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ABSTRACT

This thesis compiles the results of three works on the subject of non-Gaussianities in scalar
field inflation, as well as an introduction to the needed background knowledge.

We present a numerical study of the axion monodromy model. We find several allowed
parameter sets that produce fNL ∼ O(5) which should be detectable with the Planck
satellite.

Furthermore the fourth order action of scalar perturbations in the uniform density
gauge is derived, along with the related gauge transformations. A discussion on the slow
roll dependence of the higher order actions is also included.

Finally a work in progress is included. This work is on the determination of an observed
bispectrum from a primordial one. A recursive scheme for calculating the integral over the
product of the three spherical Bessel functions is written down and analysed for squeezed
and folded triangles, giving limits that do not diverge.

Philip Roland Jarnhus
July 30, 2010

Department of Physics and Astronomy, Aarhus University
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NOTATIONS AND CONVENTIONS

The sign convention of the metric is throughout this work chosen to be (− + ++).
Lowered indices represent covariant quantities, while raised indices represent contravariant
quantities. Greek indices run from 0 to 3 with 0 being the time coordinate, while roman
indices only run over the spatial components (1 to 3). Summation over repeated indices
is implied.

Every equation is presented in natural units, i.e. c = ~ = 1. To further ease notation
the reduced Planck mass M−2

pl = 8πG is set to 1. The partial derivative ∂µ is defined as

∂µ ≡
∂

∂xµ
.

From this the LaPlacian is defined as

∂2 = ∂µ∂
µ = gµν

∂

∂xµ
∂

∂xν

and along with it, the inverse LaPlacian (∂−2) is defined as

∂−2∂2 = 1 .

A dot (ẋ) indicates as derivative with respect to physical time, while a prime x′ is context
specific and can mean one of three things:

1. A prime on the potential means a derivative with respect to the field: V ′(φ) = ∂V
∂φ

2. A prime on a conformal time variable τ simply indicates a new variable τ ′. This is
primarily used as an integration variable.

3. A prime on all other quantities is a derivative with respect to conformal time (τ):
z′ = ∂z

∂τ

The Fourier transform is defined as

f(x) =

∫
d3kf(k)e−ik·x ,

with the inverse transformation

f(k) =

∫
d3x

(2π)3
f(x)eik·x .
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SUMMARY

This thesis presents my work on single field inflation theory.
The current standard model of cosmology, the ΛCDM model, provides a good fit to

data, but is, on its own, insufficient as it lacks an explanation for the flat, homogeneous
and isotropic universe we observe. At present cosmological inflation seems to be the best
candidate for a dynamical scenario, that provides the needed initial conditions. Though
inflation is understood on a basic level, one still needs to work out the details and determine
the exact mechanism that creates the near exponential expansion of the Universe.

By studying the statistical properties of the perturbations arising during inflation, one
can discriminate between the proposed models through prediction of observations from
theory and inference from data. Such measurements give a unique opportunity to study
physics at the Planck scale.

This work reviews single field inflation (chapter 4) and cosmological perturbation theory
(chapter 3). The present constraints from observations are discussed in chapter 6, where
mention is also given to why present observations favour inflation over other scenarios.

Chapter 5 is focussed on calculating the bispectrum for a specific model. The axion
monodromy model is derived from string theory and have a very distinct bispectrum. Fur-
thermore this model is especially interesting as it produces a signal in the bispectrum, that
is strong enough to be detected within the next few years. The trispectrum is estimated
theoretically in special limits.

Based on the result of chapter 5, it is described how one computes the observed bispec-
trum in chapter 7. One of this chapter’s main results is a recursive scheme for calculating
a numerically difficult integral over a product of three spherical Bessel function. Finally a
triple integral is written down, that can be computed numerically. This still needs to be
done and is, at the time of writing, a work in progress.

Finally the fourth order action in the uniform density gauge is calculated in chapter 8,
along with the third order gauge transformation. The chapter includes a discussion of the
slow roll properties of higher order actions in the isocurvature gauge and the uniform den-
sity gauge. Concluding the chapter is a discussion of the challenges involved in calculating
the trispectrum numerically

Concluding remarks are found in chapter 9.
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DANSK RESUMÉ

Denne afhandling er en præsentation af mit arbejde med enkeltfeltsinflation.
Den nuværende beskrivelse af universet, kaldet ΛCDM modellen, giver i sig selv en

glimrende beskrivelse af de observerede data, men den har dog stadig mangler. Modellen
kan ikke redegøre for, hvorfor universet skal være geometrisk fladt, homogent og isotropt.
Med vores nuværende viden om universet tyder alt på, at kosmologisk inflation er det
bedste bud på et dynamisk scenarie, der kan producere de begyndelsesbetingelser, der skal
til for at kunne reproducere det univers, som vi ser i dag. Selv om inflation er rimelig godt
forstået på det mest basale niveau, er det stadig nødvendigt at udarbejde detaljerne og
bestemme præcist hvilken mekanisme, der ligger til grund for den nærmest eksponentielle
udvidelse af universet.

Ved at studere de statistiske egenskaber for de perturbationer, der opstår under in-
flation, er det muligt at skelne mellem modellerne ud fra teoretiske forudsigelser af ob-
servationer, samt ved at bruge observationer til at sætte generelle begrænsninger på de
parametre, der beskriver den statistik, som perturbationerne adlyder. Sådanne målinger
vil give en helt unik mulighed for at studere fysikken, som den tager sig ud ved Planck-
skalaen.

Dette værk indeholder en opsummering af enkeltfeltsinflation (kapitel 4) og kosmologisk
perturbationsteori (kapitel 3), samt en diskussion af hvad vi kan udlede fra observationer
(kapitel 6). Diskussionen berører desuden hvorfor inflation er det foretrukne scenarie frem
for andre modeller for the tidlige univers.

I kapitel 5 fokuseres der på at udregne bispektret for en bestemt model. Axion mon-
odromy modellen er udledt fra strengteori og producerer et let genkendeligt bispektrum.
Modellen er især interessant i og med, at den kan resultere i signaturer i bispektret, der kan
observeres inden for de næste par år. Ud over bispektret estimeres trispektret i bestemte
grænsetilfælde.

På baggrund af resultaterne i kapitel 5 beskriver kapitel 7 hvordan det observerede
bispektrum beregnes. Et af hovedresultaterne i kapitlet er et sæt af rekursive ligninger,
der gør det muligt at beregne et numerisk svært integral over et produkt af tre sfæriske
Besselfunktioner. Slutteligt opstilles et tredobbelt integral, der kan beregnes numerisk.
Dette er, i skrivende stund, endnu ikke fuldført.

Endelig beregnes det fjerde ordens virkningsintegral og den tredje ordens gaugetransfor-
mation for uniform density gauge. Kapitlet afsluttes med en diskussion af de udfordringer,
som skal løses for at kunne udregne trispektret numerisk.

Et konkluderende sammendrag findes i kapitel 9.
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1 COSMOLOGICAL BACKGROUND

Astronomy has undergone an amazing development through the ages. Starting from a
merely descriptive science, which involved observing and cataloguing the celestial objects
visible to the naked eye, probing ever deeper as telescopes became more advanced, until
the field emerged as the multi branched science of modern astrophysics it is today.

One branch that has gained increasing attention over the last decades is cosmology;
the study of the Universe on large scales of time and distance. Concerning itself with
the structure, content and evolution of the Universe, cosmology draws inspiration and
knowledge from many branches of physics, ranging from particle physics and statistical
physics to large scale gravitational physics.

The new developments of methods and instruments have provided an improved preci-
sion of the data, that forms the basis of all cosmological theory. This makes cosmology an
excellent test bed for physics beyond the standard model and possible expansions of the
fundamental theories, which form the basis of most of our current knowledge of nature.

In order to truly understand the scenario that provides the background for most of the
work done in astrophysics and cosmology, one needs to revisit the initial observations and
assumptions that lead to the currently accepted model, the ΛCDM-universe. This chapter
presents a summary of the standard textbook material on the ΛCDM-model, see e.g. [1, 2].

1.1 CONTENT OF THE UNIVERSE

When one attempts to unravel the properties of the Universe, one encounters problems
in situations which, in everyday life, seem trivial. A first complication is the lack of depth
perception. This comes mainly from the inability to accurately determine distance in a
way that is completely free of assumption. This is, in fact, only possible on very short
length scales, i.e., at most the scale of our galaxy, where the determination is done using
parallax techniques.

The second complication, which often give theorists considerable free rein, is that
very few fundamental parameters can be observed directly. That is to say that most of
our deductions are derived through model specific assumptions, impeding certainty in our
conclusions. We will therefore begin our description based firmly on what can be observed.

Finally we are limited by having only one universe, which we view from only one point.
This complicates matters as we analyse data, as the statistics are often limited to very few
data points.



2 Cosmological Background

BARYONIC MATTER AND RADIATION

When we first observe, we see the world around us. A good measure of baryonic matter
lumped together in greater or smaller masses, ranging from interstellar dust of molecular
size to planets and stars. Though we see a vast difference between a mote of dust, a human
being and a star, they can, on a cosmological scale, be considered as a low density gas of
non-relativistic massive particles. We can therefore describe the baryonic content as an
ideal gas with pressure

P =
ρ

µ
kBT , (1.1)

where µ is the mean mass of the particles. As the gas is non-relativistic, ρ is roughly the
energy density (in c = 1 units). Expressing the temperature in terms of the mean square
of the thermal velocity (3kBT = µ 〈v2〉), one can write the pressure as

P =
〈v2〉

3
ρ . (1.2)

From this one can conclude that normal baryonic matter can, in cosmological contexts, be
described as being dominated by its energy density and having almost zero pressure.

From observing the world around us we can deduce one additional fact; as we are able
to see things around us, the Universe must contain photons. They have a pressure of
one-third the energy density:

P =
ρ

3
. (1.3)

COLD DARK MATTER

To discover the next component of the Universe one has to look beyond the immediate
surroundings. Dark matter is a species of matter that does not interact with standard
model particles to any strong degree, but only affects the visible universe through gravi-
tational interactions. This makes direct detection of dark matter extremely difficult and
so far most of our knowledge about dark matter is inferred from observations of galactic
dynamics.

Dark matter was original hypothesised after observing the rotation of galaxies. Since
the observed surface brightness of galaxies drops exponentially as one moves further away
from the centre, one would expect the orbital speed of the stars in the galaxy to decrease
as v ∝ R−1/2. This is the line labelled disc in figure 1.1

As can be seen in figure 1.1 the orbital speed stagnates instead of decreasing for large
radii (data points in figure 1.1), implying that there must be more matter within the
galaxy than that which can be observed directly. Further indications of dark matter have
recently been observed in colliding galaxy clusters [3].

Though there are many realisations of dark matter, the class that seems to be of
cosmological significance is the cold dark matter, which has an equation of state like
baryonic matter, i.e., P ≈ 0. This leaves us with three species of cosmological content
with two distinct equations of state. We will defer the determination of their quantities
and instead focus on cosmological observations and what we can derive from them.
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Figure 1.1: Rotation curve data from NGC3198 along with fits for dark matter profile.
Taken from [4]

Part of the dark matter comes from neutrinos, which are, in the ΛCDM model, treated
as ultra-relativistic particles. They will therefore contribute to the radiation term.

1.2 COSMOLOGICAL PRINCIPLE AND THE FRW METRIC

Having observed the matter and radiation of the Universe, we can apply these initial
observations to paint the characteristics of the Universe with a broad brush. Doing a full
sky survey of the radiation, one finds first of all that there is a microwave background,
which exhibits a remarkably perfect black body spectrum with a peak at a temperature
of about 2.73K (see figure 1.2 on the following page).
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Figure 1.2: Black body spectrum of the CMB by the COBE satellite. From [5]

Comparing this result with a map of how the temperature varies over the sky (see
figure 1.3. Note that the variations are of the order of 0.1 mK), one notices that the
observed radiation is astoundingly isotropic.

Figure 1.3: Full sky map by the WMAP satellite after subtraction of galactic foreground,
mean temperature and dipole contribution. From [6]



Cosmological Principle and the FRW Metric 5

If one furthermore maps out the matter distribution on large scales, it emerges that on
large scales the distribution of galaxies can be seen to be both isotropic like the Cosmic
Microwave Background (CMB), as well as homogeneous. These observations support what
is known as the cosmological principle; that the Universe can, on scales larger than roughly
100 Mpc, be regarded as homogeneous and isotropic.

COSMOLOGICAL DYNAMICS

At these length scales gravitation dominates the other fundamental forces, making it pos-
sible to describe the dynamics of the Universe on cosmological scales by the general theory
of relativity. Invoking general relativity one can write down the Friedmann-Robertson-
Walker (FRW) metric as the most general metric, which obeys the cosmological principle:

ds2 = −dt2 + a(t)2
[
dr2 + Sκ(r)

2
(
dθ2 + sin2(θ)dφ2

)]
(1.4)

with

Sκ(r) =


R0 sin(r/R0) κ = 1 (Closed universe/positive curvature)
r κ = 0 (Flat universe)
R0 sinh(r/R0) κ = −1 (Open universe/negative curvature)

. (1.5)

Here R0 is the curvature radius of the Universe. Inserting the FRWmetric into the Einstein
equation one finds the Friedmann equation from the 00-component, which connects the
evolution of the scale factor a(t) to the content of the Universe and its curvature:

H2 ≡
(
ȧ

a

)2

=
ρ

3
− κ

R2
0a(t)2

. (1.6)

This serves as a definition of the Hubble parameter, H, which quantifies the relative
expansion rate of the Universe, while ρ denotes the total energy density of the Universe.
Solving the Friedmann equation in conjunction with the continuity equation

ρ̇+ 3H(ρ+ P ) = 0 , (1.7)

one can find the evolution of the scale factor as a function of the physical time. For the
two components (we will from now on regard baryonic matter and cold dark matter as
parts of the same component, i.e., cold matter which exerts negligible pressure) introduced
earlier, one can solve eq. 1.7 to find

ρ(a) = ρ(a0)

{(
a0

a

)3 cold matter(
a0

a

)4 radiation
. (1.8)

One could easily have argued that the energy densities should depend on the scale factor
in this fashion. Both components are diluted as the Universe expands giving an a−3

dependence. The extra factor a−1 for the radiation comes from the red shifting of the
photons as they travel through an expanding space.

In addition to the two components already introduced there is a third component,
which will play a key role throughout this work. That is a component with a constant
energy density. Assuming this, one finds from eq. 1.7 that such a component exerts
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negative pressure: P = −ρ. Sometimes named a cosmological constant or dark energy, a
flat universe dominated by this will have a constant Hubble parameter and will therefore
expand exponentially. Such a universe, called a de Sitter space, will play an integral role
in the following chapters.

Defining the critical density of the Universe (ρc,0) as the one needed for making a flat
universe (κ = 0), one can express the present day value as

ρc,0 = 3H2
0 , (1.9)

where H0 is the present value of the Hubble parameter. Collecting the results derived thus
far, one can write the Hubble parameter as

H2 = H2
0

[
Ωr,0

a4
+

Ωm,0

a3
+ ΩΛ,0 +

1− Ω0

a2

]
. (1.10)

In the above and for the rest we have set a0 = 1 as the present day value of the scale factor
and written the energy densities as fractions of the critical energy density today:

Ωi,0 ≡
ρi,0
ρc,0

, Ω0 ≡
∑
i

Ωi,0 . (1.11)

The four terms in eq. 1.10 are radiation, cold matter, cosmological constant and curvature,
respectively. We have anticipated events slightly by adding the cosmological constant term,
even though it has not, at this point, been argued to be part of our universe. One should
bear in mind that there is so far no physical explanation for this term, and it acts merely as
a placeholder needed to describe the observations. One can find many possible realisations
that fulfil the observed properties (see [7] and references within).

To determine the evolution of the Universe, one now needs to fix the parameters by
observation.

1.3 BASICS OF MEASUREMENTS

Starting from the little we know at present, we utilise the fact that most of the photons
in the Universe are part of the CMB, which has a black body spectrum (see figure 1.2
on page 4). One can therefore estimate the energy density of radiation from Stefan-
Boltzmann’s law and find

Ωγ,0 = 2.469× 10−5h−2 , h ≡ H0

100km/s/Mpc
. (1.12)

The notation Ωγ,0 denotes purely the photon contribution. The total contribution to the
radiation energy density also includes neutrinos, which will not be discussed in detail in
this work.

This result is fairly independent of the model assumptions as opposed to the other cos-
mological parameters. One should therefore start with reviewing the methods of observa-
tion and the notion of scales that is employed, when one fixes the cosmological parameters.

As observers of the Universe we are limited by the fact, that we can only observe
light and particles that come to us. This results in a set of data that not only has the
imprint of the original source, but also holds information about anything that is passed
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on the way from the source to the observer. To complicate matters further, one cannot
rely on the measurement of a well-defined physical distance (the coordinate distance of
the FRW-metric), as this is prohibited by causality in an expanding universe.

To establish a distance measure one defines the luminosity distance in terms of the
measured flux, f , and luminosity of a source, L, which can usually be inferred by some
other methods:

dL ≡
(

L

4πf

)1/2

. (1.13)

One should note that this quantity only corresponds to the physical distance in a static,
Euclidian, three dimensional space.

In a universe with a FRW metric of general curvature the geometry and expansion
manipulates the perceived flux from a source. This is caused by three different effects on
the photons emitted from the source. Firstly the area over which the photons are spread,
given by

Aκ(r) = 4πSκ(r)
2 (1.14)

changes with the curvature of the Universe. Secondly the photons are redshifted, dimin-
ishing the energy of the photon by a factor of of (1 + z)−1, where z is the redshift of
the source. Lastly, two photons emitted a time ∆t apart will arrive with an interval of
∆t(1 + z) due to the expansion, contributing another factor of (1 + z)−1 to the flux:

f =
L

4πSκ(r)2(1 + z)2
. (1.15)

This leads to a luminosity distance of

dL = (1 + z)Sκ(r) . (1.16)

1.4 MEASURING THE GEOMETRY OF THE UNIVERSE

As the curvature of the Universe plays such an immense role in our perception of distance,
it should be one of the first parameters we attempt to determine. Though it cannot be
done in a completely model independent way, it can be found almost independent of the
other cosmological parameters.

Measuring the anisotropies of the CMB and fitting the measured power spectrum1 to
a theoretical one, will not only allow us to infer Ω0, but also give us an estimation of
the other cosmological parameters. There are, however, still a fairly large solution space
allowed from the CMB data alone. One therefore needs further data to pin down the
correct values of the cosmological parameters. This will be illuminated in the following
section.

Exploiting the information in the CMB anisotropies requires a little knowledge of the
history of the Universe. Based on repeated observations of objects on the cosmological
scales it is concluded that the Universe is expanding. This implies that the Universe
must at some point have started from a hot, dense state. As the Universe expanded, the
equilibrium between baryons, leptons and photons shifted until atoms started forming in
the recombination epoch, making the Universe electrically neutral. This was followed by

1A more thorough definition of the power spectrum will be presented in chapter 3 on page 21
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the photon decoupling epoch, which occurred when the expansion of the Universe came to
dominate the photon-electron scattering rate. Shortly after this the mean free path of the
photons grew to make them free stream, marking the last scattering surface which we now
observe as the CMB. One of the more notable things about the last scattering surface,
is that the redshift at which it takes place, 1 + zls ≈ 1100, is nearly independent of the
cosmological parameters. This makes it ideal for observing the curvature of Universe.

If one observes two fluctuations in the CMB that were a physical distance l apart on
the last scattering surface, one would observe them to have an angular distance of

∆φ =
l

a(tls)Sκ(r)
=
l(1 + zls)

2

dL
. (1.17)

Whereas the numerator is largely independent of the chosen cosmology, the denominator
depends on the geometry of the Universe as dL becomes smaller in a closed universe and
larger in an open. Thus

∆φopen < ∆φflat < ∆φclosed . (1.18)

We do, however, not have any knowledge of the actual physical size of the fluctuations in
the CMB, but we can construct an angular power spectrum (figure 1.4) from the fluctuation
map (figure 1.3 on page 4). As this is a function of the angular distance in the sky, one

Figure 1.4: Angular CMB power spectrum. From [6]

can fit the curvature to match the peak. Current bounds on the curvature are −0.0175 <
1− Ω0 < 0.0085 (95% CL) [8].

1.5 MEASURING THE EXPANSION OF THE UNIVERSE

Even though the observation of a flat universe simplifies matter greatly, we are still limited
by having very little knowledge of exact distances and luminosities of the observed objects.
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One way to resolve this problem is to look for standard candles. These are objects that
all have the same luminosity independent of the redshift at which they are observed.

The preferred standard candle of cosmology is the type Ia supernova, which is extremely
luminous and have adequately known properties. Originating from a binary system where
a white dwarf accretes matter from a companion star, the white dwarf will collapse when
its mass exceeds the Chandrasekhar limit of 1.4 M�. Though the luminosities of these
supernovae vary slightly (around (3− 5)× 109L�), they have been found to obey redder-
dimmer and wider-brighter relations, which makes it possible to find the luminosity of the
supernova. See figure 1.5 from [9] and further references therein for details. To relate the

Figure 1.5: Observed magnitudes and model for eight supernovae [9]

luminosities and the measured redshift to the expansion of the Universe, one compares
observations to a model universe and perform a complete statistical analysis. We will
demonstrate the principles here by limiting the analysis to observations of the recent past,
i.e., very low redshifts.

Expanding the scale factor to the second order around present day (t0), one finds

a(t)

a(t0)
≈ 1 +H0(t− t0)− q0

2
H2

0 (t− t0)2 (1.19)

where we have defined the deceleration parameter

q0 = −1−

(
Ḣ

H2

)
t=t0

= Ωr,0 +
Ωm,0

2
− ΩΛ,0 . (1.20)
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Measuring this parameter gives us the means to determine Ωm,0 and ΩΛ,0 in combination
with the CMB anisotropy data. In order to couple redshift and luminosity distance, we
use the fact that the Universe is approximately flat at the distances we consider, making

dL(t0) = (1 + z)dp(t0) = (1 + z)

∫ t0

te

dt

a(t)
≈ (1 + z)

[
(t0 − te) +

H0

2
(t0 − te)2

]
(1.21)

to the second order in t0− te. Here dp(t0) is the physical distance a photon, emitted at te,
has travelled at the time t0. Inverting 1

a(t)
= 1 + z one finds

dL(z) ≈ z

H0

(
1 +

1− q0

2
z

)
(1.22)

to the second order in z. Expressing the observations in distance modulus

m−M = 5 log10

(
dL

1Mpc

)
+ 25 , (1.23)

one finds a simple relation between the distance modulus and the redshift:

m−M ≈ 45.33− 5 log10

(
H0

70km/s/Mpc

)
+ 5 log10(z) + 1.086(1− q0)z , (1.24)

under the assumption that 1−q0
2
z � 1. Using this relation in conjunction with the CMB

data, one can fit the cosmological parameters. Figure 1.6 on the next page shows the result
from a full analysis. The difference in the theoretical curve in the figure and the relation
for low redshifts comes from plotting a corrected version of the distance modulus, which
takes systematic errors and light absorption from dust between source and observer, and
other effects as well into account(see [9] for details).

1.6 RECAPPING THE UNIVERSE

Combining the discussed observations with observation of Baryon Acoustic Oscillations
(BAO), one can tightly constrain the cosmological parameters and give a reasonable de-
scription of the history of the Universe. The BAO are the result of temperature fluctua-
tions in the primordial plasma, making the photon-baryon gas expand and thus sending
an acoustic wave through the plasma. This creates a spherical sound wave through the
baryons and photons, leaving the dark matter untouched. This happens at every overden-
sity resulting in a wave pattern, which can be observed in the distribution of galaxies. The
growth of these sound horizons stops at the time of photon decoupling as the interactions
between photons and baryons stops, relieving the pressure of the system. As the sound
waves imprints themselves on the structure formation, this makes for a standard ruler that
is approximately 150 Mpc today [10].

From the three measurements (drawn in figure 1.7 on page 12) one can compile a best
fit to the cosmological model of eq. 1.10 on page 6 with [8]:

Ωr,0 = Ωγ(1 + 0.2271Neff) = 8.49× 10−5

Ωm,0 = Ωb,0 + Ωc,0 , Ωb,0 = 0.0462± 0.0015 , Ωc,0 = 0.233± 0.013

ΩΛ,0 = 0.721± 0.015

H0 = 70.1± 1.3km/s/Mpc

(1.25)
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Figure 1.6: Binned Hubble diagram from [9]. Bottom shows residuals from best fit

One should note that the effects of neutrinos are taken into account in the radiation term
with Neff = 3.04 as the standard value.

One can thus summarise the history of the Universe: Starting from a hot dense state,
the Universe expanded and cooled. After a time the plasma had cooled enough for atoms
to form. This recombination epoch was followed by the photon decoupling epoch when
scattering rate for photon-electron scattering becomes lower than the Hubble parameter.
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Figure 1.7: Plot of Ωm,0 vs. ΩΛ,0 with 1σ, 2σ and 3σ confidence intervals. From [9]

Shortly after this decoupling the mean free path of the photons became so large, that the
photons could free stream from the time of the last scattering surface. As the expansion
continued matter began to cluster and form the structures we observe today in our flat,
homogeneous and isotropic Universe.

Though this is a nice scenario, there are still some issues in the hot Big Bang scenario,
that needs to be addressed. This will be done in the following chapter.



2 ISSUES WITH THE BIG BANG SCENARIO

Though the ΛCDM-model provides a good explanation of the data (see figures 1.4
and 1.7), certain aspects of it may be slightly disturbing. These will need to be addressed,
if one is to accept the ΛCDM-model. The following paragraphs are based on [1, 2, 11, 12].

2.1 THE FLATNESS PROBLEM

Fits to data show that the Universe is flat (Ω0 = 1) to within a few per cent. One would
not usually take a fine tuning to within a few per cent to be a major concern, but one
should bear in mind that the deviation from a flat universe should be extremely small at
the time of Big Bang Nucleosynthesis (BBN) in order to give an Ω0 so close to 1 today.

If one regards the total relative energy density (Ω0) as a function of the scale factor

Ω0(a) =
ρ

3H2
= 1 +

κ

(aH)2R2
0

, (2.1)

one sees that |Ω(a)− 1| grows through matter (w = 0) and radiation (w = 1
3
) dominated

epochs as (aH)2 ∝ a−1 and (aH)2 ∝ a−2, respectively. Taking matter-radiation equality to
be around redshift of 1 + zeq ∼ 3600 and BBN around redshift 1 + zBBN ∼ 1010, one finds
Ω(aBBN)− 1 ∼ 10−18 at the time of BBN in order to meet the observational constraints.

This seems highly unlikely and requires a great deal of fine-tuning of the initial param-
eters. Hence he Flatness Problem arises as a fine-tuning problem. An illustration of the
curvature is provided in figure 2.1 on the following page.

2.2 THE HORIZON PROBLEM

If one further regards the fundamental assumption for the FRW universe, one encounters
a second problem with the hot Big Bang model described previously. This fundamen-
tal assumption, the cosmological principle, states that the Universe is, on large scales,
homogenous and isotropic, which does indeed seem to be in agreement with the measure-
ments. The observations of the CMB have, in fact, limited the relative variations in the
CMB temperature to be of the order 10−5. This is particularly remarkable when one com-
pares the distance a light signal could travel before decoupling to the size of the horizon.
Assuming, for the sake of simplicity that recombination and the generation of the last
scattering surface coincides, one can find the travelled distance to be

L = arec

∫ trec

0

dt

a(t)
= 2trec = H−1

rec = H−1
0 (1 + zrec)

−3/2, (2.2)
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Figure 2.1: Sketch of the evolution of the curvature term through a radiation and a matter
dominated period

where the last equality assumes a matter dominated universe from recombination until
present day.

This should be compared to the size of the last scattering surface at the time of recom-
bination (assuming a flat geometry):

D =
arec
a0

a0

∫ t0

trec

dt

a(t)
= (1 + zrec)

−1 2

H0

[
1− (1 + zrec)

−1/2
]
. (2.3)

Comparing the two results, one finds that the maximum angular distance between two
correlated points in the sky to be

θ =
L

D
' 1

2
(1 + zrec)

−1/2 ≈ 1◦ . (2.4)

That is to say, any two photons coming from more than 1◦ apart have never been causally
connected, making it quite remarkable that the CMB is so homogeneous. The Horizon
Problem is illustrated in figure 2.2 on the next page. The diagram shows clearly that
two points on the last scattering surface have past light cones that never overlap. They
can therefore not have been in casual connection with one another prior to the photon
decoupling epoch.

2.3 A POSSIBLE SOLUTION TO BOTH PROBLEMS

Alan H. Guth pointed out in 1981 [14] that one could solve both problems by introducing
an epoch of accelerated, or inflationary, expansion in the early universe. Though this idea
is remarkably simple from a conceptual point of view, it solves the Flatness Problem and
the Horizon Problem quite effectively, provided that it goes on for a long enough time.
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Figure 2.2: Spacetime diagram of the evolution of the Universe with past light cones of
two points marked in yellow. Last scattering surface is marked with a blue line. Taken
from [13]

In the case of the Flatness Problem the inflationary expansion needs to provide Ω(aBBN)−
1 ∼ 10−18 at the time of BBN. Since nuclei start to form at around a temperature of
TBBN ∼ 1 MeV, one can estimate the required time for solving the Flatness Problem by
estimating the energy scale of the end of inflation to be around TI ∼ 1015 GeV and as-
suming a radiation dominated universe from the end of inflation to the time of BBN, one
gets

Ω0(aI)− 1 ∼ (Ω0(aBBN)− 1)

[
aI

aBBN

]2

(2.5)

from eq. 2.1 on page 13. As T ∝ a−1 one can rewrite this to

Ω0(aI)− 1 ∼ 10−54

[
1015 GeV

TI

]2

. (2.6)

Though an initial condition of 10−54 may seem impossibly small, this is easily manageable
by assuming a nearly exponential growth factor, i.e., an approximate de Sitter solution.
In this case the Hubble parameter is nearly constant and one can write

(aH)f
(aH)i

' af
ai

= e∆N , (2.7)

where the number of e-folds ∆N has been introduced. In this case one only needs

∆N =
1

2
ln(1054) ' 62 (2.8)

to provide a sufficiently flat initial condition to meet the current observational bounds (cf.
eq. 2.1 on page 13).

For the Horizon Problem the issue was that any two points more than a degree apart
in the sky could not be causally connected. Recasting this problem to one of length scales
it means that the physical length L = a(t)l has been larger than the Hubble length H−1

previous to recombination. For the largest scales we can observe today (l ∼ (aH)−1
0 ), this
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means that the ratio between the physical length scale and the Hubble length at the time
of BBN was

LBBN

H−1
BBN

= l(aH)BBN =
(aH)BBN
(aH)eq

(aH)eq
(aH)0

. (2.9)

Again assuming a universe dominated by radiation from the time of BBN to the the time
of matter-radiation-equality and matter dominated from then till present day, one gets

LBBN

H−1
BBN

∼ 108 . (2.10)

As aH grows during the inflationary epoch, a sufficient period of inflation will ensure
that all observable length scales have at one point been smaller than the Hubble length.
Requiring that the largest length scales today have at one point been the size of the Hubble
length (a∗l = H−1

∗ ), one finds

1 =
(aH)0

(aH)∗
=

(aH)end
(aH)∗

(aH)eq
(aH)end

(aH)0

(aH)eq
(2.11)

with the assumption of an instant transition from the end of inflation to BBN. Here the
subscript end marks the end of inflation. If the matter-radiation-equality occurs at a
temperature of Teq ∼ 3 eV, one can estimate

(aH)eq
(aH)end

=
aend
aeq

=
Teq
TI

= 3× 10−24 1015 GeV

TI
. (2.12)

Making the same assumption of a nearly exponential growth during inflation, one can find
the required number of e-folds, such that the largest observable length scales must have
been equal to the Hubble length to be

∆N ∼ 58 + ln

(
TI

1015 GeV

)
. (2.13)

Sketching the curvature term as in figure 2.3 on the facing page one can see, how infla-
tion solves the Flatness Problem and the Horizon Problem. By extending the inflationary
epoch, one can achieve the initial curvature needed to match the present observational
bounds.

2.4 INFLATION AT A GLANCE

To achieve and sustain inflation long enough to solve the Flatness Problem and the
Horizon Problem, one needs to set up a scenario in which the Universe accelerates and
continues to do so for the required number of e-folds. One can parameterize this accelera-
tion and its stability through the slow-roll parameters, which can be defined by regarding
the acceleration requirement

0 <
ä

a
= Ḣ +H2 ⇔ ε ≡ − Ḣ

H2
< 1 , (2.14)

i.e., one has an accelerated expansion as long as the first slow-roll parameter ε is sufficiently
small. In order to sustain inflation ε should remain small, i.e., the relative change in ε
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Figure 2.3: Sketch of the evolution of the curvature term through a radiation and a matter
dominated period, preceded by a period of inflation

should mostly be small compared to the expansion rate, which yields the definition of the
second slow-roll parameter:

η ≡ ε̇

Hε
� 1 . (2.15)

One can estimate an upper bound on the slow-roll parameters, which should be obeyed to
achieve the desired number of e-folds:

ε = − Ḣ

H2
= −HN

H
, (2.16)

where the index N denotes a derivative with respect to the number of e-folds. One can
approximate this as HN ∼ ∆H

∆N
, where the change of the Hubble parameter −∆H < H.

This gives

ε < ∆N−1 ∼ 1

60
. (2.17)

The same argument can be applied to η to find the same bound on the second slow-roll
parameter.

Achieving the low values of the slow-roll parameters in the first place is no simple feat,
and is highly dependent on the chosen model. In many toy models this reintroduces a level
of fine-tuning, and even in more elaborate high energy theories, e.g. string theory, it is not
generic that the slow-roll parameters are small. This is sometimes known as the η-problem
in string theory, in which suppressed corrections to the model lead to contributions to η
of order 1, thus hindering sustained inflation.

The numerical calculations in this work will always assume that both slow-roll param-
eters are initially small.
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Expressing the slow roll condition in terms of the fields involved, it means that the
fields driving the cosmological expansion should have a negligible kinetic energy, i.e., their
potential should be nearly flat.

At some point inflation ends by breaking slow-roll, i.e. the fields reaches a segment
where the kinetic energy of the inflaton becomes comparable to its potential energy.
Shortly after that, the inflaton field begins to oscillate around a minimum in the po-
tential. At this point the energy density should be transferred from the inflaton to the
matter fields we observe today, a scheme generally referred to as reheating.

This can be achieved in many ways, but is in general described as a two stage process,
where the first step (called pre-heating) is an explosive depletion of the energy density of
the inflaton to produce an intermediary field χ, followed by a decay of the χ particles to
standard model particles and a subsequent or simultaneous thermalisation of the particle
products. The original example [15], which will be shortly reviewed here assumes that the
inflaton, φ, couples to a bosonic field χ and a fermionic field ψ through

Lint = −1

2
g2φ2χ2 − hψ̄ψφ , (2.18)

where h, g � 1. The further details of pre-heating depend on the potential for the inflaton,
but in general it is the oscillations of the inflaton fields around the minimum, that excites
the bosonic field. In the case of a decay purely to fermionic particles, reheating completes
when the decay rate is comparable to the Hubble parameter.

As reheating ends and the radiation dominated period initiates, the last effect of in-
flation kicks in. The fluctuations of the inflaton field have embedded themselves in the
spacetime and afterwards been carried outside the Hubble horizon, due to the expansion
of the Universe. As the acceleration stops the horizon starts to expand faster than the
Universe, making the fluctuation reappear inside the horizon. These fluctuations acts as
perturbation seeds in the self-gravitating fluid, which exists in the Universe.

Expressing the density contrast δρM
ρM

in terms of its Fourier transform

δρM
ρM

=

∫
d3kδk(t)e−ik·x , (2.19)

one can write down the evolution of the density contrasts by a Newtonian equation:

δ̈k + 2Hδ̇k +

(
∂p

∂ρM

)2
k2

a2
δk = 4πGρMδk . (2.20)

Solving this for the radiation and matter dominated epochs, one finds δk ∝ ln(a) and
δk ∝ a, respectively. Thus one will only see a real growth in overdensities during the
matter dominated epoch.
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Figure 2.4: Observations of the galactic distribution from 2dFGRS [16] and the SDSS [17],
compared to N -body simulation. Figure from [18]

Once the overdensities becomes of order unity, they decouple from the expansion,
becoming their own self-gravitating system and begin the process of virial relaxation.
These will eventually make up the structure, that we see in our Universe today (see figure
2.4 for a comparison between observation and simulation of large scale structure). This,
however, leaves the question of the origin and properties of the initial fluctuations; the
scope of this thesis.
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3 STATISTICS AND PERTURBATION THEORY

To drive the Universe through an inflationary stage, one usually needs to invoke a high
energy quantum field theory or a theory of quantum gravity. As such quantum fluctuations
arise as a natural part of inflation.

One therefore needs a framework to understand the effects of these fluctuations on the
underlying metric, as well as a definition of the suitable statistics needed to describe the
perturbations of the metric and how these statistics are linked to the chosen theory of
inflation.

This chapter is dedicated to a review of the necessary statistics and first order per-
turbation theory. Higher order perturbation theory is deferred to chapter 8. Most of the
derivations are inspired by [11].

3.1 METRIC PERTURBATIONS

Though it might not be evident from the beginning that the quantum fluctuations in
the fields driving inflation are tightly linked to the perturbations of the metric, one can
construct a simple argument to illustrate this connection qualitatively.

A fluctuating set of fields will, through their contributions to the energy-momentum
tensor, introduce a perturbation of the same tensor δTµν . This couples to the metric tensor
through the Einstein equation:

δTµν = δ

(
Rµν −

1

2
gµνR + Λgµν

)
∝ δgµν . (3.1)

The reverse effect can also be seen as the metric tensor enters in the equation of motion
governing the fields of the theory, e.g., the Dirac or Klein-Gordon equation. Thus a
perturbation of the metric tensor will invariably translate into a fluctuation of the fields.

Writing the metric as sum of an unperturbed background and a general perturbation

gµν = g(0)
µν + δgµν , (3.2)

one usually chooses the background to be the FRW metric (c.f. 1.4 on page 5). The
perturbation can be broken down to a combination of scalar modes, vector (or vorticity)
modes and tensor (or gravitational wave) modes. The latter occur as a physical degree
of freedom in the sense that they can exist independently of the content of the Universe,
and even exist in vacuum. The scalar and vector modes will only arise in conjunction with
fluctuations of the fields in the Universe.
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It can be instructive to commence the discussion about metric perturbation by in-
ventorying the degrees of freedom (DOF) available within each type of mode in a n + 1
dimensional metric. As the metric must be symmetric, one is left with 1

2
(n + 2)(n + 1)

DOF in δgµν (n+1 from the diagonal and 1
2
n(n+1) from the off diagonal triangle, picture

(a) in figure 3.1). One can now eliminate n + 1 of these by coordinate transformations
and write the remaining as a scalar, a n dimensional vector and a n× n symmetric tensor
(picture (b) in figure 3.1).

Figure 3.1: Graphical representation of decomposing the metric perturbations

By Helmholtz’s theorem one can decompose the vector into a scalar and a divergence
free vector (ui = ∂iv + vi), leaving n− 1 vector degrees of freedom due to the divergence
condition.

Regarding the tensor modes, one can repeat the above argument to find that the sym-
metry requirement constrains the DOF to 1

2
n(n+ 1). Imposing the additional constraints

of the tensor modes being traceless and transverse (∇iδgij = 0) removes n + 1 DOF; one
from being traceless and n from requiring it to be transverse. This leaves 1

2
(n− 2)(n+ 1)

tensor DOF.
From this it is now possible to find the total number of scalar DOF to be

1

2
(n+ 2)(n+ 1)︸ ︷︷ ︸

Total DOF

− (n+ 1)︸ ︷︷ ︸
Coordinate transformations

− (n− 1)︸ ︷︷ ︸
Vector DOF

− 1

2
(n− 2)(n+ 1)︸ ︷︷ ︸

Tensor DOF

= 2 . (3.3)

The next section will be dedicated to writing down the specific perturbations for the FRW
metric.

3.2 PERTURBING THE FRW METRIC

Considering the 3 + 1 dimensional flat Friedmann-Robertson-Walker metric

ds2 = −dt2 + a(t)2ηijdx
idxj , (3.4)

it is possible to introduce perturbations, by following the classic paper [19]. We limit
ourselves to a flat space with only scalar perturbations in the following. The most general
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first order scalar perturbation of eq. 3.4 one can write down is

ds2 = −(1 + 2A)dt2 + 2∂iBdtdx
i + a(t)2((1 + 2ψ)ηij +DijE)dxidxj (3.5)

with
Dij = ∂i∂j −

1

3
ηij∂

2 . (3.6)

These perturbations cannot, however, be independent as it was shown above that the
total number of scalar degrees of freedom in the system is 2. The two physically relevant
perturbations are known as Bardeen’s potentials (introduced in [20, 21]). To derive these
one can perform a gauge transformation (again regarding solely the scalar contribution)

t→ t+ ξ , xi → xi + ∂iβ , (3.7)

and require that the line element, truncated to the first order in this case, is invariant under
coordinate transformation. Denoting the perturbation parameters after the coordinate
transformation with a tilde, one get

ds2 →− (1 + 2(Ã+ ξ̇))dt2 + 2∂i(B̃ − ξ + a2β̇)dtdxi

+ a(t)2

[
(1 + 2(ψ̃ +Hξ +

1

3
∂2β))ηij +Dij(Ẽ + 2β)

]
dxidxj .

(3.8)

From this one can deduce from eq. 3.5 that

Ã =A− ξ̇ (3.9)

B̃ =B + ξ − a2β̇ (3.10)

ψ̃ =ψ −Hξ − 1

3
∂2β (3.11)

Ẽ =E − 2β . (3.12)

From these transformations one can now construct the two Bardeen’s potentials (Φ and
Ψ):

Φ =A+
d

dt

(
B − Ėa2

2

)
(3.13)

Ψ =ψ +
∂2E

6
+H

(
B − Ėa2

2

)
(3.14)

The exact expressions for these gauge invariant perturbations are highly dependent on
the choice of time coordinate, as different choices correspond to different hypersurfaces of
constant time (time slices).

3.3 PERTURBATIONS IN SINGLE FIELD INFLATION

Limiting the discussion for a moment to model with a single scalar field, we introduce
three standard gauge choices: The isocurvature gauge, the comoving curvature gauge and
the uniform curvature gauge. Each hold its own virtues and will be briefly reviewed.
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The discussion requires a knowledge of transformation laws for perturbed scalar quan-
tities. We follow the pedagogical derivation from [11]:

Transforming the coordinate system from xµ → x̃µ = xµ + δxµ, one transforms the
perturbation of a scalar quantity f as δf(xµ)→ δ̃f(x̃µ). As

δ̃f(x̃µ) = f̃(x̃µ)− f̃0(x̃µ) , (3.15)

where f0 is the background quantity, we can rewrite this as

δ̃f(x̃µ) = f(xµ)− f0(x̃µ) , (3.16)

since f(xµ) is a physical scalar, i.e. it is independent of the choice of coordinate system.
Expanding f(xµ) around x̃µ yields

δ̃f(x̃µ) = f(x̃µ)− f0(x̃µ)− ∂f

∂xµ
δxµ = δf(x̃µ)− ∂f

∂xµ xµ=x̃µ
δxµ . (3.17)

The curvature referred to in the names of the perturbation choices is the perturbation
parameter ψ. This is simply due to, that the intrinsic curvature scalar for the spatial part
of the metric is given by

R3 = − 4

a2
∇2ψ (3.18)

ISOCURVATURE GAUGE

The isocurvature perturbation distinguishes itself from the other two by having the pertur-
bations solely in the field fluctuations, providing a scheme with nice features for performing
slow roll computations, i.e., computations when ε, η � 1.

Requiring the spatial perturbations to vanish, we perform a time translation as was
done in eq. 3.7 on the preceding page:

ψ̃ = ψ −Hξ = 0⇒ ξ =
ψ

H
. (3.19)

Performing the same time translation on the field fluctuation, gives rise to the Mukhanov-
Sasaki variable

Q = δφ− φ̇

H
ψ , (3.20)

which is gauge invariant and identical to δφ, when the spatial perturbations go to zero.

COMOVING CURVATURE GAUGE

Observers in the comoving picture will see themselves as free falling, making the expansion
seem isotropic, meaning that they do not measure any energy flux (Ti0 = 0). For the
canonical single field case, one gets

Ti0 ∝ φ̇∇iδφ , (3.21)

meaning that the time translation should take δφ→ 0. That is

δφ→ δφ− φ̇ξ = 0 (3.22)
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for the time translation t→ t+ ξ, meaning that ξ = δφ

φ̇
. This transformation gives

ψ → R ≡ ψ −Hδφ

φ̇
, (3.23)

which is gauge invariant. This quantity R is the comoving curvature perturbation, which
is equal to the gravitational potential, when one transform to hypersurfaces where δφ = 0.

UNIFORM DENSITY GAUGE

In single field inflation the choice of δφ = 0 implies both comoving curvature perturbations
and uniform density perturbations, the definition of the two are however different. For the
uniform density perturbations one does a time translation t → t + ξ, such that δρ → 0,
i.e.,

δρ→ δρ− ρ̇ξ = 0 . (3.24)

This transformation brings ψ to

ψuni = ψ −Hξ = ψ −Hδρ

ρ̇
≡ ζ . (3.25)

As we are dealing with a single field, one can write

δρ = φ̇ ˙δφ+ V ′(φ)δφ . (3.26)

For the general single field slow roll scenario, one can, on superhorizon scales (k � H),
reduce the equation of motion to

3Hφ̇+ V ′ ' 0 , (3.27)

giving the first order expression

˙δφ ∝ (slow roll parameters)Hδφ , (3.28)

which reduces δρ to
δρ ' V ′δφ . (3.29)

One can now use the fluid equation (eq. 1.7 on page 5) to rewrite

ρ̇ = −3H(ρ+ p) = −3Hφ̇2 ' V ′φ̇ . (3.30)

This totals to
ζ ' ψ −Hδφ

φ̇
= R . (3.31)

One sees that on superhorizon scales the comoving curvature perturbations and the uniform
density perturbations reduce to the same quantity.

3.4 STATISTICS IN EXPANDING SPACETIME

As one does not observe the perturbations directly, but more the statistical properties of
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the perturbations, one should define the general statistical tools needed to describe the
perturbations.

The pivotal ingredient for discussing the properties of a perturbation is the n-point
correlation function, written as 〈Ξn〉 for a stochastic variable Ξ, where the brackets denote
the vacuum expectation value. This n-point correlation function can in some cases be
written in a simple way. In inflation, however, one keeps things simple by distinguishing
between such a simple case (Gaussian) and a deviation from this case (non-Gaussian). For
the Gaussian case one can write

〈Ξn〉 =

{
n!

2n/2(n2 )!
〈Ξ2〉n/2 for n even

0 for n odd
. (3.32)

That there is a one-to-one correspondence between following a Gaussian distribution and
obeying eq. 3.32 come from the fact that any distribution is uniquely determined by its
moments, i.e., its n-point correlation functions.

One can thus determine if an operator is non-Gaussian by measuring a deviation from
eq. 3.32. In the coming we will concern ourselves mainly with the three-point function and
the four-point function.

In calculating the n-point function in an expanding spacetime, one is faced with certain
difficulties as the vacuum state is not well defined. To work around this issue one formulates
the problem in the Heisenberg picture and evolves the vacuum state from a known initial
condition. Thus:

〈Ξn〉 =
〈

Ω e
R

d4x′HI(x′)Ξn
I e
−

R
d4x′HI(x′) Ω

〉
' 〈Ω Ξn

I Ω〉

− i
∫

d4x′ 〈Ω [Ξn
I ,HI(x

′)] Ω〉 .

(3.33)

Thus one has a direct influence of the model, through the interaction Hamiltonian, on
the n-point correlation function. This makes it possible to compare the observed spectra
and theoretical calculations via the relevant correlation functions.

Most of the time, however, one expresses the calculated correlation functions in terms
of spectra. First introduced in the field of signal processing, the concept applies nicely to
the perturbations that occurs during inflation.

SPECTRA

Starting from the two-point function one defines the power spectrum as the autocorrela-
tion function of the stochastic operator (operators are denoted with capitals, while mode
functions are denoted with small case):〈

Ξ2
〉

=

∫
d3kd3k′ 〈Ξ(k)Ξ(k′)〉 e−i(k+k′)·x

= (2π)3

∫
d3k|ξk|2

= 4π(2π)3

∫
dkk2|ξk|2

≡ (2π)6

∫
dk

k
PΞ(k) .

(3.34)



Statistics in Expanding Spacetime 27

Here we have used the decomposition of the operator into raising and lowering operators

Ξ(k) = ξkak + ξ−ka
†
−k (3.35)

with the normalisation

[ak, ak′ ] = [a†k, a
†
k′ ] = 0 , [ak, a

†
k′ ] = (2π)3δ(3)(k − k′) , (3.36)

This gives an equivalent, and for the purposes in this work, more useful definition:

PΞ(k) =
k3

2π2
|ξk|2 . (3.37)

As will be shown in eq. 4.22 on page 33, the power spectrum of single field inflation is
nearly scale invariant, i.e. independent of k.

0 2 4 6 8 10 12 14

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

|x-y|

C
or
re
la
tio
n

Figure 3.2: Cartoon of correlation function with the ”data set” (the arrows) displayed
below

From figure 3.2 one can get an impression of the information stored in a two-point
correlation function, and through that in the power spectrum. The correlation function
in the top frame is drawn as a correlation function of the direction of the arrows in the
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bottom frame of figure 3.2. One sees that the correlation function assumes a high value
at distances between arrows, where the arrows are in unison, and drops far down when
the arrows are out of synchronisation. One can thus use the spectra to probe the scales at
which the underlying data shows a recurrence.

Drawing inspiration from the definition eq. 3.34, which can be rewritten as

〈Ξ(k)Ξ(k′)〉 = (2π)3δ(3)(k + k′)
2π2

k3
PΞ(k) , (3.38)

one can define the analogue for the three-point function, the bispectrum as

〈Ξ(k1)Ξ(k2)Ξ(k3)〉 = (2π)3δ(3)

(
3∑
i=1

ki

)
BΞ(k1,k2,k3) . (3.39)

As one can see things become slightly more complicated with the bispectrum as opposed to
the power spectrum. The solution is no longer limited to only depending on the scale of the
momenta, but now the shape of the momentum triangle also plays a role. The bispectrum
is still independent of the rotation of the momentum triangle due to the cosmological
principle. Though the entire range of triangle shapes are interesting, the literature have
named three special cases (see figure 3.3 for the labelling of the sides in the triangle):

• Squeezed: k3 � k1, k2

• Equilateral: k1 = k2 = k3

• Flattened/Folded: k1 ≈ 2k2 ≈ 2k3

Figure 3.3: Momentum triangle

This principle can of course be expanded to any order of the correlation function, it
will suffice for the present to merely define the trispectrum

〈Ξ(k1)Ξ(k2)Ξ(k3)Ξ(k4)〉 = (2π)3δ(3)

(
4∑
i=1

ki

)
TΞ(k1,k2,k3,k4) . (3.40)

This discussion of the added complications of the dependence of the momentum vector is
slightly more intricate for the trispectrum, and we will defer that to chapter 8. We will
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instead turn the attention to quantifying the deviation from a Gaussian distribution.

NON-LINEARITY PARAMETERS

The spectra are, overall, an elegant description of the properties of the perturbation statis-
tics, but they are not directly a quantification of the level of non-Gaussianities as the even
order correlation functions will still have contributions from a Gaussian distribution.

To get a more practical quantification of the deviation from the Gaussian distribution,
one tends to expand the stochastic variable around a Gaussian stochastic variable with
the same mean [22]:

ζ = ζg −
3

5
fNLζ

2
g . (3.41)

We here focus on the perturbation parameter in the uniform density gauge (eq. 3.25 on
page 25) as the numerical factor depends on the gauge transformation to the chosen
variable.

Inserting the expansion into the three point function of ζ, one can relate the non-
linearity parameter fNL to the bispectrum as

Bζ(k1,k2,k3) =
6

5
fNL

[(
2π2

k3
1

Pζ(k1)

)(
2π2

k3
2

Pζ(k2)

)
+ 2 perm.

]
. (3.42)

Through this definition one can translate a measured bispectrum to a value of fNL and
thus test a given model of inflation by comparing the observed fNL to the theoretical. Such
tests benefits from an ever increasing constraint on the non-linearity parameter (−10 .
f localNL . 70 at 95% CL [8, 23, 24, 25, 26]).

In a similar fashion one can define τNL as the trispectrum equivalent to fNL as [27, 28,
29, 30]

Tζ(k1,k2,k3,k4) =
1

2
τNL

[
(2π2)3

k3
1k

3
2k

3
14

Pζ(k1)Pζ(k2)Pζ(k14) + 23 perms.
]

(3.43)

with kij = |ki + kj|. This non-linearity parameter is, at present, virtually unconstrained.
The outlook, however, is still positive as the upcoming Planck data [31, 32] should constrain
fNL ∼ O(5) and put an initial bound on τNL.

For the most part of this work, we will focus on fNL as this is the most promising
quantity for detecting possible deviations from a Gaussian distribution in the near future,
when one considers measurements of the CMB anisotropies.
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4 SINGLE FIELD INFLATION

For the remainder of this work, we will constrain ourselves to models with a single
scalar field. This is by far the simplest class of models, and the most studied, and though
it may seem contrived to have a model with only a single scalar field, these models pro-
vide an insight into the multifield cases, where one field is profoundly dominating. It can
therefore be helpful to study these models to gain a grasp on the properties of inflation.

4.1 BASIC PROPERTIES OF SINGLE FIELD INFLATION

The properties of single field inflation is, for the most part, defined simply through the
choice of action. A large class of actions can be written in the form [33, 34, 35, 36, 37, 38]

S =
1

2

∫
d4x
√
−g [R + 2P (X,φ)] , (4.1)

where P (X,φ) is a polynomial with

X = −1

2
∇µφ∇µφ . (4.2)

This definition encompasses both the well known canonical models (P = X − V (φ)),
as well as more exotic models such as Dirac-Born-Infeld (DBI) inflation and k-inflation.
Employing the principle of least action, one can derive an equation of motion for the field
to be

∇µPX∇µφ+ PX∇2φ+ PX
∇µ
√
−g√
−g

∇µφ+ Pφ = 0 . (4.3)

Here the index indicates a derivative, i.e., PX = ∂P
∂X

. Assuming a flat FRW universe

ds2 = −dt2 + a(t)2ηijdx
idxj , (4.4)

the energy-momentum tensor reduces to that of a perfect fluid

T νµ = diag(−ρ, p, p, p) . (4.5)

From the variational definition of the energy-momentum tensor2

T µν =
2√
−g

δ(
√
−gLM)

δgµν
, (4.6)

2See for instance [39]
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one can now derive the energy-momentum tensor for the system:

T µν = −PX∇µφ∇νφ+ gµνP. (4.7)

This results in a system with

ρ = PX φ̇
2 − P , p = P , (4.8)

as the assumption of the metric forces the scalar field to be homogeneous. For the canonical
case this reduces to

ρ =
1

2
φ̇2 + V (φ) , p =

1

2
φ̇2 − V (φ) . (4.9)

Plugging the result from eq. 4.8 into the Friedmann equation (eq. 1.6 on page 5 with κ = 0)

H2 =
1

3
(PX φ̇

2 − P ) , (4.10)

one can find the evolution of the background metric.
As one starts to include fluctuations, driving the metric away from the simple, flat

FRW-metric, things do, however, become more cumbersome, and we will therefore restrict
this discussion to the single field canonical case.

4.2 POWER SPECTRUM OF THE FIELD FLUCTUATIONS

To get a sense of the properties of field fluctuations, we commence with studying the
fluctuations of a single, massive scalar field in the isocurvature gauge. Perturbing the
equation of motion (eq. 4.3) for this kind of model and truncating it to the first order, one
is left with

¨δφk + 3H ˙δφk +
k2

a2
δφk + V ′′(φ)δφk = 0 , (4.11)

where we have introduced the Fourier transform of δφ:

δφk(t) =

∫
d3x

(2π)3
δφ(x, t)eik·x . (4.12)

Introducing the field transformation

δφk =
δχk

a
(4.13)

and switching to conformal time dτ = a−1dt, one can write the equation of motion for the
field as

δχ′′k +

[
k2 − τ−2

(
ν2 − 1

4

)]
δχk = 0 . (4.14)

Rewriting the equation of motion to this form is done under the assumption that the
background is a pure de Sitter space. Though this can never be achieved exactly for a
spacetime with a scalar field, the onset of slow roll makes the approximation reasonable.
The assumption gives that one can write the conformal time as

τ = − 1

aH
. (4.15)
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We have denoted a derivative with respect to this quantity with a prime and defined

ν2 =
9

4
−
m2
φ

H2
, (4.16)

where the mass squared of the field is defined as the usual

m2
φ = V ′′(φ) . (4.17)

The solution to eq. 4.14 can be written in terms of the Hankel functions of the first and
second kind (H(1)

ν and H(2)
ν respectively) as

δχk =
√
−τ
[
c1(k)H(1)

ν (−kτ) + c2(k)H(2)
ν (−kτ)

]
. (4.18)

In order to determine the coefficients one can regard the solution in the ultraviolet limit
(−kτ � 1). In this limit the Hankel functions reduce to

H(1)
ν (−kτ) ∼

√
−2

πkτ
e−i(kτ+π

2
ν+π

4
) , H(2)

ν (−kτ) ∼
√
−2

πkτ
ei(kτ+π

2
ν+π

4
) for −kτ � 1, (4.19)

which should match the solution of the equation of motion in the same limit:

δχk =
e−ikτ√

2k
. (4.20)

This is achieved with
c1(k) =

√
π

2
ei(ν+ 1

2
)π
2 , c2(k) = 0 . (4.21)

Recasting the result to the δφ field, one obtain

|δφk|2 =
H2

2k3

(
k

aH

)3−2ν

. (4.22)

Expanding the exponent in terms of slow roll parameters, one finds to the first order

3− 2ν ' 4ε− η , (4.23)

leading to the prediction that slow roll inflation produces a nearly scale invariant spectrum.
This can be seen from eq. 3.37 on page 27.

This is by no mean surprising, but merely a statement of what inflation was designed
to do. The nearly scale invariant spectrum indicates that the fluctuation, that form the
seed for structure formation is isotropic and homogeneous, i.e., obeys the cosmological
principle.

4.3 FIRST ORDER PERTURBATIONS

One can now rewrite the line element in the Arnowitt-Deser-Misner (ADM) form [40]:

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt) (4.24)

where N is the lapse function and N i is the shift vector, which expresses the difference
between to two constant time slices.
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Ignoring tensor contributions, we can write the spatial metric as

hij = a2e2ζηij , (4.25)

which gives an intrinsic curvature scalar of

R3 = −4∂2ζ − 2(∂ζ)2 . (4.26)

In the ADM formalism the Einstein-Hilbert action (eq. 4.1 on page 31) takes the form

S =
1

2

∫
dtd3x

√
h
[
NR3 − 2NV (φ) +N−1(EijE

ij − E2) +N−1(φ̇−N i∇iφ)2

−Nhij∇iφ∇jφ
]
.

(4.27)

The tensor Eij is defined as a linear combination of the time derivative of hij and the
covariant derivative of the shift vector

Eij =
1

2
(ḣij −∇iNj −∇jNi) , (4.28)

and E ≡ Ei
i is the trace of the tensor Eij.

One is thus left with four scalar degrees of freedom (N,N i, δφ, ζ), two of which can be
expressed as a function of the others, as it was shown earlier (eq. 3.3 on page 22) that the
system in question only has two true scalar degrees of freedom. It is thereafter possible to
reduce the number of degrees of freedom to a single by choosing a gauge.

By varying the action with respect to N and N i, one can write down the equations of
motion for the two parameters as

∇i

[
N−1(Ei

j − δijE)
]

= N−1(φ̇−N i∇iφ)∇jφ (4.29)

for N i, and

R3 − 2V −N−2(EijE
ij − E2)−N−2(φ̇−N i∂iφ)2 − hij∂iφ∂jφ = 0 (4.30)

for N .
Concerning ourselves with only the first order perturbations, we expand N and N i as

N = 1 + α , N i = ∂iχ+ βi , ∂iβ
i = 0 , (4.31)

and choose a gauge.

UNIFORM DENSITY GAUGE

For the gauge choice of zero field fluctuations, one finds a scenario where all the pertur-
bations are in the metric tensor. We will for this discussion ignore tensor perturbations,
leaving as diagonal metric of the form

ds2 = −dt2 + a(t)2e2ζηijdx
idxj . (4.32)

In this gauge the solution of eq. 4.29 and eq. 4.30 [22]:

α = H−1ζ̇ , χ = − ζ

H
+ ξ , ∂2ξ = εζ̇ , βi = 0 , (4.33)
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where ε is the first slow roll parameter. Inserting this result into the action, one can write
down the third order action for the comoving curvature gauge [22]:

S =

∫
dtd3xa3

{
−H−1ζ̇(∂ζ)2 − 2H−1ζζ̇∂2ζ − ζ(∂ζ)2 − ζ2∂2ζ + 3εζζ̇2 − εH−1ζ̇3

− ζ̇

2H
(∂i∂jχ∂

i∂jχ− ∂2χ∂2χ)− 2∂jχ∂
iζ∂2χ

+
3

2
ζ(∂i∂jχ∂

i∂jχ− ∂2χ∂2χ

}
.

(4.34)

Though it would at first appear, that this action, an action of an observable quantity, is not
suppressed by the slow roll parameters, meaning that the three-point function of ζ could
easily be large, i.e., an easily detectable non-Gaussian feature, it can be shown through
partial integrations, that the action is indeed suppressed by slow roll parameters [22]:

S =

∫
dtd3xa3

{
ε2[ζ̇2ζ + ζ(∂ζ)2]− 2εζ̇∂iξ∂

iζ − ε3

2
ζ̇2ζ + 2εη̇ζ̇ζ2 +

ε

2
ζ∂i∂jξ∂

i∂jξ

}
(4.35)

As ξ is proportional to the first slow roll parameter, it can be seen that the action is
suppressed to the second order in the slow roll parameters.

ISOCURVATURE GAUGE

Choosing the gauge where the spatial curvature is zero, we can write the line element as
a FRW model:

ds2 = −dt2 + a(t)2ηijdx
idxj (4.36)

where the tensor modes have been set to zero. In this gauge the field is expanded as a
background field and a scalar perturbation

φ(x, t) = φc(t) + δφ(x, t) . (4.37)

Under these choices one can solve eq. 4.29 and eq. 4.30 for α, β and χ to get [22]

α =
φ̇c
2H

δφ , χ = −∂−2

[
φ̇2
c

2H2

d

dt

(
H

φ̇
δφ

)]
, βi = 0 , (4.38)

giving an action of the form [22]

Sδφ3 =

∫
d3xdta3

{
− φ̇c

4H
δφ ˙δφ

2 − φ̇c
4H

δφ(∂δφ)2 − ˙δφ∂iχ∂
iδφ

+
3φ̇3

c

8H
δφ3 − 5φ̇5

c

16H3
δφ3 − φ̇cV

′′

4H
δφ3 − V ′′′

6
δφ3 +

φ̇3
c

4H2
δφ2 ˙δφ

+
φ̇2
c

4H
δφ2∂2χ+

φ̇c
4H

(−δφ∂i∂jχ∂i∂jχ+ δφ∂2χ∂2χ)

}
.

(4.39)



36 Single Field Inflation

4.4 NON-GAUSSIAN SIGNALS

At first glance it would appear, that the three point correlation function should nearly
vanish, as the third order Hamiltonian is heavily suppressed by slow roll parameters. It is
however still possible to produce a large non-Gaussian signal by breaking at least one of
the following conditions [41]

1. Single Field models are by far the simplest implementation of an inflationary sce-
nario. Holding few degrees of freedom single field models leave little possibility for
generating large non-Gaussian features through this channel. Adding extra fields
to the model can lead to isocurvature perturbations [42, 43, 44]. This mechanism
leads to the possibility of generating perturbations without necessarily having the
generating field limited by the slow roll criteria, as the generating field can be made
to be a light scalar field, which is not the inflaton [45]. One of the more studied
multi field models is the curvaton scenario [46, 47, 48, 49].

2. Slow Roll requires, in the strictest sense, that all the slow roll parameters (see
eq. 2.14 on page 16 and 2.15 on page 17) are close to zero. As can be seen from the
action of the comoving curvature perturbations (eq. 4.35 on the preceding page), the
slow roll parameters and their derivatives act as coupling constants in the action.
A strict requirement of slow roll will therefore heavily constrain the produced non-
Gaussian signal. One can however soften the slow roll requirement to only encompass
ε, which is the criteria for ongoing inflation. One can in this scenario increase the
value of η over a short time period, which will produce a large contribution from
selected terms in the action. Especially term εη̇ will gain from the rapid change of
η. This is achieved in the types of model that includes kinks, bumps and oscillations
in the potential or its derivatives [50, 51, 52, 53].

3. Canonical Kinetic Term has been the predominant description in quantum field
theory since the its inception. With the introduction of string theory and branes the
choice of kinetic term has become increasingly murky. A choice of a more complicated
kinetic term (see amongst other [35, 36]) leads to a sound speed less than the speed
of light, as opposed to the case of a canonical kinetic term where the two speeds
are identical. This non-canonical kinetic term will also give contributions to the
interaction Hamiltonian, which contribute to the generation of non-Gaussianities.

4. Initial Vacuum State is normally assumed to be the Bunch-Davies vacuum [54],
which is to say that the quantum field was in the preferred adiabatic vacuum state
when the perturbations where generated. This statement is equivalent to saying that
the Universe has no memory of any events prior to the generation of perturbations.
This can be seen as the Bunch-Davies vacuum assumes that the states are invariant
under the de Sitter group, i.e. invariant under the coordinate transformation t →
t + δt,x → e−Hδtx. As the Universe is assumed to be homogeneous and isotropic
this translates into a inability to distinguish between two times, thus removing the
possibility of any memory in the system. Choosing a different vacuum state translate
to introducing a surface term in the governing action and thus and added effect to
the non-Gaussian signal [55, 56, 57].
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As mentioned in [41] a violation of one of the four conditions will result in unique signatures
for specific triangle shapes (see chapter 3 for the definitions of the triangle shapes). Where
as a multi-field model gives a strong signal in a squeezed triangle, a model with a non-
conformal kinetic term give a strong signal with a equilateral triangle. Starting inflation
from an excited state, i.e. different initial conditions than the Bunch-Davies vacuum will
be evident in a flattened/folded triangle. Lastly breaking slow roll will show through more
complex triangle configurations. Breaking more than one of the conditions will give rise
to a linear combination of the shapes (see e.g. [42, 47, 51, 58, 59, 60, 61]). In the following
we will focus a type of model that generates a non-Gaussian signal by breaking slow roll.
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5 AXION MONODROMY MODEL

As mentioned in the previous chapter one can envision many ways of realising an in-
flationary model. The motivation and underlying theory may differ vastly, as the models
regarded can be anything from a simple toy model to a realisation of a high energy theory.
In this chapter we will concern ourselves with the axion monodromy model [52, 62], which
is an effective field theory based on a particular type of string compactification. This
chapter is based on [63].

5.1 AXION MONODROMY POTENTIAL

Regarding a string theoretical realization with a D5-brane or a NS5-brane on a two-cycle,
we have a potential of the general form [62]

V (φa) ∝
√
l4 + k2φ2

a , (5.1)

where l is related to the size of the cycle. In the large field limit, which is valid during
inflation, this yield a linear potential for the axion φa and an axion action of the the form

Sφa =

∫
d4x
√
g

(
1

2
(∂φa)

2 − µ3
aφa

)
+ corrections . (5.2)

One can show that in order to obtain 60 e-folds of inflation with the right level of curvature
perturbations, one should have [62]

φa ∼ 11Mpl (5.3)
µa ∼ 6 · 10−4Mpl (5.4)

as initial conditions. Though the brane-induced inflaton potential described above is the
leading effect for breaking shift symmetries in the class of models considered here, there
are other effect present as well. Among the more important is production of instantons,
which, in this case, give rise to periodic corrections to the potential. One can therefore
write down the effective potential containing these two contributions as

Veff = µ3
aφa(1 + α1 cos(φ/2πfa)) + α2M

4
s cos(φ/2πfa) , (5.5)

where Ms is the string scale and αi are dimensionless parameters which are expected
to be much smaller than one, αi � 1, depending on the details of the string theory
compactifications.
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We will study the two case α1 � α2 and α1 � α2, leading to the two limiting potentials

V
(1)
eff = µ3

aφa(1 + α1 cos(φ/2πfa)) (5.5 , α1 � α2)

where we will assume α1 ∼ 0.01, such that effect on the power spectrum is at the percent
level and not yet excluded by data. The other case is

V
(2)
eff = µ3

aφa + Λ4 cos(φ/2πfa) (5.5 , α1 � α2)

where we will assume Λ4 = α2M
4
s is such that the effect on the power spectrum is at the

percent level.
The scalar power spectrum for the potential in the second model was computed ana-

lytically in [64]. We will return to this point later in eq. 5.19 on page 42.

5.2 ISOSCELES LIMIT ESTIMATES OF THE BISPECTRUM

As discussed in chapter 3, one can write fNL as a combination of the three point function
of ζk (the Fourier transform of ζ) and the power spectra of the curvature perturbations:

fNL = −10

3

(k1k2k3)3

P(k1)P(k2)k3
3 + 2 perms.

〈ζk1ζk2ζk3〉
(2π)7δ(3) (k1 + k2 + k3)

, (5.6)

where ki is the magnitude of the momentum ki. For the case of our models the fluctuations
in the power spectrum is of the order one per cent. However if one should concern oneself
with models with larger fluctuations in the power spectrum, one may benefit from using
a similar definition, given by

f̃NL = −10

3

(k1k2k3)3

P̃2(k3
1 + k3

2 + k3
3)

〈ζk1ζk2ζk3〉
(2π)7δ(3) (k1 + k2 + k3)

, (5.7)

where P̃ is approximately the amplitude of the power spectrum at the k’s considered. It
should be noted that this definition reduces to the G

k1k2k3
presented in [50] in the equilateral

limit, but differs in the squeezed limit, where G
k1k2k3

grows as k1
k3

for triangles of the type
k1 = k2 � k3.

We proceed to find an estimate for the case k1 = k2 ≥ k3. Though such an estimate
does not exist in general, we can obtain one by interpolating between the equilateral limit
(k1 = k2 = k3) and the squeezed limit (k1 = k2 � k3).

EQUILATERAL LIMIT

The model is essentially a linear slow-roll potential with a small oscillating perturbation.
We can therefore follow the approach of Chen, Easther and Lim [50] and calculate the
first order effect of the small oscillating term as a small correction. In this way one has
ε = ε0 + εosc, η = η0 + ηosc. As the background solution (subscript 0), one can start from

3Hφ̇+ µ3 = 0 (5.8)

to obtain
φ0 =

1

22/3
(−
√

3µ3/2t+ 2φ
3/2
i )2/3 (5.9)
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and
ε0 =

1

2φ2
0

, η0 =
2

φ2
0

. (5.10)

As argued in [50] one can estimate fNL in the equilateral limit by

f
(eq)
NL ∼ −f

(eq)
A sin

(
lnK

φf
+ phase

)
(5.11)

in the equilateral limit. Here K = k1 + k2 + k3. The factor 2 missing, compared to [50],
is due to the underlying linear potential here, as opposed to a quadratic in [50]. The
resonance amplitude can be estimated as

f
(eq)
A ∼ 10

9

η̇A

H
√
fφ

, (5.12)

where η̇A is the amplitude of η̇osc, which can be found from

εosc =
Ḣosc

Ḣ0

ε0 =

−3Λ4

µ3
1
φ0

cos
(
φ0

f

)
Λ4 model

−3α cos
(
φ0

f

)
α model

(5.13)

ηosc =
ε̇osc
ε̇0
η0 =

−6 Λ4

µ3f
sin
(
φ0

f

)
Λ4 model

−6αφ0

f
sin
(
φ0

f

)
α model

. (5.14)

We therefore find the resonance amplitude to be

f
(eq)
A ∼

{
10
9

Λ4

φµ3
1

f5/2φ1/2 Λ4 model
10
9
α 1
f5/2φ1/2 α model

. (5.15)

SQUEEZED LIMIT

Let us now consider the different limit k1 = k2 � k3 (for simplicity we define k1 = k2 =
k and k3 = m). In this limit the long wavelength mode of ζk3 , will act as a constant rescal-
ing of the background of the two shorter wavelength modes. As shown by Maldacena [22],
one can thus calculate the three point correlation function in this limit by calculating the
correlation of the long wavelength mode with the variation of the two-point function of
the short wavelength modes on the background of the long wavelength mode [22, 65]

lim
k3→0
〈ζk1ζk2ζk3〉 = 〈ζk3 〈ζk1ζk2〉B〉 . (5.16)

Then by a Taylor expansion of 〈ζk1ζk2〉B on the unperturbed background, and using
∂/∂ζ → k∂/∂k (since the effect of ζ is to take k → k − kζ), one finds [22, 65]

lim
k3→0
〈ζk1ζk2ζk3〉 = −(2π)3δ3(k1 + k2 + k3)Pζ(m)

2π2

k3

d

d ln(k)
Pζ(k)

= −(ns − 1)(2π)3δ3(k1 + k2 + k3)Pζ(m)Pζ(k)

(5.17)
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with
P (k) ≡ 2π2

k3
Pζ(k) . (5.18)

This can be compared to eq. 3.42 on page 29, and one can read off f (sq)
NL = (5/12)(ns − 1).

Here ns is the spectral index.
As it was shown in [64] the scalar power spectrum for the potential in the second model

can be written in the form

Pζ(k) = Pζ(k∗)
(
k

k∗

)ñs−1 [
1 + δns cos

(
φk
f

)]
. (5.19)

with the short hand notation of [64]:

δns =


12Λ4

fµ3

q
π
8

coth( π
2fφ∗ )fφ∗√

1+(3fφ∗)2
Λ4 model

12αφ∗
f

q
π
8

coth( π
2fφ∗ )fφ∗√

1+(3fφ∗)2
α model

. (5.20)

The φk is the field value, when the momentum k crosses the horizon.

φk =

√
φ2
∗ − 2 ln

(
k

k∗

)
' φ∗ −

ln
(
k
k∗

)
φ∗

. (5.21)

The starred quantities are merely an arbitrarily chosen fix point, where k∗ is the momentum
that crosses the horizon at φ = φ∗. Though complicated, the expression for δns reduces to

δns ≈

6

√
π
2

Λ4φ
1/2
∗

f1/2µ3 Λ4 model

6

√
π
2
αφ

3/2
∗

f1/2 α model
(5.22)

for f � 1.
As δns � 1 we find

ns − 1 = ñs − 1 +
δns
fφ∗

sin

(
φk
f

)
(5.23)

to the first order in δns. With this one can find an expression for fNL in the squeezed
limit:

f
(sq)
NL ∼ f

(sq)
A sin

(
φk
f

)
, f

(sq)
A ≡ 5

12

δns
fφ∗

(5.24)

to the first order in δns for k1 = k2 � k3.
This result can now be combined with eq. 5.11 to form a general estimate for isosceles

momentum triangles (k1 = k2 ≥ k3):

fNL ∼
5

12
(ñs − 1) +

[
f

(sq)
A + (f

(eq)
A − f (sq)

A )
m

k

]
sin

(
lnK

φf
+ phase

)
, (5.25)

where for completeness we have included the slow roll contribution from the underlying
linear potential, as the first term.
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5.3 SEMICLASSICAL ESTIMATES OF THE TRISPECTRUM

If the bispectrum can become large in a given model, one might be interested in the size
of higher order correlation functions as well. While it is beyond the scope of this paper to
study the trispectrum in details, we can still make some generic semiclassical estimates in
certain limits. Most obviously we can study the trispectrum in the squeezed limit [27, 66],
but it is also possible to estimate a particular contribution to the non-Gassianity in the
counter-collinear limit [67].

SQUEEZED LIMIT

One can imagine to make a definition of τNL analogous to the definition of fNL in eq. 5.6,
relating it to the four-point function as

τNL ∼
1

P̃3(2π)9

(k1k2k3k4)3∑
i k

3
i

〈ζ(k1)ζ(k2)ζ(k3)ζ(k4)〉
δ(3) (

∑
i kj)

(5.26)

By repeating the above calculation for k ≡ k1 = k2 = k3 � k4 under the same assumptions,
one can get an estimate of the behaviour of the trispectrum in the squeezed limit

lim
k4→0
〈ζk1ζk2ζk3ζk4〉 = −(2π)3δ3(k1 + k2 + k3 + k4)Pζ(k4)

1

k6

d

d ln(k)

(
k6Bζ(k)

)
. (5.27)

In order to evaluate this expression approximately, we can insert the estimate for the
equilateral bispectrum obtained in eq. 5.11 to find

τNL ∼
3

20
f

(eq)
NL
P(k)2P(k4)

P̃3

2(ns − 1) +
tan
(

ln(3k)
fφ∗

+ Φ
)

fφ∗

 . (5.28)

However, we can obtain an even simpler estimate of the size of the trispectrum in specific
configurations, by considering the double squeezed limit, where k ≡ k1 = k2 >> k3 >> k4.
Iteratively, we then obtain

lim
k3,k4→0

〈ζk1ζk2ζk3ζk4〉 ∼ (ns − 1)2(2π)3δ3(k1 + k2 + k3 + k4)Pζ(k3)Pζ(k4)Pζ(k) . (5.29)

This implies that in this limit τNL ∼
(
f

(sq)
NL

)2

.

COUNTER-COLLINEAR LIMIT

Let us consider the contribution to the four-point function from the exchange of a scalar
mode between two pairs of external scalar modes. In the counter collinear limit where
the momentum of the exchanged mode goes to zero k1 + k2 → 0, the contribution to the
four-point function from the exchange process can be expressed as the correlation of a pair
of two-point functions 〈ζk1ζk2〉, 〈ζk3ζk4〉 due to the presence of the long wavelength scalar
mode [67]
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lim
k1+k2→0

〈ζk1ζk2ζk3ζk4〉 = 〈〈ζk1ζk2〉B 〈ζk3ζk4〉B〉

= (ns − 1)2(2π)3δ3(k1 + k2 + k3 + k4)Pζ(k12)Pζ(k1)Pζ(k3) ,

(5.30)

with k12 ≡ |k1 + k2|.
Again from this contribution clearly τNL ∼

(
f

(sq)
NL

)2

. Thus if f (sq)
NL ∼ 50, the find that

there are large contributions to the trispectrum of order τNL ∼ 2500, which are also in an
interesting range for Planck, that should be sensitive to a τNL & 560 [68].

5.4 NUMERICAL COMPUTATIONS

For the actual matter of numerical calculations, the ζ variable is actually less than
optimal. Using it blatantly would produce spurious effects, if one does not take surface
terms of the action (eq. 4.35 on page 35) into account. Instead one tends to use a quantity
related closer to the field fluctuation in the isocurvature gauge than the metric perturbation
in the uniform density curvature gauge. This quantity, ζn, is, however, still identical to
the metric perturbation to the lowest order.

To derive ζn one does a time translation to change from the isocurvature gauge to the
uniform density gauge:

φ(t+ T ) ' φ(t) + φ̇T = φc ⇒ T = −δφ
φ̇
. (5.31)

Applying the same transformation to the spatial metric, one finds to the first order:

ζ = −Hδφ

φ̇
≡ ζn . (5.32)

One can now proceed to calculate the interaction Hamiltonian

HI(τ) = −
∫

d3x

{
aε2ζnζ

′2
n + aε2ζn∂iζn∂iζn − 2εζ ′n∂iζn∂iχ+ a

εη′

2
ζ2
nζ
′
n

+
ε

2a
∂iζn∂iχ∂j∂jχ+

ε

4a
∂i∂iζn∂jχ∂jχ

}
,

(5.33)

where we have switched to conformal time and written the partial derivatives out as
covariant vectors. A sum over repeated indices is still implied. Under these transformations
the perturbation parameter for the shift vector becomes χ = aε∂−2ζn, where ∂−2∂i∂i =
∂i∂i∂

−2 = 1.
Calculating the three-point function from a well-defined vacuum state at τ0

〈ζn(k1)ζn(k2)ζn(k3)〉 = −i
∫ τ

τ0

dτ̃ a
〈
[ζIn(k1)ζIn(k2)ζIn(k3), HI(τ̃)]

〉
, (5.34)

one expands ζn in a linear combination of raising and lowering operators:

ζIn(k) = ukak + u∗−ka
†
−k . (5.35)
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The operators are normalised such that

[ak, ak′ ] = [a†k, a
†
k′ ] = 0 , [ak, a

†
k′ ] = (2π)3δ(3)(k − k′) , (5.36)

which yield six integrals, which must be calculated to find the three-point function for ζn:

I1 = 2i(2π)3

(
3∏
i=1

uki(τe)

)
δ(3)(k1 + k2 + k3) (5.37)

×
∫ τe

τ0

dτa2ε2(u∗k1(τ)u∗k2
′(τ)u∗k3

′(τ) + 2 perm.) + c.c.

I2 =− 2i(2π)3

(
3∏
i=1

uki(τe)

)
δ(3)(k1 + k2 + k3) (5.38)

×
∫ τe

τ0

dτa2ε2
3∏
i=1

u∗ki(k1 · k2 + 2 perm.) + c.c.

I3 =− 2i(2π)3

(
3∏
i=1

uki(τe)

)
δ(3)(k1 + k2 + k3) (5.39)

×
∫ τe

τ0

dτa2ε2
(
u∗k1(τ)u∗k2

′(τ)u∗k3
′(τ)

k1 · k2

k2
2

+ 5 perm.
)

+ c.c.

I4 = i(2π)3

(
3∏
i=1

uki(τe)

)
δ(3)(k1 + k2 + k3) (5.40)

×
∫ τe

τ0

dτa2εη′(u∗k1(τ)u∗k2(τ)u∗k3
′(τ) + 2 perm.) + c.c.

I5 =
i

2
(2π)3

(
3∏
i=1

uki(τe)

)
δ(3)(k1 + k2 + k3) (5.41)

×
∫ τe

τ0

dτa2ε3
(
u∗k1(τ)u∗k2

′(τ)u∗k3
′(τ)

k1 · k2

k2
2

+ 5 perm.
)

+ c.c.

I6 =
i

2
(2π)3

(
3∏
i=1

uki(τe)

)
δ(3)(k1 + k2 + k3) (5.42)

×
∫ τe

τ0

dτa2ε3
(
u∗k1(τ)u∗k2

′(τ)u∗k3
′(τ)k2

1

k2 · k3

k2
2k

2
3

+ 2 perm.
)

+ c.c.

Carrying out the actual integration, one needs to take great care as the mode functions
uk tend to oscillate heavily inside the horizon (−kτ � 1). To resolve this we follow the
approach of [50].

Defining
vk = zuk , z = a

√
2ε , (5.43)

which has the equation of motion given by

v′′k + k2vk −
z′′

z
vk = 0 , (5.44)

one can split the integration range into two subsections [τ0, τs] and [τs, τe], where τs is
chosen to be a time, when all three modes are well inside the horizon. As τ0 → −∞ the
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integral over the second interval remains fairly easy to calculate, while the integral over
the first interval becomes increasingly difficult. To remedy this one approximate vk by the
WKB approximation:

vk '
1√

2α(k)
exp

[
i

∫
α(k)dτ

]
+ c.c. , α(k)2 = k2 +

z′′

z
. (5.45)

As τs are chosen such that the modes are deep inside the horizon, one can approximate
α ∼ k. This reduces the first part of the integrals to the form

Is =

∫ τs

−∞
dτ

θ(τ)√
8k1k2k3

eiK(τ−τs) , (5.46)

where θ(τ) is a function of the slow roll parameters and momenta, and K = k1 + k2 + k3.
As this function is proportional with a2

z3
, it will potentially diverge as τ → −∞. In the

limit of an approximate de Sitter space, this fraction is linear in τ . It would therefore
make sense to perform two partial integrations of Is to eliminate the divergence:

Is =

[
−i
K
θ(τ)−

(−i
K

)2 dθ
dτ

]
eiK(τ−τs)

√
8k1k2k3

τs

−∞
+

∫ τs

−∞
dτ

d2θ

dτ 2

(
−i
K

)2
eiK(τ−τs)
√

8k1k2k3

. (5.47)

One could continue to perform several partial integrations, but with the present the inte-
grand should remain finite for the entire integration range. That the constant term is finite
can be seen by performing a Wick rotation, by which the contribution from evaluation of
the lower limit goes to zero, leaving

Is = [8k1k2k3]−1/2

[
−i
K
θ(τs)−

(
−i
K

)2
dθ

dτ τ=τs

]
+

∫ τs

−∞
dτ

d2θ

dτ 2

(
−i
K

)2
eiK(τ−τs)
√

8k1k2k3

. (5.48)

With the integrals under control, one can now proceed to evaluate the three-point function
by first solving the background equations to find the evolution of the scale factor and the
inflaton field, then evolve the mode functions (uk) and calculate the integrals.

Upon calculating the three-point function for ζn, one can find the three-point function
for ζ from

〈ζk1ζk2ζk3〉 = 〈ζn(k1)ζn(k2)ζn(k3)〉+
η

2
(2π)3

{
|uk2|2|uk3|2 + sym.

}
. (5.49)

The additional term comes from the truncating the full second order gauge transformation
to the hold only the terms, which are relevant on superhorizon scales, i.e., terms without
derivatives of ζ [22]:

ζ ' ζn +
η

4
ζ2
n . (5.50)

Evaluating the four-point function, which arise from this second term, involves applying
the inverse Fourier transform, invoking the Wick theorem and finally transforming back
to momentum space. One should note, that in doing this a delta function over a single
k-mode will appear. Such terms will not contribute to the overall result as a mode with
zero momentum is not physically viable.
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5.5 NUMERICAL RESULTS

To compare the estimates to the numerical solution in a relevant part of the parameter
space, we have chosen parameters that neither are ruled out by observations, nor by
theoretical considerations, but still generates an interesting signal. As can be seen in
eqs. 5.11 and 5.19, this model has the remarkable property that even though it is a single
field model of inflation, it can generate a feature that is readily seen in the bispectrum,
but not even with Planck, can be detected in the power spectrum.

In Flauger et al [64] different observational and microphysical bounds of the model
have been explored. They find that the non-detection of wiggles in the WMAP data limits
Λ4/µ3 ≈ αφ < 10−4, and that it is difficult to create realistic microphysical models that
have f < 10−4. We have therefore chosen a range of models, specified in table 5, that are
characterised by having a currently non-observable wiggle amplitude power spectrum, but
an fNL > 5. For the background potential we use µ ∼ 6× 10−4Mpl and the initial value of
φ ∼ 11Mpl found in [62], that gives the correct overall amplitude in the power spectrum,
and corresponds to approximately 60 e-folds before the end of inflation in the model.

name k-config kmin kmax f α Λ fA δns
α1 equilateral 1 2 3× 10−3 1× 10−5 0 6.50 5.63× 10−2

α2 equilateral 1 2 1× 10−3 7× 10−7 0 7.16 6.64× 10−3

α3 equilateral 1 2 5× 10−4 1× 10−7 0 5.82 1.29× 10−3

α4 equilateral 1 2 1× 10−3 1× 10−7 0 1.02 9.60× 10−4

α5 equilateral 1 2 2× 10−3 4× 10−6 0 7.15 2.72× 10−2

α6 equilateral 1 1.1 1× 10−4 1× 10−7 0 326 2.94× 10−3

Λ1 equilateral 1 2 3× 10−3 0 4× 10−4 6.91 5.95× 10−2

Λ2 equilateral 1 2 1× 10−3 0 2× 10−4 6.73 6.20× 10−3

Λ3 equilateral 1 2 5× 10−4 0 1× 10−4 2.38 5.25× 10−4

Λ4 equilateral 1 2 1× 10−3 0 1× 10−4 0.421 3.69× 10−4

Λ5 equilateral 1 2 2× 10−3 0 3× 10−4 5.99 2.26× 10−2

Λ6 equilateral 1 1.1 1× 10−4 0 1× 10−4 131 1.18× 10−3

αs-model squeezed with m = 1 1 25 3× 10−3 1× 10−5 0 − 5.63× 10−2

Λs-model squeezed with m = 1 1 25 3× 10−3 0 4× 10−4 − 5.95× 10−2

αg general model 0.1 1 3× 10−3 1× 10−5 0 − 5.63× 10−2

Table 5.1: Numerically evaluated models. All models have µ ∼ 6 × 10−4Mpl, and the
comoving wave numbers k are measured in units of (aH)0 = (aH)φ=11Mpl

.
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Figure 5.1: The power spectra for the models in table
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Figure 5.2: The bispectra for the models in table
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Figure 5.3: The shape function x2
1x

2
2F (x1, x2) as defined in eq. 5.52 for the general αg

model. Note that by definition F is normalised to one for the equilateral form x1 = x2 =
x3 = 1, and that we only plot unique triangles, i.e. triangles with x1 > x2 have been
suppressed in the figure for clarity.

The power spectra of some of the models is shown in figure 5.1, and it can be seen
that for the given values the oscillations in Pk are at the per cent to per mill level. For
some of the models the wiggles will not even be detected by the Planck satellite [69],
while at the same time (see figure 5.2) they have a significant amount of non-gaussianity.
Ref. [69] studied the detectability of ripples due to trans-Planckian effects with Planck
or a future cosmic variance limited experiment. In order for ripples to be unambiguously
detected their frequency must lie within a range such that there is a number of oscillations
in the observable k-range and their frequency must be lower than the effective width of the
experimental window function. With the frequency, ω, defined such that P (k) ∝ sin(ω ln k)
[69] estimates that 1 . w . 50 for it to be detectable. Even if it falls within this range the
amplitude must of course also be sufficiently high. At approximately 1σ the amplitude,
A, should be larger than 0.0024 for Planck. Translating to our case we can make the
identification ω ∼ φ∗f and A ∼ δns. To take an example with the α-models: α3, α4, α6

have too small amplitude to be detected in P (k). α1 and α2 may be detectable, but α5

has ω ∼ 50 and may have too fast oscillations for a detection. In conclusion, a number of
the models with a measurably large non-Gaussianity would not have measurable wiggles
in the power spectrum.

We have used our code to probe a rather large range of parameter space, and in
figure 5.5 we show how the analytic estimates for the power spectrum and the bispectrum
in the equilateral limit are in excellent agreement with the numerical results. Furthermore,
we have also numerically evaluated squeezed triangles (see figure 5.4), and found a simple
functional form eq. 5.25 for general isosceles triangles, which agrees at the 5%-level with
the numerical result. This result was later calculated analytically by [70] to be
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fNL = −5

4

√
2πΛ4

f 5/2φ
3/2
∗

k1k2k3P(K)

P(k1)P(k2)k3
3 + 2 perms.

×

[
sin

(
ln(K/k∗)

fφ∗

)
+ fφ∗

∑
i

K

ki
cos

(
ln(K/k∗)

fφ∗

)
+O((fφ∗)

2)

]
.

(5.51)

As one can see this has the same functional form as the estimate (eq. 5.25 on page 42).
Here the second term dominates for squeezed triangles, while it is suppressed for equilateral
triangles by fφ∗.

Given that the bispectrum in this model is nearly scale invariant, it makes sense to
characterise the signal in terms of the shape function [58]

F (x1 =
k1

k3

, x2 =
k2

k3

, 1) = fNL(k1, k2, k3)/fNL(k3, k3, k3) (5.52)

which measures the relative importance of different geometrical configurations compared
to the equilateral configuration.
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Figure 5.4: The bispectrum for isosceles triangles for the αs and Λs models as a function
of side ratio k/m together with the analytic model

In figure 5.3 it can be seen how the squeezed configurations are suppressed compared
to the equilateral configuration. This is also observed in higher derivative models, and is in
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contrast to local type non-gaussianity from e.g. slow roll inflation, where the squeezed limit
is dominating the shape function [58]. But compared to other models in the literature,
this models has the distinct feature of oscillations in fNL with an oscillation frequency
∼ lnK/φf set by the internal parameters of the theory.
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Figure 5.5: Comparison of the analytic estimates of the amplitudes fA of fNL to the
numerical results.
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6 OBSERVING CMB POWER SPECTRA

Up to this point the main emphasis has been on the primordial properties of inflation.
This is with good reason a highly theoretical discussion as we cannot observe inflation di-
rectly. It is, however, still essential to understand how one compares the predictions with
observations, and how one infers the parameters describing the primordial spectra. In this
chapter we will shortly review what can be learned from observations at present. The
following discussions are inspired by [71].

6.1 ANGULAR POWER SPECTRUM

To couple the observed spectra with the primordial ones, one needs to work out a rela-
tion between the two. In order to do this, we commence with mapping the temperature
fluctuation onto a sphere by decomposing them into spherical harmonics Ylm:

∆T

T
(n̂) =

∑
lm

almYlm(n̂) . (6.1)

From the orthonormal relation for the spherical harmonics∫
dn̂Ylm(n̂)Y ∗l′m′(n̂) = δll′δmm′ , (6.2)

one can invert the decomposition to find

alm =

∫
dn̂

∆T

T
(n̂)Y ∗lm(n̂) . (6.3)

One can further expand temperature fluctuations in a series of Legendre polynomials Pl(µ):

∆T

T
(n̂) =

∫
d3k

(2π)3

∞∑
l=0

(−i)l(2l + 1)R(k)∆l(k)Pl(k̂ · n̂) . (6.4)

Here we have introduced the primordial perturbation, R(k) (see chapter 3 for further
details), and the radiation transfer function (∆l(k)). Using the spherical harmonic addition
theorem

Pl(k̂ · n̂) =
4π

2l + 1

l∑
m=−l

Y ∗lm(k̂)Ylm(n̂) , (6.5)
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one can write
alm = 4π(−i)l

∫
d3k

(2π)3
R(k)∆l(k)Y ∗lm(k̂) (6.6)

by employing the orthonormality of the spherical harmonics.
From this we can define the rotationally-invariant angular power spectrum as

CTT
l =

1

2l + 1

∑
m

〈a∗lmalm〉 . (6.7)

This has long been the workhorse for inferring constraints on inflation. This is with good
reason as it, even at the lowest order, relates the basic properties of the primordial power
spectrum.

Combining eqs. 6.6 and 6.7, one can write

CTT
l =

2

π

∫
k2dk

(
2π2

k3
P(k)

)
∆l(k)2 (6.8)

by carrying out the integral over the delta function (see eq. 3.38 on page 28 for details).
This is, in general, not a task for analytical computations as the transfer function (∆l(k))
cannot be computed analytically (see [72] for details).

LARGE SCALES

One can, however, simplify matters by only considering large scales (low l-modes). On
these scales the perturbations are still well outside the horizon at the time of recombi-
nation. This means, first of all, that the perturbations are independent of subhorizon
evolution. Secondly the transfer function is, in this regime, approximately a spherical
Bessel function [73], reducing the angular power spectrum to

CTT
l ' 2

9π

∫
k2dk

(
2π2

k3
P(k)

)
jl(k[τ0 − τrex])2 . (6.9)

Here τ0 is the conformal time today and τrec is the conformal time at recombination. The
spherical Bessel function peaks around k[τ0 − τrec] ∼ l. One can therefore write

CTT
l ∝ P(k)k∼l/(τ0−τrec)

∫
d ln(x)jl(x)2 . (6.10)

As the integral is proportional to [l(l + 1)]−1, one has

P(k)k∼l/(τ0−τrec) ∝ l(l + 1)CTT
l . (6.11)

To compare observations with theory, one needs to quantify the primordial power spectrum
in terms of measurable parameters. Drawing inspiration from the slow roll calculation that
led to 4.22 on page 33 and through that

P(k) ∝
(
k

aH

)4ε−η

, (6.12)

one expands the primordial power spectrum in terms of a spectral tilt ns and a running of
the spectral tilt αs:

P(k) ≈ P(k∗)

(
k

k∗

)ns−1+ 1
2
αs ln(k/k∗)

, (6.13)
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where k∗ is an arbitrarily chosen normalisation scale. We use the definitions

ns ≡
d ln(P)

d ln(k)
, αs ≡

d ln(ns)

d ln(k)
. (6.14)

Here the spectral tilt signifies the overall size of the slow roll parameters, while the running
points to their evolution.

Figure 6.1: Angular CMB power spectrum. From [74]

The spectral tilt is at the same time the underlying tilt of the power spectrum (see
figure 6.1).

6.2 POLARISATION

Besides measuring the spectral tilt and its running, the polarisation of the CMB [75] will
yield a great additional amount of information when measured accurately. The polarisation
is expected to be created through Thomson scattering, due to the velocities of the electron
and protons on scales shorter than the photon diffusion scale. When a photon, carrying
a quadrupole moment, interacts with an electron, it will receive a net linear polarisation.
This mechanism is sensitive to the primordial anisotropies as they are responsible for the
velocity field of the particles.

POWER SPECTRA OF SCALAR PERTURBATIONS

Unlike the calculation in the previous section, things become slightly more involved here
as the polarisation is a spin-2 field, and not a scalar as was the case for the temperature
anisotropies. One therefore defines a 2× 2 intensity tensor Iij(n̂) for a direction n̂ in the
sky, and decompose it into orthonormal vectors e1 and e2 orthogonal to n̂.
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Figure 6.2: Illustration of the formation of linear polarisation from quadrupole moments
through Thomson scattering. Taken from [75]

Describing the linear polarisation in terms of the Stokes parameters

Q =
1

4
(I11 − I22) (6.15)

U =
1

2
I12 , (6.16)

one expands Q± iU in tensor spherical harmonics [76, 77]:

(Q± iU)(n̂) =
∑
l,m

a±2,lm ±2Ylm(n̂) , (6.17)

and define the E and B modes as

E(n̂) =
∑
l,m

aE,lmYlm(n̂) (6.18)

B(n̂) =
∑
l,m

aB,lmYlm(n̂) (6.19)

with

aE,lm ≡−
1

2
(a2,lm + a−2,lm) (6.20)

aB,lm ≡−
1

2i
(a2,lm − a−2,lm) . (6.21)

One should note that E(n̂) and B(n̂) transforms as scalars, making them simpler to
manipulate than the spin-2 construction Q± iU . With the addition of these to scalars to
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the temperature fluctuations (T -mode), one can now construct four two-point correlation
functions, that is the three auto-correlation functions (TT , EE and BB) along with the
cross-correlation TE. The remaining modes vanish due to symmetries. From this one can
generalise the definition of the angular power spectrum to encompass all four correlation
functions:

CXY
l =

1

2l + 1

∑
m

〈
a∗X,lmaY,lm

〉
, X, Y = T,E,B . (6.22)

TENSOR MODES

Though we have not touched upon tensor perturbations in this work so far, they still play
an integral part in testing inflationary models. As was mentioned in chapter 3 tensor
modes are physical modes and should therefore receive attention, as one can use them to
expand the total body of knowledge about inflation. They are particularly interesting as
it turns out that different models of inflation produce different amounts of gravitational
waves (tensor modes).

Including them in the perturbed metric, one can write the ADM line element

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt) (6.23)

with a change in the spatial metric to include tensor perturbations [22]:

hij = a2((1 + 2ζ)ηij + γij) . (6.24)

Here γij is a first order tensor perturbation. One can now decompose this in terms of
polarisation tensors [22]:

γij =

∫
d3k

∑
s=±

εsij(k)γsk(t)e−ik·x (6.25)

In a similar fashion to what was done for the scalar perturbations, one can now define the
primordial tensor power spectrum as〈

γskγ
s′

k′

〉
= (2π)3δss′δ

(3)(k + k′)

(
2π2

k3
Pt(k)

)
, (6.26)

where δss′ is the Kroenecker-delta.
Neither power spectrum’s amplitude is interesting alone, as they are both subject to

normalisation conventions. The ratio between the two, however, is a valuable quantity
as it determines the amount of primordial gravitational waves, that is produced during
inflation. One usually quantifies this through the tensor-to-scalar ratio:

r ≡ Pt(k)

P(k)
(6.27)

This quantity is particularly interesting from an observational point of view as the B-mode
power spectrum only receives contributions from vector and tensor modes, i.e., a detection
of CBB

l with a primordial origin would constrict the bounds on the tensor-to-scalar ratio
and thus the allowed models of inflation. A detection of tensor modes is often quoted a the
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smoking gun of inflation, as alternatives to inflation seldom produce a detectable amount
of tensor modes. Generation of tensor modes from cosmic strings [78, 79, 80] and global
phase transitions [81] is possible, but in these cases the signal is usually dominated by the
vector modes. In the case of inflation, vector modes are negligible as they decay with the
expansion of the Universe.

For single field inflationary models one has a nice consistency relation [82]:

nt = −r
8

(6.28)

where the spectral tilt of the primordial tensor power spectrum is defined as

Pt(k) = Pt(k∗)
(
k

k∗

)nt
. (6.29)

6.3 OBSERVATIONAL BOUNDS AND FUTURE POTENTIAL

From the discussion so far we have a total of three parameters describing the primordial
power spectrum: ns, αs, r; the spectral tilt, the running and the tensor-to-scalar ratio,
respectively.

Constraining the parameters solely from the WMAP observations is by no means sim-
ple. Though WMAP can give a good constrain on the spectral tilt (on the level of a few
per cent), it can only put an upper bound on the tensor-to-scalar ratio. Table 6.1 shows
the best fit values of the WMAP 5-year data in combination with the BAO and supernovae
data, while confidence intervals for the spectral tilt vs. the tensor-to-scalar ratio is shown
in figure 6.3 on the next page

Model Parameter Best fit
Power law ns 0.960+0.014

−0.013

Running ns 1.022+0.043
−0.042

αs −0.032+0.021
−0.020

Tensor ns 0.968± 0.015
r <0.20 (95% CL)

Running+Tensor ns 1.093+0.068
−0.069

αs −0.055+0.027
−0.028

r <0.54 (95% CL)

Table 6.1: Best fit of the primordial power spectrum with error bounds. Definitions in
eq. 6.14 on page 55 and eq. 6.27 on the previous page. Table taken from [8]

Though most of the talk is of the TT power spectrum from WMAP, it has been possible
to measure other spectra as well, albeit not with the same precision. The measurements
of the TE spectrum, however, do deserve mentioning. Showing an anti-correlation (see
figure 6.4 on the facing page) at l = 50−200 (1◦−5◦), it testifies to one of the fundamental
predictions of inflation; that there should be adiabatic fluctuations present on superhorizon
scales at the time of decoupling [83, 84].

To move towards a better determination of the primordial dynamics, one should focus
on two directions. The first being to strive to observe the remaining spectra (EE and BB)
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Figure 6.3: Confidence intervals for spectral tilt (ns) vs. tensor-to-scalar ratio (r). From [8]

Figure 6.4: TE power spectrum showing anti-correlation at around l = 50−200. From [74]

to pin down the tensor-to-scalar ratio, and in that way hopefully exclude a vast amount of
inflationary models. It has been estimated that the Planck satellite may be able to detect
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a tensor-to-scalar ratio, if it is not too far below the present upper bound. If not detected
with Planck a next generation CMB polarisation experiment should be able to detect or
severely constrain the tensor-to-scalar ratio [85] (see figure 6.5 for the estimated sensitivity
for WMAP, Planck and EPIC).

Figure 6.5: Estimated sensitivity for measuring E and B modes for different CMB probes.
From [85]

A non-detection of the tensor-to-scalar ratio would favour the single field slow roll
scenario as [22]

r = 16ε (6.30)

in this scenario. Here ε is the first slow roll parameter.
The second direction one should follow is observing the higher order spectra. The next

chapter will focus on computing the observational bispectrum for the axion monodromy
model, that was introduced in chapter 5.



7 THE OBSERVATIONAL BISPECTRUM

There is still a long way from the calculated primordial spectra to the observed ones.
The primordial perturbations merely provides the initial perturbations of the wavelengths
of the CMB photons, they still have to propagate through the Universe as it evolves toward
the universe we observe today. During this propagation the content of the Universe will
affect the photons and alter the spectra.

This chapter will focus on calculating the observed bispectrum for the axion-monodomy
model and remains a work in progress.

7.1 BISPECTRA IN THE CMB
Following [86, 87] as the three-point correlation function of alm, one can insert the ex-
pression from eq. 6.6 on page 54 to find

Bm1,m2,m3

l1,l2,l3
= 〈al1m1al2m2al3m3〉

= (4π)3(−i)l1+l2+l3

∫
d3k1

(2π)3

d3k2

(2π)3

d3k3

(2π)3
〈R(k1)R(k2)R(k3)〉 (7.1)

×∆l1(k1)∆l2(k2)∆l3(k3)Y ∗l1m1
(k̂1)Y ∗l2m2

(k̂2)Y ∗l3m3
(k̂3) .

We can now proceed to write the primordial bispectrum (〈R(k1)R(k2)R(k3)〉) in terms
of the primordial shape function F (k1, k2, k3), which is defined as

〈R(k1)R(k2)R(k3)〉 = (2π)3δ(3)(k1 + k2 + k3)F (k1, k2, k3). (7.2)

Writing the delta function as an integral over the exponential function

δ(k) =

∫
d3x

(2π)3
eik·x (7.3)

and replacing the exponential by the Rayleigh expansion

eik·x = 4π
∑
l

iljl(kx)
∑
m

Ylm(k̂)Y ∗lm(x̂) , (7.4)

one can use the orthonormality of the spherical harmonics to integrate out the angular
part of the momentum integrals. If one further introduces the Gaunt integral

Gm1m2m3
l1l2l3

=

∫
dΩYl1m1(x̂)Yl2m2(x̂)Yl3m3(x̂) (7.5)

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)(
l1 l2 l3
m1 m2 m3

)
, (7.6)
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one can write eq. (refeq:initbispec as

Bm1,m2,m3

l1,l2,l3
=

(
2

π

)3

Gm1m2m3
l1l2l3

∫
x2dxk2

1dk1k
2
2dk2k

2
3dk3F (k1, k2, k3) (7.7)

×∆l1(k1)∆l2(k2)∆l3(k3)jl1(k1x)jl2(k2x)jl3(k3x) . (7.8)

Assuming statistical isotropy we focus on the angle averaged bispectrum

Bl1l2l3 =
∑

m1m2m3

(
l1 l2 l3
m1 m2 m3

)
Bm1m2m3
l1l2l3

, (7.9)

instead of the one calculated above.
As ∑

m1m2m3

(
l1 l2 l3
m1 m2 m3

)2

= 1 , (7.10)

we are left with

Bl1l2l3 =

(
2

π

)3
√

(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)
×
∫
x2dxk2

1dk1k
2
2dk2k

2
3dk3F (k1, k2, k3) (7.11)

×∆l1(k1)∆l2(k2)∆l3(k3)jl1(k1x)jl2(k2x)jl3(k3x) .

Two important properties of Wigner-3j function in the frontfactor are, that the l-modes
must obey the triangle inequality and the sum of the modes must be equal.

7.2 DELTA FUNCTION INTEGRAL

In order to tackle the integral, we begin with singling out the integral over x:

k1k2k3

∫ ∞
0

x2dxjl1(k1x)jl2(k2x)jl3(k3x) , (7.12)

which is scale invariant. This is an inherently difficult numerical integral, as the spherical
Bessel functions not only oscillate, but also decrease slowly. It is, however, possible to
achieve a semianalytical solution through a recursive scheme. Introducing the function

Jn(z) = zn+1jn(z) , (7.13)

we define the integral, which will be central to the scheme:

I(l1,l2,l3)(k1, k2, k3) = k−l11 k−l22 k−l33

∫ ∞
0

dx
Jl1(k1x)Jl2(k2x)Jl3(k3x)

xl1+l2+l3+1
. (7.14)

This integral is equivalent to the one in eq. 7.12.
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RECURSIVE EXPRESSION

From the recursive definition of the spherical Bessel function (see e.g. [88] p. 438)

jn(z) = fn(z) sin(z) + (−1)n+1f−n−1(z) cos(z) , (7.15)

where fn is defined as

fn−1(z) + fn+1(z) = (2n+ 1)z−1fn(z) , f0(z) = z−1 , f1(z) = z−2 , (7.16)

one can write down a recursion formula for Fn(z):

Jn(z) = (2n− 1)Jn−1(z)− z2Jn−2(z)

J0(z) = sin(z) , J1(z) = sin(z)− z cos(z) . (7.17)

Due to the Wigner-3j function we are thus left with the following possibilities: The special
cases I(0, 0, 0) and permutations of I(0, 1, 1), as well as the general integral I(l1, l2, l3),
where l1, l2, l3 ≥ 1 and max(l1, l2, l3) ≥ 2.

We now proceed, for the general case, to expand the largest l-mode of the integral
I(l1, l2, l3) in terms of the recursion formula above. For the case of l3 ≥ l1, l2, one get

I(l1, l2, l3) = (2l3 − 1)k1
−l1k−l22 k−l33

∫ ∞
0

dx
Jl1(k1x)Jl2(k2x)Jl3−1(k3x)

xl1+l2+l3+1

−I(l1, l2, l3 − 2) . (7.18)

Performing a partial integration of the integral in the first line, one gets∫ ∞
0

dx
Jl1(k1x)Jl2(k2x)Jl3−1(k3x)

xl1+l2+l3+1
=
−Jl1(k1x)Jl2(k2x)Jl3−1(k3x)

(l1 + l2 + l3)xl1+l2+l3

∞

0

+
1

l1 + l2 + l3

∫ ∞
0

dx
d

dx
[Jl1(k1x)Jl2(k2x)Jl3−1(k3x)]

xl1+l2+l3+1
. (7.19)

The constant term vanishes as

lim
z→0
Jn(z) ∝ z2n+1 , lim

z→∞
Jn(z) ∝ zn . (7.20)

To evaluate the remaining integral, we distinguish between the cases of l1, l2, l3 ≥ 1 and
the squeezed triangle case with one l-mode being 0.

In the first case we use the relation
d

dz
Jn(z) = zJn−1(z) , n ≥ 1 (7.21)

to obtain

I(l1,l2,l3)(k1, k2, k3) =
2l3 − 1

l1 + l2 + l3

k1

k3

I(l1−1,l2,l3−1)(k1, k2, k3)

+
2l3 − 1

l1 + l2 + l3

k2

k3

I(l1,l2−1,l3−1)(k1, k2, k3) (7.22)

+

(
2l3 − 1

l1 + l2 + l3
− 1

)
I(l1,l2,l3−2)(k1, k2, k3) .
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It should be noted at this point, that if (l1, l2, l3) , l1, l2, l3 ∈ N forms a triangle with
l1, l2 ≤ l3 and l3 ≥ 2, then (l1 − 1, l2, l3 − 1), (l1, l2 − 1, l3 − 1) and (l1, l2, l3 − 2) will all
form triangles as well. This can be seen from the following.

As l3 ≥ l1, l2 and l1, l2 ≥ 1 then

l1, l2 <
l1 + l2 + l3

2
(7.23)

from the triangle inequality. Equivalently this means that

l1, l2 ≤
l1 + l2 + l3

2
− 1 , (7.24)

which gives that (l1−1, l2, l3−1) and (l1, l2−1, l3−1) obey the triangle inequality as well.
The last case holds trivially as triangle inequality gives

l3 ≤
l1 + l2 + l3

2
. (7.25)

For the case of one l-mode being 0, the triangles reduce to the form (0, l, l) with l ≥ 2. In
this case we use the special case

d

dz
J0(z) = z−1 [J0(z)− J1(z)] . (7.26)

This gives

I(0,l,l)(k1, k2, k3) = −k1

k3

I(1,l,l−1)(k1, k2, k3) +
k2

k3

I(0,l−1,l−1)(k1, k2, k3) . (7.27)

It is easily seen, that if (0, l, l) forms a triangle, then (1, l, l − 1) and (0, l − 1, l − 1) must
surely also form triangles.

We are thus left with calculating the two special cases, which can be done analytically:

I(0,0,0)(k1, k2, k3) =
π

4
(7.28)

I(0,1,1)(k1, k2, k3) =
π

8

(
k2

k3

+
k3

k2

− k2
1

k2k3

)
. (7.29)

From the special cases, as well as the the recursive schemes (eqs. 7.22 and 7.27), one infer
two important point concerning the solution. The first being that any solution must be of
the form

I(l1,l2,l3)(k1, k2, k3) =
∑

c1+c2+c3=0

ac1,c2,c3k
−c1
1 k−c22 k−c33 . (7.30)

The second is that the powers are bounded by

ci ≤ li , i = 1, 2, 3 . (7.31)
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ANGULAR PARAMETERIZATION

Defining the angles of the momentum triangle as given in fig. 7.1, we rewrite the recursion
scheme for l3 ≥ l1, l2 as

I(l1,l2,l3)(θ1, θ2, θ3) =
2l3 − 1

l1 + l2 + l3

sin θ1

sin θ3

I(l1−1,l2,l3−1)(θ1, θ2, θ3)

+
2l3 − 1

l1 + l2 + l3

sin θ2

sin θ3

I(l1,l2−1,l3−1)(θ1, θ2, θ3) (7.32)

+

(
2l3 − 1

l1 + l2 + l3
− 1

)
I(l1,l2,l3−2)(θ1, θ2, θ3)

I(0,l,l)(θ1, θ2, θ3) = −sin θ1

sin θ3

I1,l,l−1(θ1, θ2, θ3) +
sin θ2

sin θ3

I(0,l−1,l−1)(θ1, θ2, θ3) (7.33)

I(0,0,0)(θ1, θ2, θ3) =
π

4
(7.34)

I(0,1,1)(θ1, θ2, θ3) =
π

4
cos θ1 (7.35)

Figure 7.1: Momentum triangle

From the recursive scheme we now compute the first two non-trivial integrals and
compute their limits for squeezed and folded triangles. For the triangle l1 = l2 = 1, l3 = 2
one gets

I(1,1,2)(θ1, θ2, θ3) =
π

32

3 sin(2θ1) + 3 sin(2θ2)− sin(2θ3)

sin(θ3)
. (7.36)

This result can still prove tricky numerically in the cases where sin(θ3) → 0. Using
L’Hôpital’s rule with the identity

dθ1

dθ3

+
dθ2

dθ3

+ 1 = 0 , (7.37)

one can find the limit to be

lim
θ3→0

I(1,1,2)(θ1, θ2, θ3) = − π

16
[1 + 3 cos(2θ1)] . (7.38)
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One might be concerned with the seemingly lack of symmetry between θ1 and θ2. However
in the limit θ3 → 0, one has θ2 → π − θ1, making the result the same whether one inserts
θ1 or θ2.

The same technique is applicable for the limit θ3 → π. As both θ1 and θ2 approach
zero in this limit, one can evaluate the limit to find

lim
θ3→π

I(1,1,2)(θ1, θ2, θ3) =
π

4
. (7.39)

The sign difference between the two limits come from the denominator, when L’Hôpital’s
rule is applied. The remaining limits are trivially found to be

lim
θ1→0

I(1,1,2)(θ1, θ2, θ3) = lim
θ2→0

I(1,1,2)(θ1, θ2, θ3) = −π
4

cos(θ3) . (7.40)

From this result one can now compute the I(0,2,2)-integral:

I(0,2,2)(θ1, θ2, θ3) =− π

32

3 sin(2θ1) + sin(2θ2) + sin(2θ3)

sin(θ2) sin(θ3)
sin(θ1)

+
π

8

sin2(θ2) + sin2(θ3)

sin(θ2) sin(θ3)
cos(θ1) .

(7.41)

Employing the same principles one can determine the limits for the squeezed triangles for
the I(0,2,2):

lim
θ1→0

I(0,2,2) =
π

4
. (7.42)

Regarding the recursion relations, one can show that this limit is quiet general in the sense
that

lim
θ1→0

I(0,l,l) =
π

4
. (7.43)

To see this one needs to show, one regards eq. 7.33 on the previous page in the limit
θ1 → 0. As one has sin(θ2)

sin(θ3)
= 1 for θ1 → 0, one only needs to show that I(1,l,l−1) is finite in

this limit to obtain
I(0,l,l)(θ1, θ2, θ3) = I(0,l−1,l−1)(θ1, θ2, θ3) . (7.44)

This can be shown recursively by writing the recursive relation eq. 7.32 with l2 as the
largest l-mode. Taking limit θ1 → 0 and assuming limθ1→0 I(1,l−1,l−2) < ∞, and thereby
limθ1→0 I(1,l−2,l−1) < ∞ due to the symmetry in θ2 and θ3 in the θ1 → 0 limit, and
I(0,l−1,l−1) = π

4
, one gets

lim
θ1→0

I(1,l,l−1)(θ1, θ2, θ3) =
2l2 − 1

l1 + l2 + l3
lim
θ1→0

I(1,l−1,l−2)(θ1, θ2, θ3)v

+

(
2l2 − 1

l1 + l2 + l3
− 1

)
lim
θ1→0

I(1,l−2,l−1)(θ1, θ2, θ3)

<∞ .

(7.45)

As the basic case (l = 2) has already been shown, this concludes the proof by recursion.
For the limit of θ3 → 0, or equivalently θ2 → 0, one finds, after some arithmetic and

use of trigonometric relations, that

lim
θ3→0

I(0,2,2)(θ1, θ2, θ3) =
π

16

(
2

sin(2θ1)

tan(θ1)
+ 2 cos(2θ1)− 2

)
. (7.46)
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To find this solution we used that θ1(θ3) must be a continuous, bounded function, and it
must therefore have a finite first derivative.

The integrals are plotted in figures 7.2 and 7.3, testifying the derived limits.

Figure 7.2: The I(1,1,2) integral (eq. 7.36) plotted as a function of θ1 and θ3

Figure 7.3: The I(1,1,2) integral (eq. 7.41) plotted as a function of θ1 and θ3
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7.3 SPHERICAL COORDINATES IN THE 1-NORM AND THE SHAPE FUNCTION

For the case of the axion monodromy model, one can find the shape function (eq. 7.2):

F (k1, k2, k3) = (2π)4 3
√

2πΛ4

8φ
3/2
∗ f 5/2µ3

P2(K)

k2
1k

2
2k

2
3

×

[
sin

(
ln(K/k∗)

fφ∗

)
+ fφ∗

∑
i

K

ki
cos

(
ln(K/k∗)

fφ∗

)]
(7.47)

with K = k1 + k2 + k3. Here the power spectrum is given by [64]

P(k) = P(k∗)

(
k

k∗

)ns−1 [
1 + δns cos

(
φk
f

)]
, (7.48)

where

δns =
12Λ4

µ3f

√√√√ π
8

coth
(

π
2fφ∗

)
fφ∗

1 + (3fφ∗)2
(7.49)

φk =
√
φ2
∗ − 2 ln(k/k∗) . (7.50)

Inserting this yields a bispectrum of the form

Bl1l2l3 =
24πΛ4

φ
3/2
∗ f 5/2µ3

√
2(2l1 + 1)(2l2 + 1)(2l3 + 1)

(
l1 l2 l3
0 0 0

)
×
∫

dk1dk2dk3

k1k2k3

P2(K)∆l1(k1)∆l2(k2)∆l3(k3)I(l1,l2,l3)(k1, k2, k3) (7.51)

×

[
sin

(
ln(K/k∗)

fφ∗

)
+ fφ∗

∑
i

K

ki
cos

(
ln(K/k∗)

fφ∗

)]
.

Performing a transformation from (k1, k2, k3) to (K,∆), where ∆ is a two dimensional
shape parameter for the triangle, one can schematically write

dk1dk2dk3

k1k2k3

=
f(∆)

K
dKd2∆ . (7.52)

Dividing the area of integration for ∆ into three regions, each defined by having one of
the sides in the triangle with unit perimeter being smaller than the other two, we define

ks ≤ k+, k− , ks + k+ + k− = K (7.53)

for each of the three regions. Expressing the new variables in terms of the two parameters
(s, t), such that

ks = Ks (7.54)
k+ = K(1− s)a+ (7.55)
k− = K(1− s)a− (7.56)
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with a+ + a− = 1. From the triangle inequality one finds 0 ≤ s ≤ 1
2
and

0 ≤ (1− s)a+ ≤ 1

2
(7.57)

0 ≤ (1− s)a− ≤
1

2
, (7.58)

which translates into a bound on a+:

1− 2s

2(1− s)
≤ a+ ≤

1

2(1− s)
. (7.59)

Introducing the second parameter t ∈ [−1
2
, 1

2
], one gets

ks = Ks (7.60)

k+ = K

[
1− s

2
+ st

]
(7.61)

k− = K

[
1− s

2
− st

]
(7.62)

One can now determine the area of integration from eq. 7.53 and write the angular averaged
bispectrum as

Bl1l2l3 =
24πΛ4

φ
3/2
∗ f 5/2µ3

√
2(2l1 + 1)(2l2 + 1)(2l3 + 1)

(
l1 l2 l3
0 0 0

)
×
∫ 1

3

0

ds

∫ min( 1−3s
2s

, 1
2)

max( 3s−1
2s

,− 1
2)

dt[
1−s

2

]2 − s2t2

∫ ∞
0

dK

K
P2(K)

×

[
sin

(
ln(K/k∗)

fφ∗

)
+ fφ∗

∑
i

K

ki
cos

(
ln(K/k∗)

fφ∗

)]
(7.63)

×
[
∆l1(ks)∆l2(k+)∆l3(k−)I(l1,l2,l3)(s, t)

+∆l2(ks)∆l1(k+)∆l3(k−)I(l2,l1,l3)(s, t)

+∆l3(ks)∆l2(k+)∆l1(k−)I(l3,l2,l1)(s, t)
]
.

In the above we used that a permutation of two momenta ki ↔ kj translates into a
permutation in the l-modes li ↔ lj, as well as the symmetry of the integration over t,
which makes the labelling of k+ and k− indifferent. We have furthermore introduced the
shorthand notation

I(l1,l2,l3)(s, t) ≡ I(l1,l2,l3)(ks, k+, k−) . (7.64)

At the time of writing a code is being developed for computing this integral. It is however
yet to be fully operational. The integral in eq. 7.63 should be finite over the entire inte-
gration volume, as the transfer functions should go to zero faster than linearly in k as k
goes to 0. This conjecture is motivated by the discussion from chapter 6, where we used

∆l(k) ≈ 1

3
jl(k) (7.65)

for small l, and jl(k) ∝ k2l for k → 0.
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8 BEYOND THE BISPECTRUM

It might seem slightly esoteric to consider calculating higher order correlation func-
tions, when we are still waiting for an accurate measurement. There are still valuable
things to learn from going beyond the bispectrum, as the computation will not only make
it possible to calculate the trispectrum, but also loop corrections to the power spectrum.
The fact remains that the quality of measurements improve, tightening the bounds on the
spectra, and thus makes it necessary to go beyond the lowest order. Finally some models
of inflation may give a large trispectrum without having a particularly large contribution
to the bispectrum. This chapter is based on [89].

8.1 THE ACTION TO FOURTH ORDER IN UNIFORM DENSITY GAUGE

Continuing along the line of chapter 4, we write down the Einstein-Hilbert action in the
ADM form (c.f. 4.27 on page 34):

S =
1

2

∫
dtd3x

√
h
[
NR3 − 2NV (φ) +N−1(EijE

ij − E2) +N−1(φ̇−N i∇iφ)2

−Nhij∇iφ∇jφ
]
.

(8.1)

Working in the comoving curvature gauge:

φ = φc(t) hij = a(t)2(e2ζ(x,t)δij + γij) , γii = 0 ∂iγij = 0 , (8.2)

we proceed to expand the perturbation parameters N and N i to the second order, while
neglecting any tensor perturbatinos

N = 1 + (α(1) + α(2)) Ni = ∂i(χ
(1) + χ(2)) + (βi

(1) + βi
(2)) (8.3)

with the constraint (cf. Helmholtz theorem)

∂iβi = 0 . (8.4)

It is now possible to solve the equations of motion for N i and N , eq. 4.29 and eq. 4.30 on
page 34, respectively, order by order for all three perturbation parameters. As it will turn
out, we only need to calculate the first and second order perturbation parameters. The
fourth order terms only appears in the action multiplied by the equation of motion for the
background field, φc, while the third order terms cancel one another. From eq. 4.29, by
taking the divergence and employing eq. 8.4, one solve for α. Inserting this result back
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into eq. 4.29 one can solve for βi.

PERTURBATION PARAMETERS

Recounting the results of chapter 4, the first order parameters are

α(1) = H−1ζ̇ . (8.5)

and
βi

(1) = 0 . (8.6)

Utilising the same techniques for the second order contributions, we get

α(2) =
1

2H
∂−2
{
∂j
(
∂jα

(1)∂2χ(1) − ∂iα(1)∂i∂jχ
(1)
)
− 2∂i∂j

(
∂jχ(1)∂iζ

)
+ ∂j

(
∂lζ∂

l∂jχ
(1)
)

+ ∂j
(
∂jζ∂

2χ(1)
)} (8.7)

for the scalar part, and

βj
(2) = 2∂−2

{
∂jα

(1)∂2χ(1) − ∂iα(1)∂i∂jχ
(1) + ∂jζ∂

2χ(1) − 2H∂jα
(2)

− ∂i
(
∂jχ

(1)∂iζ + ∂iχ(1)∂jζ
)

+ ∂lζ∂
l∂jχ

(1)

} (8.8)

for the vector perturbation. In the equations above χ(1) is the first order part of the third
perturbation parameter, which will be addressed in a moment. From this we see, that α
to the lowest order only describe how the metric changes in time, as could be expected
from its role in the metric.

Similarly we can solve eq. 4.30 for the χ parameters, whereby one gets

χ(1) = − ζ

H
+ ξ , ∂2ξ =

H−2

2
φ̇2ζ̇ (8.9)

to the first order [22]. Likewise to the second order in χ, we obtain (for readability we
refrain from inserting the values of the α and β)

4H∂2χ(2) =− 2 (∂ζ)2 + 2(φ̇2 − 6H2)α(2) + 4ζ̇∂2χ(1) + 4φ̇2α(1)ζ

− 4H∂lχ
(1)∂lζ − 3α(1)2φ̇2 + ∂2χ(1)∂2χ(1) − ∂i∂jχ(1)∂i∂jχ(1)

(8.10)

It is seen, that the β and χ parameters of a given order depends on the α parameter
of the same order, as opposed to the α that only depends on parameters of lower orders.
This translates into a dependence of the lapse function in the shift parameter, which is
reasonable as the lapse function is linked to the thickness of the time-slices, and in that
way affect the size of the shift.

FOURTH ORDER ACTION

Truncating the action at the fourth order and exploiting the equation of motion for the
background field

φ̇2 − 6H2 + 2V = 0 , (8.11)
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we write the action in terms of the perturbation parameters, and simplify it by using
partial spatial integrations. This gives

S(4) =
1

2

∫
dtd3xa3

{
− 1

3
ζ3∂2ζ − 2α(1)(ζ∂iζ∂

iζ + ζ2∂2ζ) + φ̇2
cα

(1)2

[
9

2
ζ2 − 3ζα(1) + α(1)2

]
[

1

2
ζ2 + ζα(1) + α(1)2

] [
∂i∂jχ

(1)∂i∂jχ(1) − ∂2χ(1)∂2χ(1)
]

+ (6H2 − φ̇2)α(2)2

− 2[ζ + α(1)]
[
∂i∂jχ

(1)∂i∂jχ(2) − ∂2χ(1)∂2χ(2) − 2∂i∂jχ
(1)∂iχ(1)∂jζ

]
− 2

[
2∂i∂jχ

(2)∂iχ(1)∂jζ + 2∂i∂jχ
(1)∂iχ(2)∂jζ − ∂jχ(1)∂iζ∂

iχ(1)∂jζ
]

+
1

2
∂iβj

(2)∂iβj
(2) − 2α(1)∂i∂jχ

(1)∂iβj
(2)

}
(8.12)

Though fairly compact in its presentation, it is not clear from this form that the action
in eq. 8.12 does indeed vanish in the slow roll limit. The zeroth order slow-roll terms can
however be removed by partial integrations. To make this more evident, it is simpler to
expand the gauge transformation (eq. 5.50 on page 46) between the isocurvature gauge
and the present gauge, in order to calculate the action by a gauge transformation of the
equivalent action in the uniform curvature gauge.

Furthermore one is faced with the same complications as those discussed in chapter
5, if one tries to perform a computation using the version of the action in eq. 8.12. It is
therefore prudent to compute the gauge transformation.

8.2 GAUGE TRANSFORMATION

Deriving the gauge transformation in a slightly more rigourous fashion than in chapter
5, we perform a translation in the time coordinate in order to transform between the
isocurvature gauge and the comoving gauge. Below we follow a procedure, which is similar
to the one in ref. [22]. The uniform curvature gauge is given by

φ(t,x) = φc(t) + δφ(t,x) , hij = a(t)2δij , (8.13)

where we have defined the background field φc ≡ 〈φ〉, such that the tadpole condition,
〈δφ〉 = 0, is satisfied.

Choosing the time translation given by the vector ξµ = (T, 0, 0, 0), we can write the
transformed field fluctuation [90]

δφ(xµ + ξµ) = δφ(xµ) +
∞∑
n=1

(ξµ∂
µ)n

n!
φ(xµ) . (8.14)

The sum is nothing more than the Taylor expansion along a vector. Requirering the time
translation to bring the coordinates to the comoving gauge, we fix ξµ by δφ(xµ + ξµ) = 0.
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Evolving order by order we then get for ξ0 = T (1) + T (2) + . . . .

T (1) = −δφ
φ̇c

(8.15)

T (2) =
δφ ˙δφ

φ̇2
c

− 1

2

φ̈c

φ̇3
c

δφ2 (8.16)

T (3) =
3

2

φ̈c

φ̇4
c

δφ2 ˙δφ− 1

2

δφ2

φ̇3
c

δ̈φ− δφ ˙δφ
2

φ̇3
c

−

(
1

2

φ̈c
2

φ̇5
c

− 1

6

...
φ c

φ̇4
c

)
δφ3 (8.17)

As a method for finding the relation between ζ in the comoving gauge and δφ in the uniform
curvature gauge, we perform coordinate transformation above in the metric associated
with the uniform curvature gauge (g(uc)

µν ) and equate it with metric in the comoving gauge
(g(cm)
µν ).
The spatial part of the metric gives after the time translation (again ignoring tensor

contributions)

h
(cm)
ij = a2(t+ T )δij −N2∂iT∂jT + ∂iTNj + ∂jTNi , (8.18)

with N and Ni defined as in eq. 8.3. Solving the first order contribution in the above
equation gives ζ = HT or [22]

ζ = −Hδφ

φ̇c
≡ ζn . (8.19)

No spatial reparametrization is needed for the first order. To higher orders one must do a
transformation xi → xi + υi, such that

−N2∂iT∂jT + (∂iTNj + ∂jTNi) + ∂iυj + ∂jυi = exp

(
2
∑
n

ιn

)
a2(t)ηij (8.20)

with ιn being a parameter of the n’th order. Recalling that ι1 = 0 and writing a(t) = eρ(t)

like in ref. [22], we can write the equation for ζ up to third order

ζ = ρ(t+ T )− ρ(t) + (ι2 + ι3) (8.21)

By taking the trace and ∂i∂j of eq. 8.20, one can solve to second order

4ι2 = 2∂iT (1)∂iχφ
(1)−2∂−2∂i∂j(∂iT

(1)∂jχφ
(1))−(∂iT

(1)∂iT (1)−∂−2∂i∂j(∂iT
(1)∂jT

(1))) (8.22)

as βi(1) = 0. Thereby giving [22]

ζ = ζn − f2(ζn) =ζn +
1

2

φ̈c

φ̇cH
ζ2
n +

1

4

φ̇2
c

H2
ζ2
n +

ζnζ̇n
H

+
1

2
∂iζn∂iχφ

(1) − 1

2
∂−2∂i∂j(∂iζn∂jχφ

(1))

− 1

4H2

(
∂iζn∂

iζn − ∂−2∂i∂j(∂iζn∂jζn)
)

(8.23)

where we implicitly defined f2(ζn). We refer to appendix A for the definitions of the
functions of the type αφ(i), χφ(i), and βφ(i). Computing the third order terms in a similar
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fashion, we get

2ι3 =∂iT (1)∂iχφ
(2) + ∂iT (1)βφi

(2) + ∂iT (2)∂iχφ
(1) − ∂−2∂i∂j(∂iT

(1)∂jχφ
(2))

− ∂−2∂j(∂i∂jT
(1)βφi

(2))− ∂−2∂i∂j(∂iT
(2)∂jχφ

(1))

− [∂iT
(1)∂iT (2) − ∂−2∂i∂j(∂iT

(1)∂jT
(2))]

− αφ(1)[∂iT
(1)∂iT (1) − ∂−2∂i∂j(∂iT

(1)∂jT
(1))]

(8.24)

Repeating the calculation leading to eq. 8.23, we arrive at

ζ =ζn − f2(ζn)− f3(ζn)

=ζn − f2(ζn)

+
5

6

φ̇cφ̈c
H3

ζ3
n +

1

3

...
φ c

φ̇cH2
ζ3
n +

1

4

φ̇4
c

H4
ζ3
n +

3

2

φ̈c

φ̇cH
ζ2
nζ̇n +

φ̇2
c

H3
ζ2
nζ̇n +

ζnζ̇
2
n

H2

+
1

2

ζ2
nζ̈n
H2

+
1

2H
∂iζn∂iχφ

(2) +
1

2H
∂iζnβφi

(2)

+
1

2

[
φ̈c

φ̇cH2
ζn +H−1ζ̇n +

φ̇2
c

H2
ζn

][
φ̇2
c

2H2
∂iζn∂i∂

−2ζ̇n −H−1∂iζn∂iζn

]

+
ζn

2H2

(
φ̇2
c

2H2
∂iζ̇n∂i∂

−2ζ̇n −H−1∂iζ̇n∂iζn

)
− 1

2H
∂−2∂i∂j (∂iζn∂jχφ

(2))

− ∂−2∂i∂j

2

{[
φ̈c

φ̇cH2
ζn +H−1ζ̇n +

φ̇2
c

H2
ζn

][
φ̇2
c

2H2
∂iζn∂j∂

−2ζ̇n −H−1∂iζn∂jζn

]}

− ∂−2∂i∂j

[
ζn

2H2

(
φ̇2
c

2H2
∂iζ̇n∂j∂

−2ζ̇n −H−1∂iζ̇n∂jζn

)]
− 1

2H
∂−2∂j(∂i∂jζnβφi

(2))

+
φ̇2
cζn

4H4

[
∂iζn∂

iζn − ∂−2∂i∂j(∂iζn∂jζn)
]
,

(8.25)

where we have implicitly defined the third order contribution in terms of f3(ζn). Again we
refer to appendix A for the definition of functions of the type αφ(i), χφ(i), and βφ(i).

By inverting eq. 8.25 to third order and recalling the definition of ζn from eq. 8.19, we
are able to calculate the fourth order action of the metric perturbations in the comoving
gauge from the action of the inflaton field fluctuations in the uniform curvature gauge.
Since the calculation is trivial but tedious, we will not repeat it here in all details. However,
from the calculation, one would obtain an action for ζ which is suppressed by only one
power of the slow-roll parameter. This can be seen from the gauge transformation above,
which contains terms in f3 of order ζ3

n, but with no slow-roll suppression. To third order
in the gauge transformation we can just replace ζn with ζ in f3, and applied in the second
order action for δφ we see immediately that the fourth order action in ζ will receive
contributions, which are only suppressed by one slow-roll order. From this one could
easily be led to believe, that the trispectrum of the metric perturbation ζ is of the wrong
order in the slow-roll parameter ε.

However, since all the leading order slow-roll terms comes from using f3 in the second
order action in δφ, by partial integrations they can all be rewritten as terms in the action
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proportional to the linear equation of motion of perturbations. This complication can
be avoided by choosing the gauge of ζn, then calculate 〈ζ4

n〉, and afterwards obtaining the
super-horizon value of 〈ζ4〉 by virtue of the super-horizon limit of eq. 8.25, analogous to the
calculation in ref. [22]. Once the terms proportional to the linear perturbation equation
of motion have been eliminated by a change of variables ζ → ζn, one obtains an action in
ζn, which is suppressed by two powers of the slow-roll parameter. The full action in the
new variable ζn has the following form

Sζn =

∫
dtd3xa3

{
− ε2H

6
V ′′′′ζ4

n +
1

2
∂iβφj

(2)∂iβφ
j (2) + ε3H∂i∂

−2ζ̇n∂j∂
−2ζ̇n∂

iζn∂
jζn

− 2εH

[
−HηHζn + ζ̇n

] [
∂iχφ

(2) + βφi
(2)
]
∂iζn

+ αφ
(2)

[
−6H2 + φ̇2

c

] [
ε2Hζ

2
n −

αφ
(2)

2

]
− ε2Hζn

[( φ̇c
3H

V ′′′ + 2H2ηHε
2
H −H2κHεH + 3H2εH(ηH − εH)

)
ζ3
n

+ ∂2χφ
(2)ζ̇n + εHζn∂iζn∂

iζn − ∂i∂jχφ(2)∂i∂j∂−2ζ̇n

− ∂iβφj
(2)∂i∂j∂−2ζ̇n + 2εH(2(εH − ηH)Hζn + ζ̇n)∂iζn∂

i∂−2ζ̇n

]}
,

(8.26)

where we have introduced the slow roll parameters associated with the Hamilton-Jacobi
formalism:

εH = 2Mpl

(
H′(φ)
H(φ)

)2

=
1

2Mpl

φ̇2

H2
(8.27)

ηH = 2Mpl
H′′(φ)
H(φ)

= − φ̈

Hφ̇
. (8.28)

We have further more added a second order parameter

κH = 2Mpl
2H
′′′(φ)H ′(φ)

H(φ)2
+ η2

H =

...
φ

H2φ̇
. (8.29)

To leading order they are related to the usual slow-roll parameters by εH ≈ ε, ηH ≈ η− ε.

8.3 THE DE SITTER LIMIT

Since the curvature perturbation is a pure gauge mode in de Sitter space, the action
of the comoving curvature perturbation ζ must be slow-roll suppressed to all orders in
perturbations and vanish in the de Sitter limit. However, this does not explain why the
third and fourth order action of ζn are actually suppressed by the same power of the
slow-roll parameter. If we want to estimate the slow-roll order of the n-point function of
ζ, we would overestimate it, if we only assumed that the action of ζ has to be slow-roll
suppressed.
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In fact, the slow-roll order of the action is more easily understood in the uniform
curvature gauge. In this gauge, it has been shown that the third order action of the inflaton
field fluctuations, S3(δφ), is suppressed by the square root of the slow-roll parameters [22],
while the second, and fourth order actions, S2(δφ), S4(δφ), are unsuppressed [27, 91]. Thus,
we may wonder what requires the third order action, S3(δφ), to be slow-roll suppressed,
when there is nothing which forces the second and fourth order actions to be slow-roll
suppressed.

However, if there are third order terms of δφ in the action, which are unsuppressed and
survive in the pure de Sitter limit, they would indicate an instability of the classical de
Sitter vacuum. As an example, we will study a toy unsuppressed third order term. In the
fourth order action there are unsuppressed terms of the type ˙δφ

2
∂−2(∂i ˙δφ∂iδφ) etc. Let us

assume for a moment that to third order we have similar unsuppressed terms induced by
perturbations of the metric. Then the interaction Hamiltonian for the perturbations will
take the form

HI =

∫
d3ya3

[
δφ(φ̈c + 3Hφ̇c + V ′) + gO(δφ3) + . . .

]
, (8.30)

where the unsuppressed O(δφ3) toy term could be any operator of the type δφ3, ˙δφ
2
δφ,

˙δφ∂−2(∂i ˙δφ∂iδφ), etc. The dots represents any terms to higher order in slow-roll and
perturbation theory, and g is a coupling constant.

The term O(δφ3) will give a contribution to the tadpole diagram in figure 8.1, which
will lead to a one-loop correction to the equation of motion of the classical background
field. The tadpole condition yields

0 = 〈δφ〉 = φ̈c + 3Hφ̇c + V ′ + gΓt , (8.31)

where gΓt denotes the amputated tadpole contribution, and gives the one-loop correction
to the background equation of motion. In the simplest case of a massless scalar field and
with O(δφ3) = Hδφ3, the tadpole contribution would become

gΓt = 3gH
〈
δφ2
〉

=
3g

4π2
H4t . (8.32)

In this case, the time-independent de Sitter solution is destabilized by the tadpole. If the
toy term O(δφ3) has a more complicated form involving derivatives, the infrared divergency
will be absent3, and the tadpole contribution will not grow indefinitely, but rather approach
a constant. However, in the case of a massless scaler field in de Sitter, a time-independent
tadpole contribution gΓt = const. will give an effective linear contribution to the potential
of the background term, similar to a source term, which will yield the potential of the
massless field unbounded from below. In fact, the solution to eq. 8.31, with V ′ = 0 and
gΓt = const. at late times is

φc(t) = −gΓt
3H

t, (8.33)

3The actual tadpole was calculated to leading order in slow-roll in ref. [92]. Note, that to leading order
in slow-roll, the IR divergent terms are not present. The IR divergent contributions to the tadpole, which
will dominate the tadpole contribution at late times, appears to higher order in slow-roll, and can be
found by taking the appropriate infrared limit in the action as in ref. [91, 93].
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which is inconsistent with a time-independent de Sitter solution. Thus, if unsuppressed
third order terms were allowed, classical de Sitter space with a massless scalar field would
be destabilized.

Figure 8.1: Tadpole diagram

Since any unsuppressed odd order terms in the action would lead to a non-vanishing
tadpole contribution, we conclude that all odd order terms in the action should be slow-roll
suppressed, while even order terms are not slow-roll suppressed. We can then extrapolate
our results from n ≤ 4 to any n, as shown in table 1. Using the extrapolation in table 1,
we can calculate the order of magnitude of any n-point correlation function in single field
inflation, as shown in table 2. We can also generalize the nonlinearity parameter fNL to
n’th order up to a numerical factor of order one

〈ζn〉 ≈ f
(n)
NLP

n−1
ζ , (8.34)

where Pζ is the power-spectrum of comoving curvature perturbations. To second order
the generalized nonlinearity parameter coincides with the usual one f (3)

NL = fNL for the
bi-spectrum, which was initially calculated in ref. [22, 94]. To third order it coincides
with the nonlinearity parameter for the tri-spectrum f

(4)
NL = τNL, which was calculated in

ref. [27].

Order S(δφ) S(ζn) S(ζ)

2nd O(1) O(ε) O(ε)

3rd O(ε1/2) O(ε2) O(ε)
4rd O(1) O(ε2) O(ε)
2nth O(1) O(εn) O(ε)

(2n+ 1)th O(ε1/2) O(εn+1) O(ε)

Table 8.1: Slow-roll order of the action to n’th order.

p 〈δφp〉 〈ζp〉 f
(p)
NL ≈ 〈ζp〉 /P

p−1
ζ

2 O(H2) O(ε−1H2) O(1)

3 O(ε1/2H4) O(ε−1H4) O(ε)
4 O(H6) O(ε−2H6) O(ε)

2n O(H2p−2) O(ε−p/2H2p−2) O(εp/2−1)

2n+ 1 O(ε1/2H2p−2) O(ε(1−p)/2H2p−2)) O(ε(p−1)/2)

Table 8.2: Slow-roll order of the n-point functions and generalized nonlinearity parameter.

It is easy to verify that the action S(δφ) to any even order, 2n, in perturbations will
be unsuppressed in the slow-roll parameters, as it will contain contributions from α(2)2n,
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which is unsuppressed in the slow-roll parameters. Similarly, to odd orders α(2) will always
appear in combination with some α(n) or χ(n) to odd order, say α(1) which is slow-roll
suppressed.

As an example we predict that the nonlinearity parameter related to the 5- and 6-point
function is f (5)

NL = f
(6)
NL = ε2.

Finally, let us briefly discuss what would be the effect of including gravitational wave
modes in the analysis. For gravitational waves the discussion of the de Sitter limit is a little
more involved. One can have unsuppressed odd n-terms in the action with gravitational
waves, γij, of the form ∂iδφ∂jδφγ

ij, since they will not contribute to the tadpole of the
scalar field fluctuation. However, terms like δφγ̇ij γ̇ij have to be slow-roll suppressed,
because they will contribute to the tadpole with a graviton circulating in the loop. This
agrees with the results of ref. [22], where the third order action including gravitational
waves has been calculated.

8.4 CHALLENGES OF NUMERICAL COMPUTATION

When one tries to repeat the approach of chapter 5 to calculate the trispectrum numer-
ically, one is faced with an enormous complication in the sheer number of terms needed
to be calculated when computing the four-point function from the action in eq. 8.26 on
page 76. One can certainly do a fair approximation for fast roll models by only extracting
the terms, that contain derivatives of the second slow roll parameter ηH , but this would
only be a reasonable description right at the fast roll feature in the potential.

Even if one writes down all the terms for calculation, one has to contemplate the way
one represents the quadrangle formed by the momenta of the four-point function. As it
turns out it is no longer sufficient to describe the momenta by their lengths once one go
beyond the bispectrum.

Regarding n vectors in a D-dimensional momentum space, one has, at first glance,
Dn degrees of freedom (DOF). The requirement of momentum conservation discards D of
these DOF. The further requirement of isotropy makes it possible to rotate the structure
in a suitable way, removing D − 1 DOF from the first vector, D − 2 from the second and
so forth. This leaves

DOF = D(n− 1)− D(D − 1)

2
+

max(0, D − n) [max(0, D − n) + 1]

2
(8.35)

for n ≥ 2. For four vectors in three dimensions this implies that one needs six parameters
to describe the quadrangle.

One realisation of this could be the size of the four momenta, the length of the two
diagonals (α and β). See figure 8.2 on the following page. These additional DOF adds
a plethora of signature configurations, extending far beyond the three of the momentum
triangle. Regarding the quadrangle as two triangles, one can apply the ideas of the three
types of triangles to the quadrangle to get a handle of the types. Some of these were
discussed in chapter 5. Among these are the squeezed limits k1 = k2 = k3 � k4 and
k1 = k2 � k3 � k4, as well as the counter-collinear limit. This last can be expressed
having one of the diagonals going to zero.

Finally one can imagine special cases inspired by definition of τNL (eq. 3.43 on page 29).
The equivalent case of the equilateral triangle would be a rhombus twisted in three dimen-
sions, defined by k1 = k2 = k3 = k4 = k. Such a configuration reduces the the number of
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Figure 8.2: Momentum quadrangle parameterized in terms of the lengths and diagonals

terms in the definition of τNL to two as only the diagonals α and β differ. Another option
would be to keep the diagonals equal (α = β) reducing the number of terms to six. A
configuration where the momenta are pair wise orthogonal would reduce the number of
terms in the integral, but besides from that such a configuration would not offer any form
of simplification.

The combination of the former two cases with k1 = k2 = k3 = k4 = α = β = k, forming
a regular tetrahedron, reduces all the inner product between momenta to

ki · kj = ±kikj
2

, (8.36)

reducing complexity of the integrals greatly (see further eq. 8.26 on page 76)
It could be interesting to categorise which quadrangle shapes give a large trispectrum,

much like the discussion of triangle shapes and the bispectrum at the end of chapter 4.
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As inflation is about to enter its fourth decade as a cosmological theory, it has nes-
tled itself firmly as the prominent description of the primordial dynamic of the Universe.
Though other scenarios are present [95, 96], inflation is still the preferred choice in the
literature. That is not to say, that inflation is without issues at the moment. One still
needs to get a detection of a signal that cannot be generated in any other plausible scenario
than inflation. A detection of a tensor-to-scalar ratio, and perhaps a non-Gaussian signal,
would firmly settle inflation as a great model for the primordial universe, and might even
give hint of which direction one should take the search for a theory of inflation. At the
moment the success of inflation rests on its simplicity and the ability to solve the Flatness
Problem and the Horizon Problem (see chapter 2), as well as producing the nearly scale
invariant power spectrum in a very generic way (see chapter 4).

Even if one imagines that the Planck satellite do detect a tell tale signal for inflation,
many questions concerning the early universe still need to be resolved. One still has to
settle the matters of initiating and ending inflation (discussed towards the end of chapter
1). To trigger the onset of inflation, one needs to deplete the inflaton of its kinetic energy
and remain in slow roll for the duration of inflation. Secondly the initial patch that
inflates to become our universe may contain initial inhomogeneities that could hinder the
accelerated expansion (see e.g. [71, 97] for a further discussion). The matter of ending
inflation seems slightly more concrete as it often happens at energies where the current
theories are more justified. There is, however, still a large task ahead for anyone trying to
work out the exact details of what goes on, when inflation ends. The solution of these two
problems is essential for gaining a complete understanding of inflation and testing whether
or not it is the correct scenario for the early universe.

Since its emergence in 1981 [14], inflation has matured as a concept. The focus has
shifted from merely achieving and sustaining inflation to investigating the perturbations
created by the inflaton. Concentrating on creating the required primordial spectrum,
models became more elaborate and the body of inflationary models seemed to expand
insatiably [37, 38]. Today many of these models have been investigated beyond lowest
order. Many types have been classified depending on the kind and amount of non-Gaussian
signature they produce.

One such model was investigated in chapter 5. This model, the axion monodromy
model, comes from a certain realisation of string theory. The model produces a distinct
oscillation in both the power spectrum and the bispectrum, but where the oscillations in
the power spectrum is below the detection limit, one would clearly see the signature in the
fNL with measurements by the Planck satellite. As part of the axion monodromy work, a
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code was developed by Troels Haugbølle to numerically calculate the three-point function
for inflationary models with a single scalar field. From the simulations it was seen that
this model is capable of producing a value of fNL that could be detected with Planck.
Furthermore we derived an empirical formula for the shape of fNL for isosceles triangles.
This result was later confirmed by the general derivation of the three-point function for
the axion monodromy model in [70].

With the increasing quality of observations one should strive to go beyond simply
computing the temperature anisotropy bispectrum, and through that fNL, and compute
both the trispectrum and the remaining bispectra. The increasing observational sensitivity
translates into an added constraint on the power spectrum and trispectrum. To calculate
this in single scalar field models, one needs the fourth order action, which was calculated
and discussed in chapter 8. This action, along with the accompanying gauge transforma-
tion, is necessary to distinguish between models once a detection of fNL has been made.
It is possible to produce many different models, that will give the same bispectrum (much
like the degeneracy seen with the power spectrum), but each time one adds new type of
observed spectrum, the reins are pulled tighter limiting the possibilities within the possible
models. Finally it was explained in chapter 8, why one would expect that any even order
of the action for field perturbations is not suppressed by slow roll parameters. This arises
from the fact that these terms do not contribute to the tadpole’s expectation value, which
must vanish in the de Sitter limit.

Comparing a calculated primordial fNL to the observed one is by no means an easy
feat. One could easily have the impression that once the cumbersome task of calculating
a primordial fNL is finished, the process of evolving the result from the end of inflation
to present time is straight forward. This is, however, not the case and the computation
will, in fact, involve integrals that are numerically difficult to carry out. This was the
topic of chapter 7, which summarises a work in progress. Here we developed a recursion
scheme for calculating the integral over the spherical Bessel functions, and in that way
avoid having to perform a difficult numerical computation. The method was demonstrated
on the two triangles with l1 + l2 + l3 = 4. These triangles, (1, 1, 2) and (0, 2, 2), are the first
non-trivial triangles one encounters when using the recursive scheme. This demonstration
showed that the calculated integrals were well defined for both the squeezed and flattened
limits. One would expect that this would hold true for any triangle, but that was only
showed, in part, for the triangles of the type (0, l, l). At the time of writing, we still need
to completely debug and optimise the code for computing the remaining integrals.

In a time where we are on the verge of obtaining what could be the first positive de-
tection of fNL and quite possibly the shape of it, it is alluring to believe, that it is only a
matter of time before one finds the correct model of inflation. One should, however, re-
member that many models will be able to produce the same signatures, and reconstructing
the potential from observations seems discouraging as the inflaton only tracks a small part
of the potential during inflation [98, 99, 100]. Though this complicates matters greatly, it
does not make the quest futile.

Instead of seeing inflation as the one and only tool for making inference on high energy
physics, it should stand as one test among many that any theory of high energy physics
must face. In this sense cosmology, and especially inflation, is a great laboratory capable
of probing energy ranges that we cannot probe here on Earth. This comes, of course,
at the cost of having a considerable less controlled environment and very little to say in
the timing of experiments, but history has showed that with audacious study and great
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patience these are complications, that we can overcome. Cosmology has emerged as, and
will most likely remain, a prolific source for generating and answering the fundamental
questions of nature.

There were so many fewer questions,
When stars were still just the holes to Heaven

- Jack Johnson
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A APPENDIX
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H2
ζn −

φ̈c
H
ζn −

φ̇c
H
ζ̇n

]2

(A.4)

1

2
βφi

(2) = ∂−2

(
2H∂iαφ

(2) − φ̇4
c

H3
ζn∂iζn +

φ̇c
H

[
φ̇cḢ
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