eq. (8.55), with |G000(β)|2
including the dipole factor e−κ0µ0 and |g000(β)|2 excluding the dipole factor, are
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presented in Fig. 8.7. We note that for the LiH calculation, the Li atom is placed at

z′ = −R/2 and H atom at z′ = R/2. In the HF case, |g000(β)|2 is largest at β = π,

meaning that if the permanent dipole is neglected, the molecule is most likely to

ionize when the internuclear vector R from Li to H is aligned antiparallel with the

electric �eld F . The reason for this can be simply understood by considering the

Dyson orbital density plotted in Fig. (8.8), where the charge density is observed

to be greatest at the H-end of the molecule. When β = π, the tunnel exit is

at the H-end, and greater charge density leads to greater ionization probability.

However, when the dipole factor is taking into account, the situation is seen to

be reversed in Fig. 8.7, with |G000(β)|2 attaining maximum at β = 0. Indeed,

for β = 0 the dipole moment µ0 = µ′0 = −1.1876 is negative (pointing in the

negative z direction), with the exponential factor e−κ0µ0 attaining its maximum.

With increasing β, the dipole changes according to Eq. (8.56), until the dipole

factor attains its minimum at β = π. Our HF result for LiH again agrees with

Ref. [143].

For the correlated CAS∗(2, 120)-0 results in Fig. 8.7, the overall behavior is

similar to the HF results. The structure coe�cient |g000(β)|2 is slightly larger

than the HF result at β = 0, while being quite smaller at β = π. By considering

the Dyson orbital for CAS∗(2, 120)-0 in Fig. 8.8 we see that the density near the

H atom is reduced compared to HF, leading to the large decrease of |g000(β)|2 at

orientation angle β = π. The decrease of density near the H atom, however, also

decreases the magnitude of the dipole moment |µ′0| (µ′0 = −1.004), leading to a

decrease of |G000(β)|2 at β = 0 for the correlated CAS∗(2, 120)-0 case.

With the inclusion of π-orbitals in CAS∗(2, 180)-1, it is seen in Fig. 8.7 that

|g000(0)|2 is unchanged compared to CAS∗(2, 120)-0, while |g000(π)|2 is increased.

The increased density at the H-end also increases the magnitude of the dipole

moment µ0 = −1.0187 compared to CAS∗(2, 120)-0, leading to an increase of the

structure factor G000(β) at β = 0.

8.5 Conclusion

We have presented a new scheme to obtain the orientation-dependent structure

factors and ionization rates for diatomic molecules. This is done by �rst calculat-

ing the relevant energies, dipole moments, and Dyson orbitals in the TD-GASCI

method by ITP and then applying the ME-WFAT. This allowed us to calculate,

for the �rst time, correlation e�ects in the orientation-dependent structure factors

|G000(β)|2 for H2 and LiH, where correlation e�ects are shown to be non-negligible.

The current implementation has several advantages. First, correlation e�ects
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Figure 8.8: Dyson orbital propability density for LiH in spherical coordinates
|ψD(r′, θ′, ϕ′ = 0)|2, calculated using TD-GASCI in the HF approximation (upper �gure),
CAS∗(2, 120)-0 (middle �gure), and CAS∗(2, 180)-1 (bottom �gure) with R = 3.0139.
The primes in r′ and θ′ refer to the molecular frame coordinate system.

can be included systematically in the TD-GASCI, e.g. by freezing the two core

electrons in LiH, and without the need to include the total CAS-space for con-

vergence. Second, the TD-GASCI is a grid-basis based method, and can readily

obtain the asymptotic part of Dyson orbital which is required in the ME-WFAT.

This is in contrast to quantum chemistry methods that focuses on the ground

state energies for which the asymptotic part of the wave function is unessential.

Also, the ME-WFAT, being a static �eld theory, can truly capture the tunneling

ionization e�ect without the host of phenomena in time-dependent calculations

such as core-polarization and electron-rescattering that are di�cult to analyse.

One notable drawback of this scheme is the fact that TD-GASCI, being a

grid-based method, needs a extremely dense grid to describe the core orbitals for
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a many-electron system (think of e−Zr/n scaling for a hydrogen-like atom). How-

ever, experience has shown us that the structure factor is somewhat insensitive

to the converged ionization energy. As long as the energy is somewhat converged,

the structure factor remains the same. It is our wish to apply the current scheme

to more complex diatomics where unresolved outstanding questions remain.



Chapter 9

Summary and outlook

This work was primarily concerned with the strong-�eld-induced breakup of di-

atomic molecules. The studied processes include ionization, dissociation, and

dissociative ionization (DI).

For the study of dissociation and DI, the time-dependent Schrödinger equation

(TDSE) for a reduced-dimensionality model of H+
2 was numerically solved, with

the electronic and a nuclear degrees of freedom treated fully quantummechanically

without the use of the Born-Oppenheimer approximation. The time-dependent

surface �ux method, a method for the e�cient extraction of di�erential atomic

spectra from the TDSE calculations, was formulated and implemented to treat

molecular breakup of H+
2 . Using this, the channel-resolved nuclear kinetic energy

release (NKER) spectra for dissociation, as well as the joint-energy spectra (JES)

for DI showing the electron-nuclei continuum-energy sharing, could be obtained.

When H+
2 was irradiated by intense extreme ultraviolet (XUV) laser pulses,

distinct interference patterns in the JES appeared. An essential state expansion of

the wave function consisting of the ground state and the continuum states allowed

for the interpretation of the main features in the JESs in terms of the dynamic

interference e�ect. The dynamic interference e�ect, which previously has been

predicted in atoms, is a process where ionized electronic wave packets with equal

continuum energies created during the rising and falling edges of a laser pulse

interfere in the continuum.

An investigation of H+
2 in the very intense, XUV laser pulse regime revealed

that the molecule stabilized w.r.t. ionization, i.e. that the ionization rate de-

creased with increasing laser intensities. However, in a certain laser parame-

ter regime, highly non-resonant dissociation channels were shown to completely

dominate over ionization, leading to unity probability for molecular breakup.

This novel mechanism was understood by considering the �eld-dressed Born-

Oppenheimer potential energy curves in the reference frame following a free elec-
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tron in the �eld, and a model was proposed that characterizes the dissociation

mechanism, as well as predicting the control of the NKER spectra and the total

vibrational excitation of the population.

Based on recent discoveries, in the JES of DI the electron and nuclei either

shared the photon energies between them, which emerged as diagonal structures

in the JES, or the electron took all the photon energy, which were imprinted as

vertical structures in the JES. It was shown in this thesis that in addition to

the mentioned structures, unintuitive cross-diagonal structures in the JES could

emerge. Using a strong-�eld approximation model wherein the nuclear energy

was included, we were able to relate the cross-diagonal structures to interferences

between DI wave packets released during the same subcycle of the pulse. Fur-

thermore, the diagonal structures in the JES could be related to the interferences

between wave packets released in di�erent optical cycles. For a �at-top laser

pulse, analytic expressions for these intra- and intercycle interference e�ects were

obtained that should be applicable to a general diatomic molecule.

Tunneling ionization constitutes the �rst step in a range of strong-�eld phe-

nomena, and an accurate description of the process is of great importance. The

multi-electron weak-�eld asymptotic theory (ME-WFAT) was employed for this

purpose to study the orientation-dependent static tunneling ionization rate in H2

and LiH. The asymptotic tail of the Dyson orbital required in the ME-WFAT

was extracted from the time-dependent generalized-active-space (TD-GASCI)

method, which could include electron correlations consistently. The inclusion of

correlations in H2 and LiH was shown to have a sizable e�ect on the orientation-

dependent ionization rate.

The TD-GASCI method was originally designed to treat time-dependent multi-

electron problems. A e�cient �ux method to obtain the photoelectron angular

distributions and the photoelectron momentum spectra was derived, and imple-

mented in the TD-GASCI for a 1D He model for testing.

With the rapid development in laser technology, and pan-european projects

such as the Extreme Light Infrastructure1 and the European x-ray free electron

laser2 (both operational next year), the peak laser intensities are expected to

grow. Experimental veri�cations of the above-predicted breakup dynamics in

the very intense XUV regime thus lies within the realm of possibility. For the

theoretically predicted intra- and intercycle interference in DI with infrared pulses,

all components for a possible experimental veri�cation are availaible even today,

and it is hoped that the work in this thesis can stimulate such experiments. In

the case of the orientation-dependent static �eld tunneling ionization for multi-

1https://eli-laser.eu/
2http://www.xfel.eu/

https://eli-laser.eu/
http://www.xfel.eu/
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electron diatomics, the plan is to apply the used scheme to more complicated

systems like CO, where discrepancies between theories and experiments exist. By

including the electron correlations, it is hoped that some discrepancies can be

clari�ed.

On the theoretical front, one could consider a model of H+
2 in the axial-recoil

approximation, with the electron allowed to move in a plane containing the inter-

nuclear axis. Such a model would allow the study of molecular breakup processes

with parallel and perpendicular linearly polarized laser �elds, as well as circu-

larly polarized, and orthogonal-polarized two-color laser pulses. Combined with

the tSURFF method and a complex absorber, di�erential spectra could be ex-

tracted in a relatively small simulation volume, making the propagation of the

TDSE somewhat feasible. For linearly polarized pulses along the internuclear axis,

cylindrical coordinates could be used to solve the full-dimensionality TDSE for

H+
2 in the axial-recoil approximation [156, 157]. Aside from obtaining veri�cations

of the predicted strong-�eld e�ects in this thesis, the �exibility of these models

allows the study of other observables such as the emission-angle-dependent JES.

The observed strong-�eld phenomena were obtained for a one-electron molecule.

It would be interesting to study how the multi-electron e�ects will change the �nd-

ings presented in this thesis. For the inter- and intracycle interference, a small

change is expected, since strong-�eld physics in the infrared frequency regime

is the physics of the valence electrons. For the intense XUV pulses, ioniza-

tion from inner shells could possibly dominate, leading to di�erent dynamics.

However, in Chapter 6, it was argued that our �ndings might still hold. To

solve the TDSE including nuclear motion and multiple electrons, one can resolve

to reduced-dimensionality models, or multi-electron methods such as the multi-

con�gurational time-dependent Hartree Fock [69].



Appendix A

Gaussian quadratures and the

finite-element discrete variable

representation

In this appendix Gaussian quadratures, discrete variable representation (DVR)

[84] and �nite-element DVR (FE-DVR) [85] are presented.

A.1 Gaussian quadrature

An integral of a function f(x) over an interval x ∈ [a, b] can be approximated by

a Gaussian quadrature [89]∫ b

a
W (x)f(x)dx ≈

Nb−1∑
j=0

ωjf(xj), (A.1)

with {xj}Nb−1
j=0 the quadrature points and {ωj}Nb−1

j=0 the quadrature weights. The

integral in Eq. (A.1) is exact if f(x) is a polynomial of degree 2Nb − 1 or less.

To obtain the quadrature points and weights, a set of orthogonal polynomials

{pm(x)}Nm=0 is constructed, with m denoting the polynomial order. The quadra-

ture points are then de�ned as the roots of pN (x), and the weights are given

by

ωi =

∫ b
a W (x)p2

N−1(x)dx

pN−1(xi)p′N (xi)
. (A.2)

A.1.1 Gauss-Legendre quadrature

For Gauss-Legendre quadratures, W (x) = 1 and the polynomials {pj(x)}N−1
j=0

are chosen as Legendre polynomials de�ned in the interval x ∈ [−1, 1]. The
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representation

quadrature points x̃i and weights ω̃i can be scaled to an arbirary integration

interval [a, b] by the relations

ωi =
b− a

2
ω̃i

xi =
1

2
[(b+ a)x̃i + (b− a)] .

(A.3)

A similar quadrature, the Gauss-Radau quadrature, where one of the end

points of the integration interval is chosen as a quadrature point, is given by∫ 1

−1
f(x)dx ≈ 2

N2
b

f(−1) +

Nb−1∑
i=1

ωif(xi). (A.4)

In this quadrature, the quadrature points are roots of

[pN−1(x) + pN (x)]/(1 + x), (A.5)

and the weights are

ωi =
1

(1− xi)[p′N−1(xi)]2
. (A.6)

If f(x) is a polynomial of order 2Nb−2 or less, Gauss-Radau quadrature is exact.

If both end points of the integration interval are included,∫ 1

−1
f(x)dx ≈ 2

Nb(Nb − 1)
[f(−1) + f(1)] +

Nb−2∑
i=1

ωif(xi). (A.7)

the resulting quadrature is the Gauss-Lobatto quadrature. The quadrature points

are roots of pN−1(x) and the weights are

ωi =
2

Nb(Nb − 1)[pN−1(xi)]2
. (A.8)

Gauss-Lobatto integration is exact for polynomials of order 2Nb − 3 or less.

A.1.2 Other Gaussian quadratures

Other Gaussian quadratures constructed using classical polynomials include

(Gauss-Chebychev) W (x) = (1− x2)−1/2, x ∈ [−1, 1], (A.9)

(Gauss-Laguerre) W (x) = xαe−x, x ∈ [0,∞], (A.10)

(Gauss-Hermite) W (x) = e−x
2
, x ∈ [−∞,∞], (A.11)

(Gauss-Jacobi) W (x) = (1− x)α(1 + x)β, x ∈ [0,∞]. (A.12)
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A.2 Discrete variable representation

A DVR basis can be constructed from a Gaussian quadrature rule. For a given

set of normalized orthogonal polynomials {pm(x)}Nb−1
m=0 , the related functions

φm(x) =
√
W (x)pm(x) (A.13)

are de�ned. In this basis, for 0 ≤ m,n ≤ Nb − 1, the orthonormality condition

and the matrix elements of x given by

δmn =

∫ b

a
φm(x)φn(x)dx =

Nb∑
i=1

ωi
W (xi)

φm(xi)φn(xi), (A.14a)

Xmn =

∫ b

a
φm(x)xφn(x)dx =

Nb∑
i=1

ωi
W (xi)

xiφm(xi)φn(xi), (A.14b)

are exact within the quadrature rule, due to pm(x)pn(x) and xpm(x)pn(x) being

polynomials of order 2Nb − 1 or less. Denoting now the Nb × Nb tranformation

matrix elements as

Tim =

√
ωi

W (xi)
φm(xi), (A.15)

the relations in Eq. (A.14) are equivalent to

I = T†T, (A.16a)

X = T†XDVRT, (A.16b)

where XDVR is a diagonal matrix with the quadrature points in the diagonal. The

transformation matrix T in Eq. (A.16a) is seen to be unitary, and the quadrature

points can be obtained by a diagonalization of the tridiagonal matrix X. The

basis wherein x is diagonal is denoted as the DVR basis, with the basis functions

given by

θi(x) =

Nb−1∑
m=0

T ∗imφm(x). (A.17)

Using Eqs. (A.14)-(A.16), the DVR functions at the quadrature points can

evaluated, yielding

θi(xj) =

√
W (xj)

ωj
δij . (A.18)

Hence the ith DVR function is localized near xi, in the sense that it is nonzero

at xi and zero at all other quadrature points. With this, the DVR functions can
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representation

be shown to be orthonormal:

∫ b

a
θi(x)θj(x)dx =

Nb−1∑
k=0

ωk
W (xk)

θi(xk)θj(xk)

=

Nb−1∑
k=0

δikδjk = δij .

(A.19)

In the DVR, the potential energy matrix elements are evaluated using the quadra-

ture rules,

Vij =

∫ b

a
θi(x)V (x)θj(x)dx

≈
Nb−1∑
k=0

ωk
W (xk)

θi(xk)V (xk)θj(xk)

= V (xi)δij ,

(A.20)

which is seen to be just the potential energy values at the quadrature points.

This is especially important for the evaluation of two-electron integrals, where

the memory requirement is reduced from O(N4
b ) to O(N2

b ). The kinetic energy

matrix elements can be evaluated analytically. These properties, combined with

the Gaussian quadrature accuracies, illustrates the attractiveness of the DVR.

An important relation [158] between the DVR and the Lagrange interpolation

polynomials Lj(x) is,

Lj(x) =

√
ωj

W (x)
θj(x), (A.21)

where

Lj(x) ≡
Nb−1∏
i=0

(j 6=i)

x− xi
xj − xi

. (A.22)

This general relation can be proved by realizing that both sides of Eq. (A.21) are

polynomials of order Nb − 1 with the same roots xj and the same normalization.

In the case of Gauss-Lobatto DVR, one uses the Gauss-Lotatto quadrature

rule in Eq. (A.8) with the end points included. The DVR functions are usually

expressed in terms of the Lagrange interpolation polynomials,

θj(x) =
Lj(x)
√
ωj

. (A.23)
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A.3 Finite-element discrete variable represen-

tation

The FE-DVR approach combines a �nite element method with a DVR basis.

The total spatial region is divided into Ne elements, each element with its own

set of DVR functions. Gauss-Lobatto DVR is used to connect the end points

between two adjacent elements. The Lobatto shape functions, which are Lagrange

interpolation polynomials on a given �nite element e, is given by

Lej(x) =

Ne
b−1∏
i=0

(i 6=j)

x− xei
xej − xei

×

1, for x ∈ [xe0, x
e
Ne
b−1],

0, else,
(A.24)

with N e
b the number of quadrature points xei in element e. The basis functions

are then de�ned as

θej (x) =



Lej(x)√
ωej

, for j = 1, . . . , N e
b − 2, (A.25a)

LeNe
b−1(x) + Le+1

0 (x)√
ωeNe

b−1 + ωe+1
0

, for j = N e
b − 1, (A.25b)

where ωej are the weights in element e. In Eq. (A.25b), the bridge functions

between element boundaries are introduced to connect the FE boundaries, with

the last quadrature point in element e overlapping with the �rst quadrature point

in element e+ 1, xeNe
b−1 = xe+1

0 . The FE-DVR functions satisfy the properties of

the DVR, and the kinetic energy matrix attains a banded structure [85],

V ef
ij =

∫
θei (x)V (x)θfj (x)dx ≈ δefδijV (xei ),

T efij =
δef + δe

2

∫
d

dx
θei (x)

d

dx
θfj (x)dx ≈ δefδijV (xei ),

(A.26)

where the derivative of the DVR functions at the quadrature points are known

analytically [85].

The FE-DVR, in contrast to standard DVR, allows for an good adaption of

the basis to a physical problem, as one can specify the position of the elements and

the number of the DVR functions in each element. For example in the problem

of ionization, a FE element containing a large number of DVR functions can be

used near the nucleus to accurately represent the bound part of the wave function,

while FE's with less dense quadrature points far from the bound region can be

used to describe the outgoing WPs.



Appendix B

Field-free continuum eigenstates

In this Appendix, we describe the method used for obtaining the �eld-free contin-

uum states of H+
2 in the BO approximation. The time-independent Schrödinger

equation reads[
Te + TN + VeN (x,R) + VN (R)

]
u(x,R) = Eu(x,R). (B.1)

The continuum states u(x,R) of Eq. (B.1) depend on the electronic energies Ee,

the nuclear energies EN , and the parity P . We make in Eq. (B.1) the ansatz

uPEeEN (x,R) = ξPEe (x;R)χEN (R) , (B.2)

and by neglecting the action of TN on ξPEe (x,R) (BO approximation), the elec-

tronic and nuclear degrees of freedom decouple, resulting in the equations[
Te + VeN (x,R)

]
ξPEe (x;R) = Eeξ

P
Ee (x;R) (B.3)[

TN + VN (R)
]
χEN (R) = ENχEN (R) , (B.4)

with E = Ee + EN . For a given Ee, Eq. (B.3) is solved for each internuclear

distance R to obtain ξPEe (x;R). These approximate continuum solutions were

used successfully in Ref. [75].

We �nd the solutions to Eq. (B.3) numerically as follows. Starting near the

origin, we impose the parity conditions ξPEe (−δx;R) = (−1)P ξPEe (δx;R), with

δx being the integration step size. We then apply the Numerov algorithm to

numerically integrate Eq. (B.3) outwards. The potential satis�es

VeN (x,R)→ − 2

|x| , for |x| � R/2, (B.5)

which implies that the energy-normalized continuum solution has the asymptotic

behaviour

ξPEe (x;R)→
√

µ

πp

[
FEe(x;R,α0) cos(δP ) +GEe(x;R,α0) sin(δP )

]
, (B.6)
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where p =
√

2µEe, δP is the phaseshift, FEe(x;R,α0) and GEe(x;R,α0) are the

regular and irregular Coulomb functions, respectively. The latter functions were

obtained using the GNU Scienti�c Library. By matching our numerical solutions

to the asymptotic form in Eq. (B.6), we can obtain the energy delta-normalized

states satisfying
〈
ξPEe (R)

∣∣ξP
Ee′

(R)
〉

= δ (Ee − Ee′).



Appendix C

Dressed BO curve of a diatomic

molecule for small α0

In this appendix we argue that for a general diatomic molecule subjected to lin-

early polarized laser pulses with small α0, the ground state BO potential behaves

similarly to the case of H+
2 , i.e. the surface energy, equilibrium internuclear dis-

tance, and vibrational time-scale increases with quiver amplitude.

Starting from the N -body electronic Hamiltonian, assuming in�nite nuclear

masses M1 = M2 =∞, the dipole approximation, and velocity gauge,

HV G
e (t) = Te + VeN + Vee + VN + VI(t), (C.1)

with

Te =
∑
i

p2
i /2, VeN =

N∑
i

(
−ZA
riA
− ZB
riB

)
,

Vee =
1

2

N∑
j

N∑
i 6=j

1

|ri − rj |
, VN =

1

R
,

VI(t) = A(t) ·
N∑
i

pi,

(C.2)

where pi is the momentum operator of the i'th electron, A(t) = F0/ω cos(ωt)e

the vector potential, R = |R| the internuclear distance, riA = |riA| = |ri +

R/2| and riB = |riB| = |ri − R/2| the electronic distances to the nuclei, and

Z1 and Z2 the nuclear charges. By applying the unitary tranformation U(t) =

exp
(
iα(t) ·∑N

i pi

)
, we obtain the KH electronic Hamiltonian:

HKH
e (t) = Te + V KH

eN (t) + Vee + VN , (C.3)
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with the electron-laser interaction contained in V KH
eN (t)

V KH
eN (t) =

N∑
i

( −Z1

|riA +ααα(t)| +
−Z2

|riB +ααα(t)|

)
, (C.4)

with ααα(t) = α0 sin(ωt)e, and e the linear polarization.

For small α0, the dressed potential V0(α0) = (ω/2π)
∫ 2π/ω

0 V KH
eN (t)dt only

changes slightly compared to the �eld-free potential VeN , and we can consider

V0(α0)− VeN a perturbation. The R-dependent electronic energy shift ∆Eel can

then be evaluated as

∆Eel(R,α0) = 〈Ψ0|V0(α0)− VeN |Ψ0〉 , (C.5)

with |Ψ0〉 the unperturbed ground state. We proceed now as on p. 472 of Ref.

[118] for hydrogen, but generalize to the multielectron, molecular case. Using the

Fourier expansion of the Coulomb potential 1/|r| = −(2π2)−1
∫
k−2 exp(ik ·r)dk,

and an expansion of exp(iα0 cos(ωt)k · e) to second order in α0, one arrives at

∆Eel(R,α0) =

∫
dk

N∑
i

〈Ψ0|
(k · e)2

k2
eik·riA

+
(k · e)2

k2
eik·riB |Ψ0〉

=
α2

0

4

∫
dk

N∑
i

〈Ψ0|
4π

3
δ (riA)−

[
2P2(e · riA)

r3
iA

]
+

4π

3
δ (riB)−

[
2P2(e · riB)

r3
iB

]
|Ψ0〉 ,

(C.6)

with P2(x) = (3x2 − 1)/2 the second-order Legendre polynomial. Approximating

the ground state as a single determinant |Ψ0〉 = |φ1 . . . φN 〉, with φi the i'th spin-

orbital, and expanding the spatial orbitals in terms of Gaussian primitive basis

functions centered at the two nuclei, as in conventional quantum chemistry, we

can show that the second terms involving P2 in Eq. (C.6) are small compared to

the terms involving δ , and can thus be safely neglected. This will be presented

at the end of the appendix. The remaining terms are proportional to the ground

state electronic density ρ(r) =
∑N

i 〈Ψ0| δ(r) |Ψ0〉 at r = ±R/2. We approximate

the ground state density as ρ(r) = gA(rA)+gB(rB), with gA and gB two positive,

monotonically decreasing functions de�ned on the interval [0,∞] with maximal

values gA(0) = NA and gB(0) = NB. The gA and gA can be quite general, as long

as they satisfy the nuclear cusp conditions 0 = 2ZAρ(rA) + ∂ρ(r)/∂rA|rA=0 =
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2ZBρ(rB)+∂ρ(r)/∂rB|rB=0, and the asymptotic behavior ρ(r) ∼ exp(−2
√

2Ipr)

at large r, with Ip the ionization potential. Now the energy shift is given by

∆Eel(R,α0) =
α2

0π

3
[NA + gA(R) +NB + gB(R)] , (C.7)

which is seen to show that: the ground state BO surface energy shifts

upwards with quiver amplitude. Most ground state BO-curves Eel,1(R,α0 =

0) are well approximated by the Morse potential

Eel,1(R,α0 = 0) ' De

(
e−2a(R−R0) − 2e−a(R−R0)

)
, (C.8)

where R0 is the �eld-free equilibrium internuclear distance, De > 0 the well depth,

and a > 0 a molecular-speci�c parameter to �t the well-width. The ground state

BO curve in the presence of a �eld with small α0 is then

Eel,1(R,α0) ' Eel,1(R, 0) + ∆Eel(R,α0). (C.9)

Setting ∂Eel,1(R,α0)/∂R = 0, we obtain the new equilibium internuclear dis-

tance R0(α0) = R0 + δR in the presence of the �eld, with

δR = K1/K2, (C.10)

where
K1 = −(α2

0π/3)
[
g′A(R0) + g′B(R0)

]
K2 = 2a2De +

(
α2

0π/3
) [
g′′A(R0) + g′′B(R0)

]
.

(C.11)

As gA and gB are monotonically decreasing, K1 ≥ 0, and K2 > 0 can always be

satis�ed for small enough α0. This shows that in the presence of a �eld with small

α0, δR ≥ 0, and the equilibrium internuclear distance is shifted towards

larger values, just as in the case of H+
2 .

The vibrational period is approximated as Tv(α0) = 2π/ωH(α0), with ωH(α0) =√
k(α0)/MN the energy spacing between �rst two vibrational states in the har-

monic approximation, k(α0) = ∂2Eel,1(R,α0)/∂R2|R0(α0) the α0-dependent force

constant, and MN = MAMB/(MA + MB) the reduced mass of the nuclei. Thus

k(0) − k(α0) > 0 would imply a decrease in the vibrational period. From Eqs.

(C.7)-(C.9) we obtain:

k(0)− k(α0) ' 6a3DeδR−
∂2∆Eel,1
∂R2

∣∣∣∣
R0+δR

. (C.12)

As the second term on the right hand side of Eq. (C.12) is proportional to

α2
0, it can always be made smaller than the �rst term for su�ciently small α0.

This implies k(0) − k(α0) > 0, which proves that the vibrational time-scale

increases with quiver amplitude.
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C.1 Neglect of the term involving P2

Here we argue the neglect of the term involving P2 in Eq. (C.6). We consider

a multi-electron atom. In �rst quantization, a single particle operator (without

action on spin) can be written

O1 =
N∑
i=1

o(i), (C.13)

with N the number of electrons and o(i) acting on the i'th electron. The ground

state determinant can be approximated as a closed-shell determinant,

Ψ = |ψ1↑ψ1↓ · · ·ψN
2
↑ψN

2
↓〉 , (C.14)

with ψp(r) = ψnplpmp(r, θ, φ) the p'th spatial orbital, and ↑ (↓) denoting spin up

(down). The expectation value of the operator O1 can be written

M ≡ 〈Ψ0|O1 |Ψ0〉

= 2

N/2∑
p=1

Mp, Mp = 〈ψp| o |ψp〉 .
(C.15)

The spatial orbitals can be expanded in terms of the a primitive basis,

ψp(r) ≡ ψnplpmp(r, θ, φ)

=
∑
i

cinplpφ
i
lpmp(r, θ, φ)

= Ylpmp(θ, φ)
∑
i

cinplpR
i
lp(r),

(C.16)

where R are the radial functions, Y the spherical harmonics, and the superscripts

i are indices. Note that a given spatial orbital has no l and m mixing (no sum

over l and m). The matrix elements can now be written

Mp =
∑
ij

(
cjnplp

)∗
cinplp 〈φ

j
lpmp
| o |φilpmp〉 . (C.17)

In quantum chemistry structure calculations, the expansion coe�cients cinl are

chosen real, and the primitive radial basis is usually taking as Slater- or Gaussian-

type orbitals:

Ril(r) =


N i
l r
le−ζ

i
l r, N i

l =
(2ζil )

l+ 3
2√

(2l+2)!
(STO)

N i
l r
le−α

i
lr

2
, N i

l =
2l+

7
4 (αil)

l
2 + 3

4

π
1
4 (2l+1)!!

(GTO)

(C.18)
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In the present case,

o(r) =
α2

0

4
(o1 + o2) ,

o1 =
4π

3
δ(r), o2 = −

[
2P2(cos θ)

r3

]′
,

(C.19)

we can calculate for the GTO,

〈φjlm| o1 |φilm〉 =
4π

3
Rjl (0)Ril(0)

=
4π

3

2
14
4

(
αjlα

i
l

) 3
4

√
π

δl0

=
2

11
2
√
π

3

(
αj0α

i
0

) 3
4
δl0,

(C.20)

which is seen to only given something when l = 0, which is the well-known result

that only sss-orbitals contribute to the total density at a nucleus. Now,

〈φjlm| o2 |φilm〉 = −2

〈
Rjl

∣∣∣∣ 1

r3

∣∣∣∣Ril〉 〈Ylm|P2(cos θ) |Ylm〉 (C.21)

The angular integral can be evaluated analytically using Gaunts formula,

〈Ylm|P2(cos θ) |Ylm〉 =
l(l + 1)− 3m2

(2l − 1)(2l + 3)
, (C.22)

and the radial integral can be performed using
∫∞

0 xne−ax
2
dx = k!/(2a)k+1 for

a > 0 and n = 2k + 1 odd,〈
Rjl

∣∣∣∣ 1

r3

∣∣∣∣Ril〉 =

∫ ∞
0

N j
l N

i
l r

2l−1e−(αjl+α
i
l)r

2

=

N
j
l N

i
l

(l−1)!

2(αjl+α
i
l)
l , for l > 0

divergent, for l = 0.

(C.23)

For l = 0, it is seen that the angular integral is 0, so we have

〈φjlm| o2 |φilm〉

= −2N j
l N

i
l

(l − 1)!

2
(
αjl + αil

)l l(l + 1)− 3m2

(2l − 1)(2l + 3)
(1− δl0)

= −
22l+ 7

2

(
αjlα

i
l

) l
2

+ 3
4

√
π ((2l + 1)!!)2

(l − 1)!(
αjl + αil

)l l(l + 1)− 3m2

(2l − 1)(2l + 3)
(1− δl0).

(C.24)
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Table C.1: Table corresponding to the minimal Gaussian basis for C introduced in
page 235 of [76], consisting of the atomic orbitals 1s, 2s, and 2p.

(l, i) αil ci1l ci2l ci2l
(0,1) 8.800 0.982 -0.266
(0,2) 0.252 0.077 1.016
(1,1) 0.385 1.000

The matrix element can be written as M =
α2

0
4 (Mo1 +Mo2), with Mo1 stem-

ming from the o1 and Mo2 from o2,

Mo1 = 2
∑
n

〈ψn00| o1 |ψn00〉

= 2
∑
n

∑
ij

cjn0c
i
n0 〈φj00| o1 |φi00〉

= 2
∑
ij

〈φj00| o1 |φi00〉
∑
n

cjn0c
i
n0,

(C.25)

and
Mo2 = 2

∑
n,l>1,m

〈ψnlm| o2 |ψnlm〉

= 2
∑

n,l>0,m

∑
ij

cjnlc
i
nl 〈φjlm| o2 |φilm〉

= 2
∑
l>0

∑
ij

(∑
m

〈φjlm| o2 |φilm〉
)(∑

n

cjnlc
i
nl

)
,

(C.26)

For the minimal basis set (same number of GTO as number of orbitals) for

Carbon given on page 235 of [76], [see Table C.1], we obtain from Eq. C.20:

〈φ1
00| o1 |φ1

00〉 = 698.0, 〈φ2
00| o1 |φ2

0m〉 = 3.382, and 〈φ1
00| o1 |φ2

00〉 = 48.59.

Mo1 =2
[ (
|c1

10|2 + |c1
20|2
)
〈φ1

00| o1 |φ1
00〉

+
(
|c2

10|2 + |c2
20|2
)
〈φ2

00| o1 |φ2
00〉

+ 2
(
c1

10c
2
10 + c1

20c
2
20

)
〈φ1

00| o1 |φ2
00〉
]

=1414.

(C.27)

We have (assuming m = 0), 〈φ1
1m| o2 |φ1

1m〉 = 0.4469, so that

Mo2 = |c1
21|2 〈φ1

10| o2 |φ1
10〉 = 0.4469. (C.28)

As Mo1 � Mo2 (more than 3 order of magnitude's di�erence), the operator

o2 can be safely neglected for C, at least in the present minimal basis. For more
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complex basis sets, e.g. the Gaussian (9s5p) basis set for C given in Table 8.2 on

page 291 of [76], the primitive Gaussian orbitals with the largest weights (orbitals

φilm with the largest cinl) for a given l, the exponents are similar in magnitude as

the treated minimal basis set, and the operator o2 can again safely be neglected.

As the HF ground state of C only has one p spatial orbital, only (l,m) = (1, 0)

needs to be considered, and there are no sums over l and m in Eq. (C.26). For

more complex systems, more terms needs to considered. We argue here that such

contributions are still negligible compared to contributions from o1. First, the

general rule is that the higher l, the more di�use the orbitals (intuitive in a shell

picture), and the smaller the αil coe�cients (for simple estimates, i can be chosen

as the primitive GTO with the highest weight). This means that the α-dependent

factor in Eq. (C.24) is a decreasing function with l, e.g. for the diagonal case with

i = j: (
αjlα

i
l

) l
2

+ 3
4(

αjl + αil

)l δij =

(
αil
) 3

2

2l
δij . (C.29)

The factor [l(l+ 1)− 3m2]/[(2l− 1)(2l+ 3)] is positive and a decreasing function

of l, and for l →∞ it goes to 1/4 for m = 0. The large-l behavior of Eq. (C.24)

is then approximately

〈φjlm| o2 |φilm〉

∼
(
2αil
) 3

2

√
π

2l

(2l + 1)(2l) · · · (l + 1)l

∼
(
2αil
) 3

2

√
π

2l[(
3l+1

2

)l+1
] ,

(C.30)

which is obviously rapidly decreasing with l. Also note that the expansion co-

e�cients in s spatial orbitals are all positive, while some of the non-s spatial

orbitals must have negative expansion coe�cients to describe the radial nodes.

This means that in Eq. (C.26) not all terms are positive, and cancelations will

occur, further reducing the contribution from o2. With this we conclude that the

most important non-s spatial orbitals contributing to Mo2 are the p-orbitals, and

these were seen to be negligible compared to Mo1 .



Appendix D

Coordinate transformations

In this appendix the de�nitions and coordinate transformations between three

non-Cartesian coordinate systems are given.

D.1 Coordinate systems

Spherical coordinates

Spherical coordinates are de�ned by

r =
√
x2 + y2 + z2, r ∈ [0,∞), (D.1a)

θ = arccos
(z
r

)
, θ ∈ [0, π], (D.1b)

ϕ = arctan
(y
x

)
, ϕ ∈ [0, 2π]. (D.1c)

Prolate spheroidal (confocal elliptic) coordinates

Consider two focal points placed at RA = −R/2 and RB = R/2, with R = |R|
the distance between the focal points, and rA = |r −RA| and rB = |r −RB| the
distances to the focal points. The prolate spheroidal coordinates are de�ned by

[89]

ζ =
rA + rB
R

, ζ ∈ [1,∞), (D.2a)

µ =
rA − rB
R

, µ ∈ [−1, 1], (D.2b)

ϕ = arctan
(y
x

)
, ϕ ∈ [0, 2π]. (D.2c)
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Parabolic coordinates

Parabolic coordinates are de�ned by [132]

ξ = r + z, ξ ∈ [0,∞), (D.3a)

η = r − z, η ∈ [0,∞), (D.3b)

ϕ = arctan
(y
x

)
, ϕ ∈ [0, 2π]. (D.3c)

D.2 Coordinate transformations

Cartesian ↔ Prolate spheroidal

Transformation from Cartesian to prolate spheroidal coordinates is given by Eq. (D.2),

with

rA =
√
x2 + y2 + z2 + (R/2)2 + zR (D.4a)

rB =
√
x2 + y2 + z2 + (R/2)2 − zR. (D.4b)

Transformation from prolate spheroidal to Cartesian coordinates:

x =
R

2

√
(ζ2 − 1)(1− µ2) cosϕ (D.5a)

y =
R

2

√
(ζ2 − 1)(1− µ2) sinϕ (D.5b)

z =
R

2
ζµ. (D.5c)

Spherical ↔ Prolate spheroidal

Transformation from spherical to prolate spheroidal coordinates is given by Eq. (D.2),

with

rA =
√
r2 + (R/2)2 + rR cos θ (D.6a)

rB =
√
r2 + (R/2)2 − rR cos θ. (D.6b)

Transformation from prolate spheroidal to spherical coordinates:

r =
R

2

√
ζ2 + µ2 − 1, (D.7a)

θ = arccos

(
ζµ√

ζ2 + µ2 − 1

)
. (D.7b)
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Parabolic ↔ Cartesian

Transformation from Cartesian to parabolic coordinates is given by Eq. (D.2),

with

r =
√
x2 + y2 + z2 (D.8)

Transformation from parabolic to Cartesian coordinates:

x =
√
ξη cosϕ (D.9a)

y =
√
ξη sinϕ (D.9b)

z =
ξ − η

2
. (D.9c)

Parabolic ↔ Prolate spheroidal

Transformation from parabolic to prolate spheroidal coordinates is given by Eq. (D.2),

with

rA =

√(
ξ + η

2

)2

+

(
R

2

)2

+R

(
ξ − η

2

)
(D.10a)

rB =

√(
ξ + η

2

)2

+

(
R

2

)2

−R
(
ξ − η

2

)
. (D.10b)

Transformation from prolate spheroidal to parabolic coordinates:

ξ =
R

2

(√
ζ2 + µ2 − 1 + ζµ

)
(D.11a)

η =
R

2

(√
ζ2 + µ2 − 1− ζµ

)
. (D.11b)

Parabolic ↔ Spherical

Transformation from spherical to parabolic coordinates:

ξ = r(1 + cos θ) (D.12a)

η = r(1− cos θ). (D.12b)

(D.12c)

Transformation from parabolic to spherical coordinates:

r =
ξ + η

2
(D.13a)

θ = arccos

(
ξ − η
ξ + η

)
. (D.13b)
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