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CHAPTER 1

In tro duction

The �eld of quantum information, although beingquite young,hasits foundations
from the early days of quantum mechanics. In 1935 Einstein, Podolsky and
Rosen(EPR) put forth what they believed was a proof that quantum mechanics
was an incomplete theory [2]. Their argument, which was based on the basic
assumption that two systems cannot in
uence each other when they are not
interacting (locality), brie
y told goesas follows. Let two particles characterized
by position operators x̂1 and x̂2 and momentum operators p̂1 and p̂2, respectively,
interact for sometime such that p̂1 + p̂2 = 0 and x̂1 � x̂2 = xo and then separate
the two systemsin space.A measurement of x̂1 yielding x meansthat the position
of the secondparticle is x � xo, which is an eigenstateof the position operator.
If on the other hand we had chosen to measurep̂1 and got p the momentum
of the second particle would be given by � p, this time an eigenvalue of the
momentum operator. Basedon the assumption that a measurement of the �rst
particle cannot change the state of the secondparticle, the authors conclude
that the second particle is in an eigenstate of both position and momentum
simultaneously. This gives a contradiction becauseposition and momentum do
not commute and therefore according to the Heisenberg uncertainty principle
cannot be known simultaneously. From this so-calledEPR-paradox, the authors
concludethat quantum mechanicsis incompleteand that the universeis described
by a more fundamental, so far undiscovered, theory (hidden variables theory).
In the sameyear Schr•odinger published a response in three parts [3] where he
claims that instead of giving up quantum mechanics one should give up the
assumption of locality: the two particles can indeed in
uence each other non-
locally becausetheir combined state is described by a single wave function. He
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intro duced the word Verschr•ankung or entanglement to describe the non-local
correlations betweenthe two systems.

Entanglement comesin two distinct forms. The form of entanglement intro-
duced by EPR deals with the combined state of two systemseach described by
position and momentum variables that form a continuous spectrum of eigenval-
ues. Another type of entanglement occurs in systemswith a discrete spectrum.
A famous example is the spin singlet state formed by two spin 1/2 particles,
 = j"#i � j#"i . If one of the two spins is measuredto be in the spin-up state
the other one is certain to be in the spin-down state. It turns out that an equi-
valent formulation of the EPR-paradox can be done in terms of this discrete
entanglement.

The paradox remained an unresolved curiosity until John Bell in 1964 de-
rived correlation inequalities [4] that must be satis�ed within all hidden variable
theories but can be violated in quantum mechanics. In the 70'ies and the 80'ies
entanglement wasprimarily usedasa meansof testing theseinequalities. All ex-
periments such ase.g. [5, 6, 7, 8] gavestrong support for the quantum mechanical
foundations.1

In later years, however, entanglement has instead come to be viewed as a
potentially revolutionizing resource in future technological applications. This
shift wasdriven by the realization primarily in the early 90'iesthat entanglement
could be used as a resource in protocols that could improve existing classical
information processing,but also in purely quantum mechanical protocols with
no classicalanalogue.

In 1984Bennett and Brassard proposeda quantum cryptographic schemefor
the transmissionof encryptedmessages[10], wherethe security wasguaranteedby
the fact that unknown quantum statescannot be cloned[11] and the implicit use
of entanglement [12], and in 1991a protocol baseddirectly on the distribution of
entanglement wasproposed[13]. The absolutesecurity constitutes a fundamental
improvement comparedto conventional classicalencryption schemessuch as e.g.
RSA [14], where no formal proof of security exists but but breaching it requires
such enormouscomputational power that it is consideredpractically secure. As
we shall seeshortly, scienti�c and technological advancesin the �eld of quantum
information processingcould o�er o�er unprecedented computational power and
henceendangerthe security of classicalencryption schemes.

A year later a quantum densecoding protocol showing that 2 bits of informa-
tion could be sent with a singlespin 1/2 particle by the useof entanglement [15].
This and a similar protocol for continuous variables [16] o�er the possibility of
increasingthe capacity of the existing classicalcommunication channels.

Furthermore, in a 1993 complete departure from the paradigm of classical
communication it was shown [17] that an unknown quantum state can be trans-
ferred from one location to another without physically having to crossthe inter-

1Note however, that to date all of the experiments showing violations have su�ered from
loopholes allowing for a local-realistic explanation such as low detection e�ciency or time-lik e
interval between the detection events. Recently an experimentally feasible setup for a loop-hole
free Bell test was prop osed [9], so a �nal con�rmation may come in the near future.
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mediate distance. This process,known asquantum teleportation requiresdistrib-
uted entanglement as a fundamental resource. From theseproposalsthe �eld of
quantum communication emerged.

In a parallel development it wasshown that the fact that quantum statescan
exist simultaneously in a superposition of several eigenstatescan be employed to
speedup certain computational task dramatically. Most notably, Peter Shor [18]
showed that the problem of factorizing the product of two primes, upon which
much of present day data encryption is based(RSA) [14], could beperformedwith
a number of operations scaling polynomially with the number of bits required
to represent the product instead of exponentially by taking advantage of the
quantum parallelism arising when several particles existing in superpositions are
entangled. It was also shown that using such a quantum computer a speci�ed
element in an unsorted list containing N elements could be found in �

p
N trials

instead of the � N=2 trial required by a classicalcomputer. These and similar
algorithms spurredan intenseinterest in the development of a quantum computer,
wherelogical operations are performedan a number of two level systems(qubits),
each existing in a superposition of the two levels j0i and j1i

Following the proposedtechnological applications for entanglement the exper-
imental e�ort being put into producing such states was dramatically increased.
Entanglement occurs everywhere in nature: in a spin singlet of helium the two
electronsare entangled and every time a systeminteracts with the surroundings
it becomesentangled with these. The hard part is to createentanglement in pro-
tected and controllable surroundings. There are roughly speaking two di�eren t
methods for generating entanglement. One can let a system emit or decay into
other particles, which becauseof energyand momentum conservation will be en-
tangled. Alternativ ely one can let two systemsinteract for a controlled amount
of time and subsequently move them apart.

In the 90'ies the �eld was dominated by entangled states of light produced
in the former way via parametric down conversion in non-linear crystals. Here
entanglement betweentwo [19, 20] and subsequently three [21], four [22], and �v e
photons [23] was achieved. The method relies on coincidencedetections, which
means that the entanglement cannot be created on demand and the resources
and time required increasesrapidly with the number of photons. In a parallel
development the continuousvariable quadraturesx̂ and p̂ (analoguesof amplitude
and phase) of two beams were entangled [24]. This type of entanglement is
exactly the type discussedin the original EPR paper.

Although many quantum information protocols can be implemented using
light states only, an atomic implementation would be highly desirable because
of the potential for extremely long storage times. At the end of the 90'ies and
onwards more and more experimental veri�cations of atomic entanglement ap-
peared. These mostly utilize the secondapproach to entanglement generation -
letting two systems interact. In ion traps two [25] and subsequently four ions
[26] were entangled. The ions are separatedby a few � m and hencecannot be
addressedindividually but they interact through the Coulomb interaction and
form collective motional degreesof freedom. Using the excited states of theseas
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intermediate states the ions can be entangled. In parallel experiments �rst two
thermal Rydberg atoms [27] and then two atoms and a photon where entangled.
This was done by sending a su�cien tly weak thermal beam of Rydberg excited
atoms acrossan initially empty high Q microwave cavit y, which was exactly res-
onant with the microwavetransition betweentwo Rydberg states. When the �rst
atom crossedthe cavit y the ensuingRabi oscillations were timed such that with
50% likelihood the atom would emit a photon into the otherwise empty cavit y.
At the passageof the secondatom, which was initialized in the ground state, the
Rabi oscillation was controlled such that if a photon was present in the cavit y it
would be absorbed with unit y probabilit y. This procedure leavesthe two atoms
in a near maximally entangled state separatedby a few cm.

Having demonstrated entangled states the next main challenge is to create
entanglement between two atomic systemsin separateenvironments. This will
enable the implementation of distant quantum information processingsuch as
quantum cryptography and quantum networks basedon quantum teleportation.

A natural �rst step is to entangle the atomic state with a light state. This has
been achieved for a single ion [28] and for a single neutral atom [29] via pulsed
excitation and subsequent spontaneousemissionof a singlephoton into either one
of two well de�ned polarization modescorresponding to decay into two di�eren t
ground states. The collection e�ciency is extremely low so, as in the caseof
photon pair production via spontaneousoptical parametric down conversion, the
presenceof the entanglement is inferred only after a photon has been detected.
In order to transfer this into entanglement between two atomic particles strong
coupling between the secondparticle and the photon has to be achieved. At a
singleparticle level this can only be achieved using ultra high-�nesse cavities. As
discussedabove this has been achieved in the microwave region. The coupling
between the atoms and the cavit y is controlled by the atomic dipole moment,
which for Rydberg states is hugecomparedto that of atoms in the ground state.
To achieve that samecoupling with ground state atoms and an optical transition,
the �eld in the cavit y has to be increased correspondingly. This is done by
increasingthe �nesse of the cavit y, which quickly becomesextremely challenging
experimentally . Despite this, very encouraging results have recently also been
achieved in the optical domain [30, 31]. Here singlephotons have beengenerated
deterministically from a single atom in a cavit y. Unlike in [28, 29] the processis
unitary and hencereversible,which is essential for the realization of a distributed
quantum network [32].

The substantial technical di�culties involved in achieving the control and
strong coupling at the level of singleatoms and singlephotons motivated a search
for alternativ e routes to achieve atomic entanglement. One of the most success-
ful involves the use of atomic ensembles consisting of macroscopicnumbers of
particles. The dipole moment of collective variables describing these is dramat-
ically increasedcomparedto a single atom and hencestrong coupling with light
can be achieved without the useof cavities.

Initial approachesfocusedpredominantly on atom-light coupling via resonant
absorption. In [33] it was proposedto create an entangled atomic ensemble by
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the complete absorption of entangled light. The initial light and the �nal atomic
entanglement camein the form of "squeezedstates". In theseweak two particle
correlations in a macroscopicensemble of light or atoms are arranged such state
the 
uctuations in one of the collective properties (x or p) are reduced at the
expenseof increased
uctuations in the other. Following this proposal the �rst
macroscopic(109 atoms) entangled state was generated[34]. The entanglement,
however, existed in the excited states and hencethe life time and the degreeof
entanglement were fundamentally limited by spontaneousemission.

To circumvent this, it wasproposed[35, 36] to usean o�-resonant interaction
to perform a Quantum-Non-Demolition (QND) measurement of certain collective
atomic ground state properties, which would project the atomic state into an
entangled state. Using ground state properties increasesthe life time drastically
and furthermore makes the atoms indistinguishable over radio- or microwave
length scales(corresponding to the frequency separations in the ground state).
This signi�can tly simpli�es the coupling of light to the atomic sample. Another
nice feature of this approach is that the technical implementation is relatively
simple becauseit merely requires coherent light (output of a reasonably quiet
laser). In this way spin squeezing[37] and entanglement of the form discussedby
EPR betweentwo atomic sampleswasachieved. The latter experiment forms the
basis of all results in this thesis and will be discussedin detail in the following
chapters.

In a parallel e�ort the ideasof resonant transfer werefurther developed. Using
the processof electromagnetically-induced transparency (EIT) [38, 39] in mac-
roscopic atomic ensembles light was slowed [40] and in subsequent experiments
stopped and retrieved [41, 42]. The transfer was completely classical- no entan-
glement was employed or induced - but recently quantum correlations have been
veri�ed [43, 44, 45, 46, 47, 48, 49, 50]. In Sec. 7.4.6 these results are compared
to ours in somedetail.

The reasonthat both approachesyield coherent dynamics that is not washed
out completely by noisefrom spontaneousemissionis actually highly non-trivial.
As will be discussedin Sec.2.3.1 this is not the casefor a single particle. When
generalizing to an ensemble of atoms, however, the interaction is coherently en-
hanced [51, 36] in oneatomic mode (the onedealing with all atoms symmetrically
and causing coherent forward scattering) whereasspontaneous emission is dis-
tributed isotropically over all modes. This meansthat the relative importance of
spontaneousemissiondecreaseswith increasingnumber of atoms.

In summary, the �eld of quantum information is basedon three fundamental
pillars:

� En tanglemen t : two systemscan be connectednon-locally to give correl-
ated results of measurements

� Sup erp osition : quantum mechanical states can exist in multiple eigen-
states simultaneously (quantum parallelism).

� No-cloning theorem : using only the linearit y of quantum mechanics it
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was proven in 1982[11] that an unknown quantum state cannot be copied
or cloned.

The fundamental challengein the �eld of quantum communication is to estab-
lish a quantum network betweendistant sites linked by an entanglement connec-
tion. With this establishedthe two remaining pillars enabledistributed quantum
computing [52], secretexchangeof classicalinformation [13], and faithful transfer
of quantum states through the processof quantum teleportation [17, 53] can be
achieved. Practically, the di�cult y in establishingan entanglement link increases
exponentially with the distance becauseof inevitable signal loss. To circumvent
this, the useof quantum repeaters[54, 55, 51, 56] was proposed(seeSec.7.4.6).
In a quantum repeater station A entanglement is establishedbetween a system
at location B and a systemat A and betweenanother systemat A and a system
located at C. Through entanglement swapping [17, 57, 58, 59] and subsequent
puri�cation [60, 61] high quality entanglement between positions B and C can
be achieved, thereby doubling the entanglement distance. If this is usedsuccess-
ively, entanglement over arbitrary distancescan be realized. Since,however, the
puri�cation schemesare probabilistic it is essential to have a quantum memory
at each station to store the successfullygeneratedentangled states. Otherwise all
puri�cation schemeswould have to succeedsimultaneously and the time required
would scaleexponentially with distance.

During the time of my Ph.D. studieswe have demonstratedseveral important
elements of a working quantum network. First of all by modifying the experi-
mental setup of the initial entanglement experiment [62] we have demonstrated
the �rst entanglement betweentwo atomic objects in separateenvironments (see
chapter 6). Using such entanglement as a resourcewe have furthermore per-
formed the �rst mapping of an unknown quantum state into an atomic memory
with a quality exceedingthe best classicalstrategy (seechapter 7). Finally we
have demonstrated the applicabilit y of such quantum networks by performing
the �rst quantum teleportation between a light state and an atomic state (see
chapter 8).

Outline of the Thesis

� Chapter 2 Quantum mechanical description of the macroscopicatomic en-
semble and light system and the interaction between the two. Canonical
variables for the atomic and light systemswill be de�ned, which will form
the basis for all subsequent chapter.

� Chapter 3 Here the entanglement is de�ned and the basic entanglement
experiment is intro duced. An experimental criterion for the veri�cation of
entanglement is also intro duced and simple theoretical predictions for the
entanglement are derived.

� Chapter 4 In this chapter atomic and light decoherenceis discussedin
detail basedon the Gaussian covariance matrix formalism. Results valid
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for high degreesof decoherenceand for light lossbetweenthe two samples
are derived.

� Chapter 5 In this chapter various experimental details are discussedsuch
as the atomic environment and the speci�c laser systemsused. The main
sourcesof decoherenceare alsodiscussed.Finally, the experimental demon-
stration of projection noise limited performance as well as a comparison
with the theoretical predictions are treated.

� Chapter 6 Here the �rst of the three main experiments of this thesis - the
entanglement generation - is discussed. It is divided into two parts. The
�rst, describes the generation of entanglement similar to that of [62] but
herethe two samplesare in separateenvironments. This represents the �rst
demonstration of "distan t" entanglement betweentwo atomic systems.The
secondpart is centered on the experimental generation of an uncondition-
ally entangled state created by feeding back the measurement result onto
the spin system. In this way an atomic state is created that is entangled
without requiring any knowledgeof prior measurement results.

� Chapter 7 Herewereport on the �rst experimental demonstration of storage
of an unknown quantum state with a quality exceedingthe classicalbound.
The so-calleddirect mapping protocol involvesa singleFaraday interaction
followed by a feedback to the atoms. The stored state was measuredto
have a life time of 5ms.

� Chapter 8 In this chapter the last of the main experiments of this thesis
is described. Using light-atom entanglement generated by the Faraday
interaction betweenan auxiliary light pulseand a singleatomic sample,an
unknown light state was teleported onto the atomic state.

� Chapter 9 In this chapter we derive an experimentally feasibleprotocol for
the retrieval of a state from a quantum memory. Becauseof the long ( 1ms)
optical pulses conventional retrieval protocols are inapplicable. The best
protocol presented in this chapter involves four simultaneous passagesof
the light through the atomic sample and can approach perfect storage or
retrieval by merely increasingthe interaction strength su�cien tly .

� Chapter 10 In this chapter we present a proposal for the generation of
squeezedlight basedon the simultaneouspassagedynamicsdiscussedin the
previous chapter. It only works in the caseof two simultaneous passages.
The dynamicsis derivedboth in the pulsedand in the cw regimeand atomic
decoherenceand re
ection lossesof light are included.

� Chapter 11 In this chapter we summarizethe main results in this thesisand
give an outlook where we discussthe possibilities of implementing atom-
atom teleportation and interfacing with non-classicallight sources.
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� Appendix A E�ects arising from atomic motion in and out of the probing
beamarediscussedin the appendix. Weshow that with such an asymmetric
coupling to the atoms the a new set of collective variables can be formed
with a correspondingly modi�ed projection noise level. We also show that
atomic motion acts asan e�ectiv e sourceof decoherencebetweentwo probe
pulses.

� Appendix B Herewediscussthe inclusion of decoherenceinto the covariance
matrix formalism presented in chapter 4. We show that - becausefor a
spin system higher than 1/2 the thermal noise is no longer identical to
the coherent state noise - errors accumulate when applying the covariance
matrix update equation iterativ ely for such systems.

� Appendix C In this appendix wederive the Stark shift betweenthe di�eren t
magnetic sublevels and discussthe implications on the experiments.

� Appendix D In this appendix we explain someof the abbreviations com-
monly usedin this thesis.
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CHAPTER 2

A tom-Ligh t In teraction

All experiments presented in this thesiswill revolvearound sendinga narrowband
laser source through glass cells containing a macroscopicnumber (� 1012) of
cesiumatoms.

In this section we intro duce the quantum variables for light and atoms and
describe the o�-resonant dipole atom-light interaction utilizing the ground state
6S1=2 to the excited state 6P3=2 transition in cesium. We usecollective spin op-
erators for atoms and Stokesoperators for light as a convenient way to describe
the interaction. The interaction has been investigated semi classically in [63]
and the quantum mechanical interaction Hamiltonian was derived for a spin 1/2
systemin [36]. The interaction Hamiltonian for the realistic F = 4 systemtaking
the complete level structure into account was derived in [1]. Here we will �rst
discussthe e�ect of the interaction classically and then illustrate the quantum
mechanical derivation for the spin 1/2 system. Finally we will present the result
of the generale�ectiv e Hamiltonian which describesthe dynamics of the ground
state spin and the light. For simplicit y the Hamiltonian is speci�c to the cesium
ground state, although, the sameprocedure can be applied for any other atom
with a ground state containing multiple Zeemansublevels. With this as a start-
ing point we derive equations of motion for the light operators and the atomic
operators describing a single atomic ensemble. In this way we show that the
spin component along the direction of light propagation is mapped onto the light
without being perturb ed by the light. Such a Quantum-Non-Demolition (QND)
measurement will thus increaseour knowledge of that particular spin compon-
ent, which amounts to squeezing(decreasing the width of) the corresponding
probabilit y distribution of that variable.
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For technical reasonswe then intro duce a constant magnetic �eld along the
direction of the mean spin. This complicates the equations of motion signi�c-
antly becausethe spin components transverseto the applied magnetic �eld start
to mix through Larmor precession.The simple QND interaction is regained by
the intro duction of two oppositely oriented ensembles. In this setting entangle-
ment between the two ensembles can be realized by sending a single pulse of
light through the atoms instead of the two pulsesrequired in the absenceof the
magnetic bias �eld. An even more important advantage is brought about by the
possibility of performing measurements at a rather high Zeemanfrequency, thus
achieving quantum limits of sensitivity with macroscopicnumbers of atoms via
spectral �ltering of classicalnoise.

In the �nal parts of this chapter we will rescalethe atomic and light variables
to obtain a common mathematical framework for the description of the two sys-
tems. Thesecanonical operators will form the basisof all further discussionsof
the interaction in the remaining part of the thesis.

2.1 A tomic Spin Op erators

The ground states of cesium are characterized by its outermost electron which
is in the 6S1=2 state, i.e. the orbital angular momentum L is zero. The electron
spin S and consequently the total electronic angular momentum J has quantum
number S = J = 1=2. The nuclear spin I of cesium-133has I = 7=2, and the
coupling between the nucleus and the electron gives rise to the total angular
momentum F = I + J with quantum numbers F = 3 and F = 4.

It is indeed the total angular momentum F which is of interest in this work
sinceF and the magnetic quantum numbers mF de�ne the energy levels of the
ground states in the limit of low magnetic �eld applicable here. Furthermore, we
restrict ourselvesto one hyper�ne level, F = 4, which is possibleexperimentally
since the hyper�ne splitting � hfs = 9:1926GHzis large compared to typical res-
olutions of our laser systems. We chooseto denote the total angular momentum
of a single atom by j and for a collection of atoms (in the F = 4 state) we refer
to the collective total angular momentum as J, i.e.

J =
NX

i =1

j ( i ) ; (2.1)

where N is the number of atoms in the F = 4 state and j ( i ) is the total angular
momentum of the i 'th atom. The reasonfor using J and not F is conventional.

In our experiments the number of atoms N is of order 1012 and hence the
eigenvalueslie extremely closecomparedto the length of the vector. We therefore
call Ĵy and Ĵz continuous variable operators. Experimentally will always aim at
having all atoms polarized along one direction which we denote as the x-axis.
With the x-axis as quantization axis we have mF = 4 for all atoms to a high
degreeof accuracy, and the collectivespin Ĵx is really a macroscopicentit y. As we



2.1. Atomic Spin Opera tors 11

-4 -3 -2 -1 0 1 2 3 4
0

10

20

30

40

50

60

70

m

P
(m

)*
 2

56

Figure 2.1: |̂ y and |̂ z probabilit y distribution for a single atom in the jF = 4; m = 4i
state along x.

shall seein the chapters to come,this state called the coherent spin state (CSS)
is extremely important for our experiments. (See chapter 5 for experimental
details concerningthe atomic state preparation.) With this experimental choice,
we may treat the x-component of the collective spin asa c-number, i.e. we replace
the operator Ĵx by the number Jx . The transversespin components Ĵy and Ĵz

maintain their quantum nature. They typically have zeroor a small meanvalue.
Via the commutation relation the Heisenberg uncertainty relation sets a lower
bound for the quantum 
uctuations (with �h = 1)

h
Ĵy ; Ĵz

i
= iJ x (2.2)

) Var(Ĵy ) � Var(Ĵz ) �
J 2

x

4
: (2.3)

Here Var(Ĵq) =
D

Ĵ 2
q

E
�

D
Ĵq

E2
represents the variance in the usual sense,i.e.

the square of the width of the probabilit y distribution for the operator Ĵq. In
this thesis we will refer to this as the variance and the noise of the variable
interchangeably.

We wish to determine the statistics of the state consisting of Nat atoms all in
the mF = 4 state (CSS).To do this, we�nd the probabilit y distribution of a single
atom along the y� and z� directions. This canbe doneby applying a 90� rotation
matrix to the state j i = jF = 4; m = 4i giving j i !

P
m jF = 4; m0i d(4)

m 0;4.
This givesthe probabilities P(m) = (1; 8; 28; 56; 70; 56; 28; 8; 1)=256for measuring
m = (� 4; � 3; � 2; � 1; 0; 1; 2; 3; 4). This distribution is illustrated in Fig. 2.1.
Given the probabilit y distribution we can easily calculate the �rst and second
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moments for a single atom

ĥ| qi =
4X

m = � 4

P(m)m = 0 ;


|̂ 2
q

�
=

4X

m = � 4

P(m)m2 = 2 (2.4)

Alternativ ely wecould haveused


|̂ 2

�
=



|̂ 2
x + |̂ 2

y + |̂ 2
z

�
= F (F + 1) and



|̂ 2
x

�
= F 2

to seethat


|̂ 2
y

�
=



|̂ 2
z = F

2

�
. The central limit theorem then tells us that Ĵy

and Ĵz will be distributed according to a Gaussianwith mean Nat ĥ| qi = 0 and
variance Nat



|̂ 2
q

�
= 2Nat = Jx =2. Comparing this to Eq. (2.3) we seethat

the CSS is a minimum uncertainty state. In our experiments we will typically
have 1012 atoms giving a quantum uncertainty of the angle of the collective spin
direction of order 10� 6.

With a 3D representation of the spin states on a sphere, The CSS will be
characterized by an uncertainty disk of width �

p
Jx within which the direction

of the spin vector is not de�ned. Becauseof the non-commutativit y of Ĵy and
Ĵz it is impossibleto localize the spin state to a single point on the sphere. Any
localization in onedirection will invariably be followed by a delocalization in the
other.

2.2 Polarization States of Ligh t

All our experiments involvenarrow-band light interacting with atomic spin states,
and it turns out that the polarization states of the light form a convenient lan-
guageto describe the degreesof freedomof the light.

Consider a pulse of light, or a collection of photons, propagating in the z-
direction. The polarization state is well described by the Stokesoperators

Ŝx =
1
2

(n̂ph (x) � n̂ph (y)) =
1
2

�
ây

x âx � ây
y ây

�
;

Ŝy =
1
2

(n̂ph (+45 � ) � n̂ph (� 45� )) =
1
2

�
ây

x ây + ây
y âx

�
;

Ŝz =
1
2

(n̂ph (� + ) � n̂ph (� � )) =
1
2i

�
ây

x ây � ây
y âx

�
;

(2.5)

where n̂ph (x) is the number of photons in the pulse with x-polarization, and so
on. In the last equality we used

â+ =
âx + i âyp

2
; â� =

âx � i âyp
2

;

â45 =
âx + âyp

2
; â� 45 =

âx � âyp
2

:
(2.6)

The Stokesoperators are dimensionlessas written here, they count photons. At
our conveniencewe later break theseup into temporal or spatial slices.
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A crucial assumption in all our experiments is that light consistsof a strong
component linearly polarizedalongthe x-direction and a much weaker component
polarized in the y-plane. This meansthat we can treat the x-mode operators âx ,
ây

x , and henceŜx ! Sx asa c-number. Note, the similarit y to the approximation
of a well polarized sample of spins in the previous section. Speci�cally we �nd
(with ây

x = âx = Ax being real) that

Ŝy = Ax � (ây + ây
y )=2 ; Ŝz = Ax � (ây � ây

y )=2i : (2.7)

Thus, in our approximation the quantum properties of Ŝy and Ŝz are solely
encoded in the y-polarized part of the light.

It can be shown that the Stokesvector satis�es angular momentum commut-
ation relations

h
Ŝy ; Ŝz

i
= iSx (2.8)

) Var(Ŝy ) � Var(Ŝz ) �
S2

x

4
(pulse of light) : (2.9)

As in the atomic casewe can easily calculate the variance of the coherent state
of light in which all photons are polarized along x. For a single photon we get
ĥsqi = 0 and



ŝ2

q

�
= 1=4, which means that the variance for Nph photons isD

Ŝq

E
= N ph

4 = Sx
2 . Comparing this to Eq. (2.9) we again seethat the coherent

state is a minimum uncertainty state.
In generalwe will usea formalism which allows for variations of the instant-

aneousStokesoperators acrossthe pulse. In the following we will restate someof
the important results concerningthe correlation properties of the Stokesoperat-
ors from the appendicesof [1]. Taking the spatial Fourier transform of the light
�eld described by the operators [â(k); ây(k0)] = � (k � k0) we get a description in
terms of [â(z; t); ây(z0; t)] = � (z � z0). Analogously to Eq. (2.5) this gives rise
to the Stokesoperators Ŝi (z; t) which have dimension1=length and can be inter-
preted in terms of the number of photons per unit length in appropriate bases.
They obey the commutation relation [Ŝy (z; t); Ŝz (z0; t)] = i Ŝx (z; t)� (z� z0) and in

the coherent state
D

Ŝi (z; t)Ŝi (z0; t)
E

= Sx
2 � (z � z0), where i = y; z. For propaga-

tion in free spacethe time and spacearguments are trivially connectedthrough
Ŝi (z; t) = Ŝi (0; t � z=c) and we therefore de�ne Ŝin

i (t) = c� Ŝi (z = 0; t) and
Ŝout

i (t) = c� Ŝi (z = L; t), where L is the length of the sample. These operators
are connectedto the number of photons per unit time in di�eren t basesand have
the samecommutation and correlation functions as Ŝi (z; t) with t substituted for
z.

2.3 O�-Resonan t Coupling

In our experiments linearly polarizedlight propagatesalongthe z-direction through
an atomic sample polarized transversely to the direction of propagation. The
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question is now how the properties of the spin a�ect the light. The full Hamilto-
nian for the realistic multi-lev el interaction hasbeenderived elsewhere[1, 64, 65],
so here we will merely give a semi-classicalpicture of the interaction followed by
a derivation of the equations of motion for a two level atom to illustrate the
generalprocedure.

Classically when o�-resonant light propagatesthrough a polarizable medium,
it experiencesa phaseshift becauseof the index of refraction of the dispersive
medium. Now, from Eq. (2.6) we seethat light linearly polarized along e.g.
the x-axis can be decomposed into equal parts of � + and � � polarized light.
With the z-axis as quantization axis this light will drive � m = 1 and � m = � 1
transitions respectively. For a dispersive interaction with a two level system(see
Fig. 2.2) this meansthat the � + component will acquirea phaseshift � + = � 0N �

proportional to the population in m = � 1=2, N � and correspondingly the � �

component acquires a phase � � = � 0N+ . Rearranging Eq. (2.6) we can now
determine the e�ect of this phaseshift on the linear polarization

ax =
a� � a+p

2
=

1
p

2

ei� 0 N + + ei� 0 N �

p
2

= ei� 0 (N + + N � )=2 cos(� 0(N � � N+ ))

ay = i
a� + a+p

2
=

1
p

2

ei� 0 N + � ei� 0 N �

p
2

= ei� 0 (N + + N � )=2 sin(� 0(N � � N+ )) ;

(2.10)

where initially we took ax = 1, ay = 0, a+ = � 1=
p

2, and a� = 1=
p

2. We
seethat the e�ect of the dispersive medium is to rotate the light polarization
by an angle proportional to the population di�erence in the two ground state
level, which apart from a factor 1=2 is exactly Ĵz . This e�ect is known as the
Faraday rotation. Sincethe interaction is dispersive n+ at n� are both conserved
individually and therefore by angular momentum conservation so is the spin
projection in the z-direction. This means that sending linearly polarized light
through through an atomic sampleand subsequently measuringthe polarization
rotation a measurement of Ĵz can be implemented that does not change the
value of value of Ĵz . This is the essenceof a QND measurement and is the main
ingredient in experimental generationof atomic entanglement. To determine the
e�ect of the interaction on the light a quantum mechanical treatment is necessary.

2.3.1 Tw o Level In teraction

Next we will illustrate quantum mechanical treatment by solving the dynamics
for a two level model [36] (seeFig. 2.2). A � + and a � � polarized �eld component
interacts o� resonantly with the m = � 1=2 to m0 = 1=2 and the m = 1=2 to
m0 = � 1=2 atomic transitions respectively. In terms of the light operators â�

and the atomic operators �̂ ij = ji i hj j the Hamiltonian for the interaction is given
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Figure 2.2: Two-level atom illustration of the o�-resonant Faraday interaction.

by

Ĥ =�h! L ây
+ â+ + �h! at �̂ 44 + �hg

�
�̂ 41â+ e� i! L t + ây

+ ei! L t �̂ 14

�

�h! L ây
� â� + �h! at �̂ 33 + �hg

�
�̂ 32â� e� i! L t + ây

� ei! L t �̂ 23

�
;

(2.11)

where each line represents a single two level atom interacting with a single light
�eld [39, 66]. We have g = � d

p ! L
2�h�V , where d is the dipole matrix element

hi j er jj i , ! L is the laser frequency, and V is the quantization volume. The light-
atom interaction is here treated in a one dimensional theory. (For a discussion
of some e�ects of the three dimensional nature of the interaction see[67, 68])
We wish to determine the atomic ground state populations �̂ 11 and �̂ 22 and the
ground state coherence�̂ 12

d�̂ 11

dt
= � i

�
ây

+ ei! L t �̂ 14 � �̂ 41â+ e� i! L t
�

d�̂ 22

dt
= � i

�
ây

� ei! L t �̂ 23 � �̂ 32â� e� i! L t
�

d�̂ 12

dt
= � i

�
ây

� ei! L t �̂ 13 � �̂ 42â+ e� i! L t
�

:

(2.12)

To do this we de�ne slowly varying operators and adiabatically eliminate [39]
the coherencesbetween the ground and excited levels. We will illustrate the
procedurewith oneof them and state the results for the rest. From the Heisenberg
equation, the equations of motion can be derived

d�̂ 14

dt
=

1
i �h

�
�̂ 14; �H

�
= � i

�
! at �̂ 14 + gâ+ e� i! L t (�̂ 11 � �̂ 44)

�
: (2.13)

De�ning the slowly rotating operator ~� 14 = �̂ 14ei! L t and the detuning � =
! at � ! L we get the new di�eren tial equation

d~� 14

dt
= � i (� ~� 14 + gâ+ (�̂ 11 � �̂ 44)) � � i (� ~� 14 + gâ+ �̂ 11) ; (2.14)

where the latter expressionis valid becausethe detuning is very large and hence
the excited state population small. Since the detuning is large the dynamics of
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~� 14 is much faster than the evolution of the ground state population. This means
that ~� 14 quickly reachesa steady state whenever �̂ 11 is changed. Becauseof this
adiabatic following we can always use the steady state solution of Eq. (2.14)
obtained by setting the derivative to zero. In this way we obtain

~� 14 = �
gâ+ �̂ 11

�
; ~� 24 = �

gâ+ �̂ 12

�
;

~� 13 = �
gâ� �̂ 12

�
; ~� 23 = �

gâ� �̂ 22

�
:

(2.15)

Using the de�nition of the slowly rotating variables, thesesolutions can be used
to solve for the ground state operators Eq. (2.12). The diagonal variables �̂ 11

and �̂ 22 turn out to be zero so all the dynamics is contained in the ground state
coherence

d�̂ 12

dt
=

ig2

�
(ây

� â� � ây
+ â+ )�̂ 12 : (2.16)

Note that this dynamics is reproduced by the e�ectiv e Hamiltonian

Ĥe� = �
�hg2

�
(�̂ 11ây

+ â+ + �̂ 22ây
� â� )

=
�hg2

2�
([�̂ 22 � �̂ 11] � [ây

+ â+ � ây
� â� ] � [ây

+ â+ + ây
� â� ] � [�̂ 11 + �̂ 22])

=
2�hg2

�

�
|̂ z Ŝz �

1
2

1 � Nph

�
!

2�hg2

�

�
Ĵz Ŝz �

1
2

Nat Nph

�
;

(2.17)

where in the last equation we gave the generalizationto a spin samplecontaining
multiple atoms. We used the spin de�nitions for a single and Nat atoms |̂ z =
1
2 [�̂ 22 � �̂ 11] and Ĵz = Nat

1
2 [�̂ 22 � �̂ 11], the Stokesde�nition in Eq. (2.5), and the

number of photons Nph = ây
+ â+ + ây

� â� .
The last term in the Hamiltonian is merely an overall Stark shift of the energy

levels and can safely be neglected. The remaining part rotates the atomic spin
vector around the z-axis by an angle determined by Ŝz and simultaneously the
Stokes vector is rotated by an angle determined by Ĵz . This meansthat, as in
the classicalcasetreated above, information about Ĵz is transferred to the light
but we seethat through the quantum mechanical back-action a similar process
occurs in the atomic state.

We will discuss the equations of motion in a lot more detail later in this
chapter but at this point we would like to comment on the importance of spon-
taneousemission.All coherencesinvolving the excited state will decoherebecause
of spontaneousemission. This can be added phenomenologicallyby including a
term � 
 �̂ ij in the di�eren tial equations for �̂ ij involving the excited states. 1

1To preserve the correct statistical prop erties we should really also add a Langevin noise
term [39] but we will ignore those for now, focusing on the decrease in the signal caused
by spontaneous emission. We will treat dissipation more prop erly in chapters 4 and 10 and
appendix B.
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Incorporating this in the calculations above we obtain

d�̂ 12

dt
=

ig2

�
(ây

� â� � ây
+ â+ )�̂ 12 �

g2

�


�

(ây
� â� + ây

+ â+ )�̂ 12 (2.18)

The �rst part is the one giving the coherent evolution and the secondpart de-
scribes the e�ect of spontaneousemission. Here we clearly seethe di�erence in
the scaling of the two with detuning. As expected the dispersive part falls o�
as 1=�, whereasthe part coming from absorption e�ects falls of as 1=� 2. The
extra factor 
 =� in front of the spontaneous emission term will be very small
becauseof the large detuning but this does not mean that it is negligible for a
singleatom. This is becausethe damping term involvesthe sum of the number of
photons in the two circular polarization, whereasthe signal term is proportional
to the di�erence. Since in the experiments these photon numbers are almost
identical (by having a clean linear polarization), we seethat for a single atom
spontaneousemissionwill dominate completely if the total number of photons is
large.

For an ensemble of atoms wewill be interestedin the dynamicsof the operator
Ĵy = Nat

1
2i [�̂ 12 � �̂ 21]. Solving Eq. (2.18) and inserting into the de�nition of Ĵy

we obtain
Ĵy (t) =

�
Ĵy (0) + aŜzJx

�
e� � t= 2 ; (2.19)

wherefor we alsousedJx = Nat
1
2 [�̂ 12 + �̂ 21] and for compactnessand consistency

with coming results de�ne a = 2g2

� and � = 2g2 
 �
� 2 , where � is the photon 
ux

per unit time. In Sec. 2.7 we will show that the size of the desired interaction
relative to the e�ect of spontaneousemissioncan be written as � = N at g2

2
 , which
is called the optical depth of the sample (t ypically � 30 in our experimental
settings). We seethat whereasat a single atom level spontaneous emissionen-
tirely dominated the coherent processesfor a large number of photons, this is
not the casefor an ensemble of atoms. The remarkable property is called col-
lective enhancement [51] and is crucial for achieving a strong coupling between
that atomic and light systems. Another way to understand this processis that
the coherent interaction occurs only betweena single well de�ned atomic mode
(symmetrized over all atoms) and a single light mode. Spontaneousemission,on
the other hand, is distributed uniformly over all modes. This meansthat for a
large number of atoms the e�ect of spontaneousemissionon the mode of interest
becomesnegligible.

2.3.2 Full Multi-lev el Coupling

We now consider the caseof a propagating beam of light coupled o�-resonantly
to the 6S1=2;F =4 ! 6P3=2;F 0=3 ;4;5 transitions in cesium (seeFig. 5.1). Neglect-
ing absorption e�ects and adiabatically eliminating the optically excited states
an e�ectiv e Hamiltonian describing the light interacting with only ground state
degreesof freedomis obtained [1, 64, 65]2.

2 [1] contains a factor of two error which has been corrected in Eq. (2.20).
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Ĥ e�
in t = �

�hc

8A�

� 2

2�

Z L

0

�
a0 � �̂ (z; t) + a1 � Ŝz (z; t)|̂ z (z; t)

+ a2

h
�̂ (z; t)|̂ 2

z (z; t) � Ŝ� (z; t)|̂ 2
+ (z; t) � Ŝ+ (z; t)|̂ 2

� (z; t)
i�

�Adz :

(2.20)

Again we have assumeda one-dimensionaltheory for the light which is su�cien t
for a beam crosssection A that is much larger than the squaredwavelength � 2.
The small letter spin operators |̂ (z; t) are dimensionlessand refer to singleatoms
at position z at time t. The integration then runs over the entire sampleof length
L with atomic density � . The factor 
 in front of Eq. (2.20) is the natural FWHM
line width of the optical transition 6S1=2 ! 6P3=2 and � is the detuning from
the F = 4 to F 0 = 5 transition with red being positive.

As for the operators, �̂ (z; t) is the photon 
ux per unit length, Ŝ+ = Ŝx +
i Ŝy = � ây

+ â� and Ŝ� = Ŝx � i Ŝy = � ây
� â+ are raising and lowering operators

converting � + -photons into � � -photons or vice versa,and |̂ � = |̂ x � i |̂ y are the
usual raising and lowering operators for the spin.

The parametersa0, a1, and a2 for the F = 4 ground state in cesiumare given
by

a0 =
1
4

�
1

1 � � 35=�
+

7
1 � � 45=�

+ 8
�

! 4; (F = 4)

a1 =
1

120

�
�

35
1 � � 35=�

�
21

1 � � 45=�
+ 176

�
! 1;

a2 =
1

240

�
5

1 � � 35=�
�

21
1 � � 45=�

+ 16
�

! 0;

(2.21)

where the limit for very large valuesof the detuning is also given. The detunings
� 35=2� = 452:2 MHz and � 45=2� = 251:0 MHz are given by the splitting in the
excited state. Let us comment on the di�eren t terms in the Hamiltonian (2.20).
The �rst term containing a0 just gives a Stark shift to all atoms independent
of the internal state but proportional to the photon density �̂ (z; t). The second
term containing a1 rotates the Stokesvector S and the spin vector J around the
z-axis, known as Faraday rotation - we look more closely into this below. The
last terms proportional to a2 are higher order couplingsbetweenthe light and the
atoms and since a2 is small for a su�cien tly large detuning these can normally
be neglected.

All these terms conserve individually the z-projection of the total angular
momentum of light and atoms, e.g. the Ŝ� |̂ 2

+ term can change a � + photon
into a � � photon (changing the light angular momentum along z by � 2�h) while
the atoms receive 2�h mediated by the atomic raising operator |̂ 2

+ . The total
angular momentum must have its z-projection invariant sincethe physical system
is axially symmetric around the direction of light propagation (the z-axis).

The term proportional to a1 is of main relevance. This term represents the
QND interaction, which will form the basis of all our experiments. The higher
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order terms proportional to a2 create someminor problems which can be min-
imized with large detuning. For a detailed treatment of the higher order (atomic
alignment) e�ects we refer to [1, 64]. The zero order term proportional to a0

producesan overall phaseshift and can be omitted.

2.4 Propagation Equations

The Hamiltonian (2.20) is a very convenient starting point for many calculations
and we now show the procedureto derive equationsof motion. For the spin oper-

ators we needthe Heisenberg evolution @̂| i =@t = 1
i �h

h
|̂ i ; Ĥ

i
and for the Stokesop-

erators the Maxwell-Bloch equations(@=@t + c� @=@z)Ŝi (z; t) = 1
i �h

h
Ŝi (z; t); Ĥ in t

i

(see[1]), we the z-di�eren tiation comesfrom the commutator of Ŝi (z; t) with the
pure light part of the Hamiltonian. For the latter we neglect retardation e�ects,
i.e. we do not calculate dynamics on the time scale L=c of propagation of the
light acrossthe sample. This is equivalent to setting the speedof light to in�nit y
and henceleaving out the @=@t term. If we consideronly the term proportional
to a1 and neglect the rest we �nd

@̂| x (z; t)
@t

= +
c


8A�
� 2

2�
a1Ŝz (z; t)j y (z; t);

@̂| y (z; t)
@t

= �
c


8A�
� 2

2�
a1Ŝz (z; t)j x (z; t);

@̂| z (z; t)
@t

= 0:

(2.22)

and

@
@z

Ŝx (z; t) = +

 �
8�

� 2

2�
a1Ŝy (z; t)|̂ z (z; t);

@
@z

Ŝy (z; t) = �

 �
8�

� 2

2�
a1Ŝx (z; t)|̂ z (z; t);

@
@z

Ŝz (z; t) = 0:

(2.23)

We observe that |̂ z (z; t) and Ŝz (z; t) are individually conserved during the inter-
action which is also apparent from the Hamiltonian (2.20) since theseoperators
commute with the a1-term. The e�ect of the interaction is that the spin rotates
around the z-axis with an amount proportional to Ŝz , and the Stokes vector
rotates around the z-axis proportionally to |̂ z .

Below we assumethat these rotations are small and that the dominant clas-
sical (mean) polarization vector of light and the orientation vector of the collective
atomic spin stay oriented along the x-direction after the interaction. This turns
out to be a very good approximation for experimentally attainable valuesof the
interaction strength. Under this assumption the �rst line of the systems(2.22)
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and (2.23), respectively, can be omitted. Furthermore, given the QND structure
of the remaining equations,we can sum over the individual atomic spins and ob-
tain the sameequation for the collective spin variables (2.1). In our continuous
notation we have Ĵ i (t) =

RL
0 |̂ i (z; t)�Adz . As for the light operators we concen-

trate on the in- and out-going parts only. Hencewe de�ne Ŝin
i (t) = cŜi (z = 0; t)

and Ŝout
i (t) = cŜi (z = L; t). The multiplication by the speedof light c turns the

normalization into photons per unit time instead of per unit length. With the
assumption of small rotation angles,integrating equations(2.22) and (2.23) over
spacefrom z = 0 to z = L leadsto the following very important equations:

Ŝout
y (t) = Ŝin

y (t) + aSx Ĵz (t); (2.24a)

Ŝout
z (t) = Ŝin

z (t); (2.24b)

d
dt

Ĵy (t) = aJx Ŝin
z (t); (2.24c)

d
dt

Ĵz (t) = 0; (2.24d)

where a = � 

8A �

� 2

2� a1. In and out refer to light before and after passing the
atomic sample, respectively.

We note from equations (2.24a) and (2.24d) that in the caseof a large inter-
action strength (i.e. if aSx Ĵz dominates Ŝin

y ) a measurement on Ŝout
y amounts to

a QND measurement of Ĵz . Using o�-resonant light for QND measurements of
spins has also beendiscussedin [35, 69]. Equation (2.24c) implies that a part of
the state of light is also mapped onto the atoms - we denote this as back action.
This opens up the possibility of using this sort of system for quantum memory
which will be the topic of Sec. 7.

2.5 The Rotating Frame

In the experiment a constant and homogeneousmagnetic �eld is added in the x-
direction. We discussthe experimental reasonfor this below. For our modeling,
the magnetic �eld adds a term H B = 
 L Ĵx to the Hamiltonian, where 
 L =
gF � B B =�h. For the ground state of cesium we have gF (F = 4) � 0:2504 and
gF (F = 3) � � 0:2512. This makes the transversespin components precessat
the Larmor frequency
 L depending on the strength of the �eld. Intro ducing the
rotating frame coordinates:

�
Ĵ 0

y

Ĵ 0
z

�
=

�
cos(
 L t) sin(
 L t)

� sin(
 L t) cos(
 L t)

� �
Ĵy

Ĵz

�
(2.25)
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we can easily show that equations (2.24a)-(2.24d) transform into:

Ŝout
y (t) = Ŝin

y (t) + aSx

�
Ĵ 0

y (t) sin(
 L t) + Ĵ 0
z (t) cos(
 L t)

�
; (2.26a)

Ŝout
z (t) = Ŝin

z (t); (2.26b)

d
dt

Ĵ 0
y (t) = aJx Ŝin

z (t) cos(
 L t); (2.26c)

d
dt

Ĵ 0
z (t) = aJx Ŝin

z (t) sin(
 L t): (2.26d)

Thus, the atomic imprin t on the light is encoded at the 
 L -sideband instead of
at the carrier frequency. The primary motivation for adding the magnetic �eld is
the fact that lasersare generally much more quiet at high sideband frequencies
than at the carrier frequency. A measurement without a magnetic �eld is a DC
measurement for which the technical noiseeasily dominates the subtle quantum
signal. Also, as the measurement time is longer than 1=
 L , Eq. (2.26a) enables
us to accessboth J 0

y and J 0
z at the same time. We are of course not allowed

to perform non-destructive measurements on thesetwo operators simultaneously
sincethey are non-commuting. This is preciselyre
ected in the fact that neither
Ĵy nor Ĵz are constant in equations(2.26c)and (2.26d). This makesthe dynamics
quite complex: the light is being fed into both atomic quadratures

Ĵ 0
y (t) = Ĵ 0

y (0) +
Z t

0
aJx Ŝin

z (t0) cos(
 L t0)dt0 ;

Ĵ 0
z (t) = Ĵ 0

z (0) +
Z t

0
aJx Ŝin

z (t0) sin(
 L t0)dt0 ;

(2.27)

while at the sametime the atomic state is being transferred back onto the light,
thus transferring a part of Ŝin

z for all earlier times onto Ŝout
y (t). This is generally

an unwanted sourceof noise,which we usually call the back action noiseof light.
Later in this chapter we shall seethat equations(2.26) can be solved and written
in a much more transparent form, which as described in Chapter 8 will enable
the implementation of quantum teleportation using this interaction. For now,
however, we will start by showing that the simple QND-t ype interaction can be
regainedby adding another atomic sample.

2.6 Tw o Opp ositely Orien ted Spin Samples

Inspired by the above we now assumethat we have two atomic sampleswith
oriented spins such that Jx 1 = � Jx 2 � Jx . In this setting the equations of
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motion (2.26a)-(2.26d) translate into:

Ŝout
y (t) = Ŝin

y (t) + aSx

�
[Ĵ 0

y1(t) + Ĵ 0
y2(t)] sin(
 L t) (2.28a)

+[ Ĵ 0
z1(t) + Ĵ 0

z2(t)] cos(
 L t)
�

;

d
dt

(Ĵ 0
y1(t) + Ĵ 0

y2(t)) = a(Jx 1 + Jx 2)Ŝin
z (t) cos(
 L t) = 0; (2.28b)

d
dt

(Ĵ 0
z1(t) + Ĵ 0

z2(t)) = a(Jx 1 + Jx 2)Ŝin
z (t) sin(
 L t) = 0: (2.28c)

The fact that the sumsĴ 0
y1(t)+ Ĵ 0

y2(t) and Ĵ 0
z1(t)+ Ĵ 0

z2(t) havezerotime derivative
relies on the assumption of opposite spins of equal magnitude. The constancyof
these terms together with Eq. (2.28a) allows us to perform QND measurements
on the two sums. We note that each of the sumscan be accessedby considering
the two operators

Z T

0
Ŝout

y cos(
 L t)dt =
Z T

0
Ŝin

y cos(
 L t)dt +
aSx T

2
(Ĵ 0

z1(t) + Ĵ 0
z2(t)) ; (2.29a)

Z T

0
Ŝout

y sin(
 L t)dt =
Z T

0
Ŝin

y sin(
 L t)dt +
aSx T

2
(Ĵ 0

y1(t) + Ĵ 0
y2(t)) : (2.29b)

We have used the fact that
RT

0 cos2(
 L t)dt �
RT

0 sin2(
 L t)dt � T=2 and that
RT

0 cos(
 L t) sin(
 L t)dt � 0. As will be discussedin Sec. 5.2.3 each of the op-
erators on the left hand side can be measured simultaneously by making an
Ŝy -measurement and multiplying the instantaneous photo-current by cos(
 L t)
or sin(
 L t) followed by integration over the duration T. The possibility to gain
information about Ĵ 0

y1(t) + Ĵ 0
y2(t) and Ĵ 0

z1(t) + Ĵ 0
z2(t) enablesus to generateen-

tangled states, the topic of chapters 3 and 6. At the same time we must lose
information about someother physical variable. This is indeed true, the conjug-
ate variables to these sums are Ĵ 0

z2(t) � Ĵ 0
z1(t) and Ĵ 0

y1(t) � Ĵ 0
y2(t), respectively.

Thesehave the time evolution

d
dt

(Ĵ 0
y1(t) � Ĵ 0

y2(t)) = 2aJx Ŝin
z (t) cos(
 L t); (2.30a)

d
dt

(Ĵ 0
z1(t) � Ĵ 0

z2(t)) = 2aJx Ŝin
z (t) sin(
 L t): (2.30b)

We seehow noise from the input Ŝz -variable is piling up in the di�erence com-
ponents while we are allowed to learn about the sum components via Ŝy meas-
urements.

2.7 In tro ducing Canonical Op erators

Sections2.1 and 2.2 show that there is a striking similarit y in the basicstructure
of the light and atomic systems. They both obey angular momentum commuta-
tion relations and areboth preparedsuch that oneof the components is e�ectiv ely
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nothing but a classicalnumber. This meansthat both systemsare e�ectiv ely two
dimensional systemswith extremely close-lying eigenvalues. Implementing the
Holstein-Primako� approximation [70] by rescaling the two remaining quantum
variables of each system with the classical third component, both systemscan
be mapped into canonical harmonic oscillator variables. In simple terms this
approximation merely state that if the uncertainty disk associated with the spin
system is su�cien tly small compared the length of the spin vector spacein the
vicinit y of the uncertainty disc is essentially 
at and we can transform from a
three dimensional theory to a two dimensional one. For a single atomic sample
without a magnetic �eld we de�ne:

X̂ ass = Ĵ yp
J x

; P̂ass = Ĵ zp
J x

;

x̂as = 1p
Sx T

RT
0 Ŝy (t)dt; p̂as = 1p

Sx T

RT
0 Ŝz (t)dt :

(2.31)

For two sampleswe get two sets of canonical variables by de�ning the atomic
operators:

X̂ ac =
Ĵ 0

y1 � Ĵ 0
y2p

2Jx
; (2.32a)

P̂ac =
Ĵ 0

z1 + Ĵ 0
z2p

2Jx
; (2.32b)

X̂ as = �
Ĵ 0

z1 � Ĵ 0
z2p

2Jx
; (2.32c)

P̂as =
Ĵ 0

y1 + Ĵ 0
y2p

2Jx
; (2.32d)

where the meaning of s and c will becomeclear below. Note, that in this thesis
we will adopt the convention of capitalizing the non-local atomic operators in
order to distinguish them from the single cell atomic operators. Similarly we
de�ne the light operators:

x̂c =

r
2

Sx T

Z T

0
Ŝy (t) cos(
 L t)dt; (2.33a)

p̂c =

r
2

Sx T

Z T

0
Ŝz (t) cos(
 L t)dt; (2.33b)

x̂s =

r
2

Sx T

Z T

0
Ŝy (t) sin(
 L t)dt; (2.33c)

p̂s =

r
2

Sx T

Z T

0
Ŝz (t) sin(
 L t)dt: (2.33d)

when referring to both x̂c and x̂c we will simply write x̂L for convenience.Each
pair of x̂ ; p̂ operators now satisfy a commutation relation, [x̂q; p̂q] = i . Equa-
tions (2.24a-2.24d)and (2.28a-2.28c)now translate into
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x̂out
i = x̂ in

i + � P̂ in
ai ; (2.34a)

p̂out
i = p̂in

i ; (2.34b)

X̂ out
ai = X̂ in

ai + � p̂in
i ; (2.34c)

P̂out
ai = P̂ in

ai ; (2.34d)

where we recall that i = c;s; ss refer to the de�nitions above. Note, that in
the caseof two samplesthe two setsof interacting light and atomic operators are
decoupled. The parameter describing the strength of light/matter-in teractions is
given by � = a

p
Jx Sx T. The limit of strong coupling betweenthe two systemsis

reached around � � 1. This set of equationsrepresents the starting point for nu-
merousapplications, which will bepresented in the chapters to come. While most
applications presented in this thesis are realized for the two-cell setup it should
be clear that an implementation for a singlesamplewithout a bias magnetic �eld
is also possible.

Now that the light and atomic systems are treated symmetrically we can
return to the determination of the ratio of the coherent part of Eq. (2.19) and the
spontaneousemissionpart. Transforming the equation to the canonicalformalism
we obtain

x̂out
a = (x̂ in

a + � p̂in
L )e� � t= 2 : (2.35)

We are typically interested in the variance of such an expression

Var(x̂out
a ) = (Var(x̂ in

a ) + � Var(p̂in
L ))e� � t : (2.36)

� 2 is therefore a measureof the coherent part of the interaction, which is then
reducedby a factor 1 � � t (for small valuesof � t). We therefore want

� 2

� t
=

�
a
p

Nat Nph =4
�

a
 Nph =�
=

Nat g2

2

(2.37)

to be much larger than one. Note that in this calculation we reverted to the
notation of Sec. 2.3.1.

2.8 Canonical Description of the Single Cell In-
teraction

With the canonical formalism establishedwe will also treat the complicated case
of a singlesamplein the presenceof a magnetic �eld. We intro ducetime depend-
ent canonical light operators (x̂L (t); p̂L (t)) = (Ŝy (t)) ; Ŝz (t))=

p
Sx with dimension

1=
p

time and commutation relation [x̂L (t); p̂L (t0)] = i� (t � t0) and the dimension-
lessatomic operators x̂a(t) = Ĵy (t)=

p
J x and p̂a = Ĵz =

p
J x with [x̂a; p̂a] = i . In
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terms of thesevariables Eq. (2.26) turn into:

x̂out
L (t) = x̂ in

L (t) +
�

p
T

(x̂a(t) sin(
 L t) + p̂a(t) cos(
 L t)) ; (2.38a)

p̂out
L (t) = p̂in

L (t); (2.38b)

d
dt

x̂a(t) =
�

p
T

p̂L (t) cos(
 L t); (2.38c)

d
dt

p̂a(t) =
�

p
T

p̂L (t) sin(
 L t): (2.38d)

(Remember that in this thesis lowercaseatomic operators will always refer to
single cell operators.) The atomic solutions are easily found:

x̂a(t) = x̂ in
a +

�
p

T

Z t

0
p̂L (t0) cos(
 L t0)dt0 ;

p̂a(t) = p̂in
a +

�
p

T

Z t

0
p̂L (t0) sin(
 L t0)dt0 ;

(2.39)

where x̂ in
a = x̂a(0) and p̂in

a = p̂a(0). Theseare then inserted into Eq. (2.38a):

x̂out
s =

r
2
T

Z T

0
x̂out

L (t) sin(
 L t)dt

= x̂ in
s +

�
p

2
x̂ in

a +
� 2

T

r
2
T

Z T

0
dt

Z t

0
dt0p̂in

L (t0) cos(
 L t0) sin2(
 L t)

= x̂ in
s +

�
p

2
x̂ in

a +
� 2

T

r
2
T

Z T

0
dt0p̂in

L (t0) cos(
 L t0)
T � t0

2
;

(2.40)

where the last equality is obtained by interchanging the order of integration
and performing the inner one. The p̂a part of Eq. (2.38a) does not contribute
becausethe product cos(
 L t) � sin(
 L t) averagesout. We seeclearly that the
light is mapped back onto itself in what we previously called the back action
noise of light. Also, we note that the temporal mode function for this term
(f (t0) = (T � t0)=(T

p
2T)) is di�eren t from the mode function of the usual top-

hat mode of e.g. x̂s (f (t) =
p

2=T). This means that modes other than the
symmetric one are admixed into the light. Projecting the noise term onto the
symmetric mode it can be shown that the rest can be attributed to an admixture
of the orthogonal mode:

p̂in
s;1 =

p
3

�
2
T

� 3=2 Z T

0
dt(

T
2

� t) sin(
 L t)p̂in
L (t) ; (2.41)
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and equivalently for p̂in
c;1. With this expansionthe light after the interaction can

be written as:

x̂out
c = x̂ in

c +
�

p
2

p̂in
a �

� �
2

� 2
p̂in

s �
1

p
3

� �
2

� 2
p̂in

s;1 ; x̂out
a = x̂ in

a +
�

p
2

p̂in
c

x̂out
s = x̂ in

s �
�

p
2

x̂ in
a �

� �
2

� 2
p̂in

c �
1

p
3

� �
2

� 2
p̂in

c;1 ; p̂out
a = p̂in

a �
�

p
2

p̂in
s :

(2.42)

The lower sign in the equations above apply to the interaction of light with a
sample with opposite orientation of the mean spin such as the secondatomic
sample intro duced in Sec.2.6. For such a sample we de�ne x̂a = � Ĵy ;2=

p
jJx j

and p̂a = Ĵz;2=
p

jJx j. The equations of motion for such a sample are simply
given by Eq. (2.26) with the substitution Jx ! � Jx . When the de�nitions of
the atomic canonical variables are inserted into thesethe canonical equations of
motion for such a sample are given by equations (2.38) with an e�ectiv e Lar-
mor precession
 L ! � 
 L . (Note that the physical Larmor precessionin the
sample is unchanged.) Inserting these equations of motion into the de�nitions
of x̂c;s (with the physical 
 L retained) Eq. (2.42) with the lower sign can be
derived. Combining now the e�ect of the sequential interaction with the two
atomic sampleswe easily regain equations (2.34).

This formalism is extremely useful comparedto equations (2.26a) and (2.27)
since the e�ect of di�eren t combinations of interactions and manipulations is
easilycalculated. This is illustrated in chapter 8, wherea singlecell teleportation
schemeis presented that outperforms the onebasedon the QND interaction. The
advantage is perhaps even more apparent in chapter 11 where we describe the
hunt for new useful quantum information protocols.
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CHAPTER 3

Entanglemen t Mo deling -
Exp erimen tal Approac h

As we saw in the intro duction entanglement appears when two systemsare in-
terconnected in such a way that a local description of each system separately is
insu�cien t. More formally we say that two systemsA and B are entangled if
the density matrix � AB for the combined Hilb ert spaceH = H A 
 HB cannot be
decomposedinto products of density matrices from each Hilb ert space:

� AB 6=
X

i

pi � A 
 � B : (3.1)

For pure states the degreeof entanglement is given [71]:

E (� AB ) = S(� A ) = S(� B ) ; (3.2)

where e.g. � A is the full density matrix traced over B and S(� ) = � T r (� log2 � )
is the von Neumann entropy. This entanglement measurehas the following prop-
erties [72]: 1) it vanishes for separablestates, 2) it is unchanged under local
unitary operations and 3) it cannot be increasedusing local operations and clas-
sical communication (LOCC).

As an illustration take a singlet state  = 1p
2

(j10i � j01i ). Using the basis
(j11i ; j00i ; j10i ; j01i ) we get:

� AB =

0

B
B
@

0 0 0 0
0 0 0 0
0 0 1 � 1
0 0 � 1 0

1

C
C
A ) � B =

1
2

I 2 ) � log2 � = �
1
2

I 2 ; (3.3)
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where I 2 is the 2x2 identit y matrix. From this we easily seethat E(� AB ) = 1.
This fundamental unit of entanglement is sometimesreferred to as an ebit.

For mixed states it is impossibleto formulate a unique entanglement measure
becausethe decomposition into pure states is not unique. Someuseful measures
are the distillable entanglement [71] quantifying the amount of pure state en-
tanglement that can be extracted from the state, the entanglement of formation
[71, 73], which quanti�es the minimum pure state entangled resourcesto create
the state, and the logarithmic negativity [74, 75], which is simple to compute but
doesnot as the others reducethe von Neumann entropy for pure states.

Another method is to formulate criteria to distinguish betweenentangled and
separablestates. A simple necessaryand su�cien t criterion was developed very
early for 2� 2 and 2� 3 dimensional systems[76], but as the dimension increases
such criteria ceaseto be su�cien t. In this thesis we will primarily be concerned
with in�nite dimensional Gaussianharmonic oscillator states. Sincesuch states
are uniquely de�ned by their �rst and secondmoments analytical results can
again be derived in this regime. In 2000 two di�eren t necessaryand su�cien t
criteria for continuous variable systemswere developed. One [77] is basedon an
extension of the low dimensional criterion, whereasthe other one [78] is based
on variancesof canonical variables. We will usethe latter, which adapted to our
system states that in order to be entangled the atomic states have to ful�ll:

Var(P̂ac) + Var(P̂as) = Var(
p̂a1 + p̂a2p

2
) + Var(

x̂a1 � x̂a2p
2

) < 1 ; (3.4)

where the non-local variables are de�ned in Eq. (2.32). Demonstration of en-
tanglement is thus reducedto the ful�llmen t of this criterion, and we will in this
thesisquantify the degreeof entanglement by the amount with which the separab-
ilit y criterion is violated. The state for which the criterion is maximally violated
(no uncertainty) is exactly the state intro duced in the intro duction by EPR. We
know from Sec. 2.1 that the coherent spin state is a minimum uncertainty state.
This state corresponds to a vacuum state of the canonical operators. Hence,the

uctuations in such states, which are also called projection noise, form an ex-
tremely important benchmark in experiments with atomic ensembles. If we can
reliably initialize our atomic system exactly at this boundary betweenquantum
and classical correlations it follows that we only need to acquire a little extra
information about the state of the atomic state to break the entanglement bound
and project the state into a so-calledtwo-mode squeezedor Einstein-Podolsky-
Rosen entangled state. It follows from equations (2.34a) and (2.34d) that the
Faraday interaction followed by a measurement of x̂L of a light pulsetransmitted
through two atomic ensembles should do exactly this. In this chapter we will
intro duce the experimental measurement cycle and derive simple expressionsfor
the e�ect on the atomic state and the expected degreeof entanglement.
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3.1 The Coheren t Spin State

To create entangled or squeezedstates one has to generatestates which exhibit
less
uctuations than all equivalent classicalstates. The boundary occurs at the
coherent spin state (CSS) in which all spins are independent realizations of a
single spin oriented along a speci�c direction. The characteristics of this state
were intro duced in Sec. 2.1 and will be discussedin more detail in Sec. 5.6. For
now we only need to quantify the role of the coherent spin state as a boundary
between classical and purely quantum mechanical states. In analogy with Eq.
(2.3) a Heisenberg uncertainty relation can be formed using the canonicalatomic
operators:

Var(X̂ ai )Var(P̂ai ) �

�
�
�
D

[X̂ ai ; P̂ai ]
E�

�
�
2

4
=

1
4

: (3.5)

It can easily be shown that ground state of a harmonic oscillator (here the co-
herent spin state) is a minimum uncertainty state. Inserting this into the en-
tanglement condition Eq. (3.4) we seethat it is indeed the classicalstate with
the least possiblenoise. For a state to be squeezed,it has to have lessnoise in
one of the quadratures. Sincethe Heisenberg uncertainty relation still has to be
ful�lled it follows that the other quadrature has to exhibit excessive 
uctuations,
it is anti-squeezed. We seethat in order to entangle two sampleswe have to
squeeze the non-local operators speci�ed in the entanglement criterion. We will
usethesetwo notations interchangeably.

3.2 Entanglemen t Generation and Veri�cation

We now turn to the actual understanding of entanglement generation and veri-
�cation. We concentrate hereon generationof an entangled state conditioned on
the result of a measurement. Generation of an unconditional entangled state with
the help of feedback is described in the Sec. 6.2. For generation of conditional
entanglement we perform the following steps: First the atoms are prepared in
coherent stateswith oppositely oriented meanspin corresponding to the creation
of vacuum states of the two modes (X̂ ac; P̂ac) and (X̂ as; P̂as). Next, a pulse of
light called the entangling pulse is sent through the atoms and we measurethe
two operators x̂out

c and x̂out
s (de�ned in Eq. (2.33)) with outcomesA1 and B1,

respectively. Theseresults bear information about the atomic operators P̂ac and
P̂as and hencewe reducethe variancesVar(P̂ac) and Var(P̂as). To prove that we
have an entangled state we must con�rm that the variancesof P̂ac and P̂as ful�ll
the criterion (3.4). That is, we need to know the mean values of P̂ac and P̂as

with a total precision better than unit y. To demonstrate that, we senda second
verifying pulse through the atomic samplesagain measuring x̂out

c and x̂out
s with

outcomesA2 and B2. Now it is a matter of comparing A1 with A2 and B1 with
B2. If the results are su�cien tly close the state created by the �rst pulse was
entangled.
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Let us be more quantitativ e. The interaction (2.34a) mapping the atomic
operators P̂ai to �eld operators x̂ i is very useful for large � , and uselessif � � 1.
We will describe in detail the role of � for all values. To this end we �rst describe
the natural way to determine � experimentally . If we repeatedly perform the �rst
two steps of the measurement cycle, i.e. prepare coherent states of the atomic
spins, send in the �rst measurement pulse, and record outcomes A1 and B1,
we may deducethe statistical properties of the measurements. Theoretically we
expect from (2.34a)

hA1 i = hB1i = 0 and Var(A1) = Var(B1) =
1
2

+
� 2

2
: (3.6)

The �rst term in the variances is the shot noise (SN) of light. This can be
measuredin the absenceof the interaction where � = 0. The quantum nature of
the shot noise level is con�rmed by checking the linear scaling with the photon
number of the pulse. The secondterm arises from the projection noise (PN)
of atoms. Hence, we may calibrate � 2 to be the ratio � 2 = PN=SN of atomic
projection noise to shot noise of light. Theoretically � 2 = aJx Sx T has a linear
scaling with the macroscopicspin Jx . This scaling is con�rmed experimentally
in Sec.5.6.

Next we describe how to deducethe statistical properties of the state created
by the entangling pulse. Based on the measurement results A1 and B1 of this
pulse we must predict the mean value of the secondmeasurement outcome. If
� ! 1 we ought to trust the �rst measurement completely sincethe initial noise
of x̂ in

i is negligible giving the estimates for the secondpulse result hA2i est = A1

and hB2i est = B1. On the other hand, if � = 0 there is no atomic contribution to
the light, so the secondpulse result is entirely uncorrelated with the �rst pulse
results, hA2 i est = hB2i est = 0. It is natural to take in generalhA2i est = �A 1 and
hB2i est = �B 1. We need not know a theoretical value for � . The actual value
can be deducedfrom the data. If we repeat the measurement cycle N times with
outcomes A ( i )

1 , B ( i )
1 , A ( i )

2 , and B ( i )
2 , the correct � is found by minimizing the

conditional variance

Var(A2 jA1) + Var(B2jB1) =

min
�

1
N � 1

NX

i

�
(A ( i )

2 � �A ( i )
1 )2 + (B ( i )

2 � �B ( i )
1 )2

�
:

(3.7)

In order to deducewhether we ful�ll the entanglement criterion (3.4) we compare
the above to our expectation from (2.34a). For the verifying pulse we get

D�
x̂out

i �


x̂out

i

�� 2
E

=
� �

x̂ in ;2nd
i + �

h
P̂ent

ai �
D

P̂ent
ai

Ei� 2
�

=
1
2

+ � 2Var(P̂ent
ai );

(3.8)

where x̂ in ;2nd
i refers to the incoming light of the verifying pulse which has zero

mean. P̂ent
ai refers to the atomic state after the passageof the entangling pulse.
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We seethat the practical entanglement criterion becomes

Var(A2 jA1) + Var(B2 jB1) = 1 + � 2
�

Var(P̂ent
ac ) + Var(P̂ent

as )
�

< 1 + � 2 = Var(A1) + Var(B1):
(3.9)

Simply stated, we must predict the outcomesA2 and B2 with a precision better
than the statistical spreading of the outcomes A1 and B1 with the additional
constraint that A1 and B1 are outcomesof quantum noiselimited measurements.

3.3 Theoretical Entanglemen t Mo deling

We described above the experimental procedurefor generating and verifying the
entangled states. Here we present a simple way to derive what we expect for the
mean values(i.e. the � -parameter) and for the variancesVar(P̂ent

ai ).
We calculate directly the expected conditional variance of A2 basedon A1:

D�
x̂out ;2nd

c � � x̂out ;1st
c

� 2
E

=
� �

x̂ in ;2nd
c � � x̂ in ;1st

c + �
h
P̂ent

ac � � P̂ in
ac

i � 2
�

=
1
2

(1 + � 2 + � 2(1 � � )2):

(3.10)

In the secondstep we assumethat a perfect QND measurement without any
decoherenceis performed, i.e. P̂ent

ac = P̂ in
ac . By taking the derivative with respect

to � we obtain the theoretical minimum

Var(A2 jA1) + Var(B2 jB1) = 1 +
� 2

1 + � 2

) Var(P̂ent
ac ) + Var(P̂ent

as ) =
1

1 + � 2

(3.11)

obtained with the � -parameter

� =
� 2

1 + � 2 : (3.12)

It is interesting that, in principle, any value of � leadsto the creation of entangle-
ment. The reasonfor this is our prior knowledgeof the input state. The atoms
are in a coherent state which is aswell de�ned in terms of variancesas is possible
for separablestates. We needonly an \in�nitesimal" extra knowledgeabout the
spin state to go into the entangled regime.

Alternativ ely we can derive the sameresult by examining the marginal prob-
abilit y distributions of the quantum variables. When initiated in the coherent
state all variables will have a Gaussianprobabilit y distribution:

Pq̂(q) =
1

p
2� � 2

e� q2 =2� 2
: (3.13)
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Figure 3.1: Illustration of the secondprobabilit y distribution in an entanglement ex-
periment. Basedon the result of the measurement on the entangling pulse the expected
distribution for the verifying pulse will be a displaced Gaussian (dotted). The width of
this distribution is more narrow that the distribution from the �rst (or second) pulse
alone (dashed). With a quantum feedback the atomic distribution can be shifted to
have zero mean value. This givesan unconditionally entangled state and a secondpulse
distribution with zero mean and reduced width (solid).

As before we denote the results of the �rst and the secondmeasurements by A1

and A2 respectively. Then the probabilit y distribution of A2 conditioned on A1

is given by:

P(A2 jA1) =
P(A2 \ P(A1)

P(A1)

=

R1
�1 dPaPP̂a

(Pa)Px̂ in ; 1st
L

(A1 � �P a)Px̂ in ; 2nd
L

(A2 � �P a)
R1

�1 dPaPP̂a
(Pa)Px̂ in ; 1st

L
(A1 � �P a)

:
(3.14)

This gives a Gaussian displaced by exactly A1 times the � parameter of Eq.
(3.12) and a variance given by the �rst equation of (3.11). An example of such
a displaced distribution is shown in Fig. 3.1 (dotted). Also shown is P(A2)
(dashed), which corresponds to neglecting the knowledge gained from the �rst
pulse. Finally we show the result of shifting the atomic state by A1� betweenthe
pulses(solid). This illustrates the di�eren t methods of obtaining an entangled
state. Either we run the sequenceN times and basedon the method sketched
in Sec. 3.2 �nd the optimal � . With this we can �nd the width of the shifted
distribution. This represents a conditionally entangled state, becausethe entan-
glement property only appears when the knowledge of the �rst pulse result is
applied.

A secondapproach to entanglement generationis in each cycleto actively shift
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the atomic distribution to zeromeanvalue via a quantum feedback basedon the
�rst measurement result. This createsan unconditionally entangled state where
the entanglement is present directly from the secondpulse measurement results.
The experimental realization of both methods will be discussedin chapter 6.

It is also interesting to seewhat happens to the conjugate variables X̂ ai in
the entangling process. This is governed by Eq. (2.34c). We do not perform
measurements of the light operator p̂in

i so all we know is that both X̂ in
ai and p̂in

i

are in the vacuum state. Hence Var(X̂ ent
ai ) = (1 + � 2)=2 and we preserve the

minimum uncertainty relation Var(X̂ ent
ai )Var(P̂ent

ai ) = 1=4.

3.4 Entanglemen t Mo del with Decoherence

Practically our spin states decoherebetween the light pulses and also in the
presenceof the light. We model this decoherencenaively by attributing the
entire e�ect to the time interval between the two pulses, i.e. we assumethat
there is no decoherencein the presenceof the light but a larger decoherence
betweenthe pulses. We may then perform an analysis in complete analogy with
the above with the only di�erence that P̂ent

ac = � P̂ in
ac +

p
1 � � 2V̂p where V̂p is

a vacuum operator admixed such that � = 0 corresponds to a complete decay
to the vacuum state and � = 1 corresponds to no decoherence.Completing the
analysis we �nd the theoretical conditional variances

Var(A2 jA1) + Var(B2jB1) = 1 + � 2 1 + (1 � � 2)� 2

1 + � 2

) Var(P̂ent
ac ) + Var(P̂ent

as ) =
1 + (1 � � 2)� 2

1 + � 2

(3.15)

obtained with � -parameter

� =
� � 2

1 + � 2 : (3.16)

In the limit � ! 1 theseresults agreewith (3.11) and (3.12). For � ! 0 we have
� ! 0 (outcomes A1 and B1 are useless)and the variance approaches that of
the vacuum state which is a separablestate. In a similar manner, lossesof light
due to e.g. re
ection lossesor imperfect detection e�ciency can be treated. The
only e�ect turns out to be a rede�nition of � !

p
1 � �� in equations (3.15) and

(3.16), where � is the fraction of the light power lost. Note that in the analysis
above, the decoherenceis assumedto be towards the coherent spin state. To
model decoherencetowards e.g. a thermal state more sophisticated methods will
have to be employed. Also, the inclusion of decoherenceis very coarsegrained
sincewe assumedall of the decoherenceto occur in a single step. In reality the
entangling interaction and the atomic decoherenceoccur continuously in time.
Both of these issueswill be addressedin the following chapter.
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CHAPTER 4

Gaussian Entanglemen t

In this chapter we wish to supplement and extend the calculations in the previous
chapter concerning the evolution of the atomic state. We do this be utilizing
explicitly the fact that the states a very well described by Gaussianprobabilit y
distributions. For such states the powerful formalism of correlation matrices for
Gaussian states [72, 79] is applicable. In this framework the e�ect of a light
measurement on the atomic statistics is given explicitly . Here we will intro duce
the formalism which involvesa description in terms of a covariancematrix and a
prescription for the update of this matrix incorporating interaction, decoherence,
as well as the e�ect of the light detection. We illustrate the useof the formalism
by rederiving all entanglement results from the previous chapter. This is done
by treating the interaction as a single processand is therefore only valid in the
limit of low decoherence.We will extend the range of validit y by splitting the
incoming light pulse into small segments and treating the interaction with each
sequentially . Theseresults will then be comparedto the simple expressions.

We stressthat this is not the �rst time entanglement generation in such sys-
tems hasbeenconsidered.Entanglement utilizing a seriesof two sequential QND
interactions for a single samplewithout rotations has beenstudied several years
ago [36] and a quantum tra jectory approach with simulated state vector dynam-
ics waspresented in [80, 81] to provide a microscopicdescription of the dynamics.
Becauseof the dimensionsof the Hilb ert spacesinvolved, however thesesimula-
tions wererestricted to a few tens of atoms. We retain in the following the careful
attention of [80, 81] to the quantum mechanical e�ects of the measurement while
combining it with the e�cien t Gaussiandescription.
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4.1 General Theory of Covariance Matrices

As discussedpreviously both the atomic and light systemswhen initialized in
coherent statesare very accurately described by Gaussiandistribution functions.
Since the atom-light Hamiltonian is bi-linear in the quadratures the interaction
will preserve the Gaussian form as will the e�ect of homodyne measurements
[72, 79]. We will be interested in systemscomposedof n atomic and m canonical
light operators. From thesewe form the vector:

y = (Ôa;1; :::; Ôa;n ; ÔL; 1; :::; ÔL;m ) : (4.1)

Within the Gaussian approximation all information about the system is con-
tained in the �rst two moments of the quantum variables. We are interested
in the entanglement properties of the sampleswhich are not changed by local
displacement operations so the secondmoments are of primary interest. These
are collected in the (n + m) � (n + m) covariance matrix de�ned by


 ij = hyi yj + yj yi i � 2hyi i hyj i ; (4.2)

which we seeis merely a collection of two times the covarianceof the correspond-
ing operators.

In the following we will review somebasic properties of covariance matrices
(seee.g [72, 82, 83] and appendix A of [84]). They can be related to the Wigner
function by

W (� ) =
1

� N
p

det 

exp(� 
 � 1� T ) ; (4.3)

where 2N is the dimension of the covariance matrix. As an intro duction we will
state the covariancematrix for a number of simplesinglemodestates(y = (x; p)):

vacuum hyi =
�

0
0

�

 =

�
1 0
0 1

�

coherent state(� ) hy i =
1

p
2

�
Re(� )
Im(� )

�

 =

�
1 0
0 1

�

squeezedstate hy i =
�

0
0

�

 =

�
er 0
0 e� r

�

thermal state hy i =
�

0
0

�

 =

�
n 0
0 n

�
;

(4.4)

where in the last expressionn = 1
1� e�h ! =k T is the mean number of photons in

the thermal �eld. For two systems(y = (x1; p1; x2; p2)) the covariance matrix
for an uncorrelated (separable) state is merely 
 = Diag(
 1; 
 2), whereasfor a
two-mode squeezedstate with squeezingin x1 � x2 and p1 + p2 (corresponding
to the state that we ideally create in our entanglement experiments) it is:


 =

0

B
B
@

cosh(r ) 0 sinh(r ) 0
0 cosh(r ) 0 � sinh(r )

sinh(r ) 0 cosh(r ) 0
0 � sinh(r ) 0 cosh(r )

1

C
C
A ; (4.5)
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where r is the squeezingparameter.
Covariance matrices always obey det(
 ) � 1 and they represent pure states

if and only if det(
 ) = 1. We seethat all of the covariancematrices stated above
represent pure statesexcept the thermal state. A Heisenberg uncertainty relation
can be formulated for covariance matrices:


 � i

0

B
B
@

� 0
0 �

: : :
�

1

C
C
A � 0 ; � =

�
0 1

� 1 0

�
: (4.6)

The matrices � ij (i; j = 1; 2) specify the commutation relations betweenthe x(1)
and p(2) variables of a single mode. The matrix equation above meansthat the
eigenvaluesof the systemon the left hand sideare always positive for a physically
realizable state. Finally we would like to mention one very important property
of all Gaussianstates. They cannot be distilled by the application of Gaussian
operations [79, 85]. This means that two sets of Gaussian entangled states -
in contrast to discrete variables - cannot be converted into a single entangled
state with a higher degreeof entanglement if the Gaussianstructure is preserved
throughout. This is very unfortunate becauseit severely hinders the practical
feasibility of distributed entanglement over arbitrary distances for a Gaussian
approach.

Next we wish to add dynamics to the formalism. The evolution of y and 
 in
the Heisenberg picture due to a generalunitary interaction is given by:

yout = Sy in (4.7a)


 out = S � 
 in � ST ; (4.7b)

where S is the interaction matrix, which can be determined by matching Eq.
(4.7a) to the equationsof interaction. For the QND Faraday interaction described
by Eq. (2.34) we obtain

y =

0

B
B
@

X̂ a

P̂a

x̂L
p̂L

1

C
C
A ; S =

0

B
B
@

1 0 0 �
0 1 0 0
0 � 1 0
0 0 0 1

1

C
C
A : (4.8)

To describe the evolution of the atomic state due to a measurement of light, let
the covariance matrix before the homodyne measurement be given by:


 =
�


 a 
 c


 T
c 
 b

�
(4.9)

where 
 a is an n � n matrix describing the atomic subsystem,and 
 b is an m � m
matrix describing the light system. All atom-light correlations are contained in

 c. After the detection the atomic part of the correlation matrix is then given
by [72, 79]:


 a ! 
 a � 
 c(� 
 b� ) � 
 T
c (4.10)
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where � speci�es the light quadrature or sum of quadratures being measured.
In the caseof perfect detection of e.g. only the i 'th light quadrature we get
� ii = 1 and the rest of the entries equal to zero. Pleasenote that Eq. (4.10)
expressesnothing but classicalupdate of estimators basedon a measurement -
similar to Eq. (3.14) - coupled with the Heisenberg uncertainty principle, stat-
ing that if we measurean operator, the conjugate operator becomescompletely
unknown. This wipes out all correlations between the conjugate operator and
the remainder of the system. ( � ) � denotes the Moore-Penrosepseudo-inverse
of a matrix (X X � X = X ; X � X X � = X � ). In our casewe will only need
Diag(b;0)� = Diag(1=b;0). Note that the evolution of the covariance matrix is
deterministic i.e. it doesnot depend on the, inherently random, detection results.

We seethat determining the atomic dynamics is in this formalism reduced
to straight forward matrix algebra, which is in sharp contrast to the heuristic
optimization approach presented in the previous chapter. We will useEq. (4.7b)
combined with Eq. (4.10) on the Faraday dynamics shortly, but �rst we will
comment on the inclusion of decoherenceinto this formalism. For this we will
assumea pulse duration of T. We saw in Eq. (2.19) that due to the interaction
with the light �eld every atom is excited and decays by spontaneousemissionto
any of the atomic ground states with a certain rate. We will write this atomic
depumping parameter as � T � � T = � T � CS

A

�
�
�

� 2
. � is the photonic 
ux, A is

the crosssectionof the atomic sampleilluminated by the light, � is the detuning
from resonance,� CS is the crosssection on resonancefor the probed transition,
and � is the HWHM of the corresponding spontaneous decay rate. � has the
physical interpretation that the scattering probabilit y per photon is given by the
ratio between the interaction crosssection � CS and the physical crosssection of
the beam. The entire processis then reducedby the Lorentzian response.

Of courseevery absorption event also acts as sourceof decoherencefor the
light system. In terms of the de�nitions above the photon absorption probabilit y
is � = Nat

� CS
A

�
�
�

� 2
.1 On resonancethe total absorption will be given by the

optical density � = Nat
� CS
A . We will in Sec. 5.6 give explicit expressionsfor �

and � basedon the full multi-lev el interaction.
Taking a fully polarized atomic sample at t = 0 this gives the following

relation for the coupling parameter, � 2
T (t = 0) = � T � . Later in this chapter we

will split the pulse into many small segments of duration � . For the segment at
somelater time, t, the decay of the meanspin hasreducedthe coupling constant,
� 2

� (t) = � 2
� (0)e� � t . Here we implicitly assumedthat � � t such that the mean

spin can be consideredconstant during the passageof the light segment. As
will be discussedin Sec. 5.6.2 our experiments using room temperature gas
samplesare performed at � � 32 and in an entire pulse the accumulated atomic
depumping is typically a few percent. In dense cold atomic samples optical
depths surpassing100 are routinely achieved and in Bose-Einstein condensates
it can even approach 1000. This means that the interaction strength � 2 can

1 In realit y the probabilit y of absorption is given by P (abs) = 1� e� � , which for � � 1 means
that P (abs) � � and similarly for � �
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either be increasedgreatly without a corresponding increasein the total atomic
depumping or a similar � 2 can be achieved with a lot lower depumping.

When light absorption and subsequent atomic decoherenceis included the
interaction between a subset of the atomic operators and a subset of the light
operators is governed by (seeApp. B):


 out = �DS
 in S �D + D
 noise (4.11)

where D is a diagonal matrix with � and � on the positions of the participating
atomic and light operators respectively and �D =

p
1 � D . 
 noise is like D with

the replacements � ! � and � ! 1. The factors �D represent the reduction in
the signal that we derived in Sec. 2.3.1, whereasthe D 
 noise term represents the
addednoisedue to the Langevin terms that have to be addedin order to preserve
commutation relations. As described in App. B, for a spin 1/2 systemthe factor
� � Nat =hJx (t)i starts out as two and increasesexponentially becauseof the
decay of the meanspin due to excitation and subsequent decay of atoms. Brie
y ,
the factor of two arisesbecauseof two contributions. First of all, the atomic state
becomesmore noisy becauseof the loss of correlations between the fraction of
atoms being excited and the rest. Secondly, the decoheredatoms are transfered
into a thermal state. The extension to higher spin systemsis also discussedin
App. B. Here the variancesof the coherent state and the thermal state are no
longer identical. When applying Eq. (4.11) once,this merely meansthat another
value of � has to be used. When used iterativ ely, however, this di�erence leads
to errors of the order of e� t and it therefore has very limited validit y.

As will be discussedin Sec. 5.4 the main source of decoherencein our ex-
periments are light induced collisions, which rapidly a�ect the transversespins
(and hence the canonical operators) without causing a reduction in the mean
spin. This is traditionally called a T2 process. For such a decoherencetowards
the CSSa beamsplitter addition of atomic noise- such asapplied in Sec. 3.4 - is
more appropriate (seeappendix B). In this casethe exponential increaseof the
noise term and the exponential decreasein the interaction strength are absent
and � = 1 and � are constant in time. Note also that setting � = � = 0 Eq.
(4.11) can be used to model lossesof light due to e.g. spurious re
ections from
glasssurfacesin the setup.

In the following sectionswe will apply Eq. (4.11) for a single pulse to derive
simple expressionsanalogousto the onederived in Sec. 3.4, the validit y of which
will be limited to � T � 1. This will be done �rst using the QND interaction.
Since, however it is basedon non-local operators it does not take into account
properly any light loss between the cells. In our experimental implementation
the light experiencessigni�can t re
ection losses,so this could potentially be an
important e�ect. To get a simple but relatively reliable estimate of the e�ect, the
dynamics will be derived basedon the singlecell interactions Eq. (2.42). Both of
theseapproachesare, however, only valid for � T � 1. Therefore the remainder of
the chapter will be devoted to extending this rangeof validit y. This will be done
by splitting the pulse into many segments and treating the interaction with the
atomic sample sequentially in time with Eq. (4.11). Thus, when the dynamics
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is solved we can compare to the single pulse solution and hopefully gain some
intuition concerningthe validit y of these.

4.2 Entanglemen t Based on the QND In terac-
tion

As a demonstration of the power of the approach we will start by deriving Eq.
(3.11) based on the two-cell QND interactions given in equations (2.34). For
this interaction y S are given by Eq. (4.8). This system of equations describes
both squeezingof a single atomic sample and the generation of entanglement
between two samplesvia squeezingof the non-local p̂ operators given in (2.32).
Performing the matrix multiplications speci�ed in Eq. (4.7b) and inserting the
result into Eq. (4.10) weeasilyderive the squeezingof oneof the non-local atomic
variables and the anti-squeezingof the other:


 a =
�

1 + � 2 0
0 1

�
� � 2

�
0 1
1 0

� � 1
1+ � 2 0

0 0

� �
0 1
1 0

�
=

�
1 + � 2 0

0 1
1+ � 2

�
:

(4.12)
This is a very simple derivation but following the samesteps much more com-
plicated problems can be solved with equal ease. To illustrate this we now
include noise due to spontaneous emission as prescribed in Eq. (4.11). Let-
ting D = diag(� T ; � T ; 2�; 2� ), where � is the light loss from a single cell, and

 noise = diag(2; 2; 1; 1) we get:


 a =
�

1 + � T + (1 � � T )� 2 0
0 2� T + 1� � T

1+(1 � 2� ) � 2

�
: (4.13)

The secondterm in the squeezedquadrature is always smaller than unit y for
a non-zero interaction strength. The ultimate degreeof squeezingwill then be
determined by the interplay between the bene�cial action of the secondterm
and the deleterious e�ect of the �rst term. In Fig. 4.1 the squeezedpart of
Eq. (4.13) is plotted using the transformation � 2 = � T � for the experimentally
motivated values � =

�
�
�

� 2
� =

�
2:5MHz
700MHz

� 2
� and � = 30. Clearly the degreeof

squeezingreachesa maximum after which the part growing linearly with � T will
start to dominate. For the chosenparameters � makesa negligible contribution.
As mentioned brie
y in the precedingsection, however, � can also be interpreted
aspure light lossthrough e.g. re
ection. In our experiments this is a much more
signi�can t e�ect. Therefore, the squeezingis also shown in Fig. 4.1 for � = 0:1.
Thus, with a typical experimental atomic depumping of � T � 0:05 we expect to
achieve approximately 30-40%noisereduction.

As discussedbrie
y in Sec. 4.1 and in more detail in appendix B atomic
decoherencetowards the CSS (no decay of the mean spin vector) is treated by
setting � = 1. Doing this, we get 
 noise = diag(1; 1; 1; 1) and the term 2� T in the
squeezedpart of Eq. (4.13) becomes� T . With the transformation � T = 1 � � 2

this is identical to Eq. (3.15).
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Figure 4.1: The variance of the
squeezed quadrature (Eq. (4.13))
calculated via the QND interaction.
Solid: � = (2:5=700)2 � . Dashed: � =
0:1. � = 30 for both.
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Figure 4.2: Optimal squeezing (Eq.
(4.15)) as a function of the optical
depth. Solid: � = (2:5=700)2 � .
Dashed: � = 0:1. Dotted: high � limit
(Eq. (4.15)) with � = 0:1

With the transformation � 2 = � T � , the squeezedquadrature of Eq. (4.13),

 a;sq , can be optimized with respect to � T to give:

� opt =

q
1+ � (1 � 2� )

2 � 1

� (1 � 2� )
: (4.14)

Note that this expressionis only positive - and thus physically meaningful - for
� > 1=(1 � 2� ) re
ecting the fact that for � < 1=(1 � 2� ) the noiseterm of 
 a;sq

(2� T ) will dominate the squeezingpart. Inserting Eq. (4.14) into 
 a;sq gives:


 a;sq =
2
p

2(1 + � (1 � 2� )) � 3
� (1 � 2� )

!
2
p

2
p

� (1 � 2� )
� � 1 : (4.15)

This expressionis plotted in Fig. 4.2 for the sametwo valuesof � asbeforealong
with the expressionin the limit of high optical densities(Eq. (4.15)).

4.3 Entanglemen t Based on the Single Cell In-
teraction with Rotations

Whereas Eq. (4.13) is generally valid for a single sample as long as � T � 1,
for two samplesa non-zero� will remove a fraction of the light and thus modify
� ! �

p
1 � � and � T ! (1� � )� T for the interaction with the secondsample. This

asymmetry is not accounted for in Eq. (4.13), which is therefore only valid in the
limit of vanishing � . This de�ciency can be remediedby treating the interaction
of the light with each atomic samplesequentially . This can be done in the pulsed
regime basedon the pulsed single cell interactions of Eq. (2.42). We intro duce
decoherenceas a single step after each passageof the pulse through an atomic
sample. We know from Eq. (2.34) that the non-local operators P̂ac = p̂a 1 + p̂a 2p

2
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and P̂as = x̂ a 1 � x̂ a 2p
2

get squeezed.They each form a closedsystem of interaction
with a set of variables (x̂c; p̂s; p̂s;1) and (x̂s; p̂c; p̂c;1) respectively. The degreeof
squeezingwill be the samefor the two non-local variablesand it thereforesu�ces
to investigate one of them. De�ning the vector:

y =

0

B
B
B
B
@

p̂a1

p̂a2

x̂c
p̂s

p̂s;1

1

C
C
C
C
A

; (4.16)

we get the interaction matrices:

S1 =

0

B
B
B
B
B
@

1 0 0 �p
2

0
0 1 0 0 0
�p

2
0 1

�
�
2

� 2 1p
3

�
�
2

� 2

0 0 0 1 0
0 0 0 0 1

1

C
C
C
C
C
A

; S2 =

0

B
B
B
B
B
@

1 0 0 0 0
0 1 0 � �p

2
0

0 �p
2

1 �
�

�
2

� 2 � 1p
3

�
�
2

� 2

0 0 0 1 0
0 0 0 0 1

1

C
C
C
C
C
A

(4.17)
Setting 
 in to be a 5x5 identit y matrix and starting without decoherencewe
calculate:


 out = S2 � S1 � 
 in � ST
1 � ST

2 =

0

B
B
B
B
B
@

2+ � 2

2
� � 2

2
�p
2

�p
2

0
� � 2

2
2+ � 2

2
�p
2

� �p
2

0
�p
2

�p
2

1 + � 2 0 0
�p
2

� �p
2

0 1 0
0 0 0 0 1

1

C
C
C
C
C
A

: (4.18)

We note that after the complete interaction, p̂s;1 is uncorrelated with the rest of
the system. This expressesthe exact cancellation of the back action noisein the
two-cell setup. Following the splitting in Eq. (4.9) we can include the e�ect of
a detection of the mode x̂c as speci�ed in Eq. (4.10). With � = Diag(1; 0; 0) we
get � 
 b� = Diag(1 + � 2; 0; 0). Rotating to the sum-di�erence basiswe easily �nd
the familiar result:


 sd
a = Rsd� 1
 aRsd =

� 1
1+ � 2 0

0 1 + � 2

�
; (4.19)

whereRsd = ff 1; 1g; f� 1; 1gg=
p

2. Weseethat during this processP̂ac = p̂a 1 + p̂a 2p
2

gets squeezedand X̂ as = p̂a 1 � p̂a 2p
2

anti-squeezed. (Note, however, that these are
not conjugate variables.)

At this point we intro duce decoherencecausedby light absorption and spon-
taneous emission. This is done as a single step after the interaction with each
cell and is thus very coarsegrained requiring � T � 1:


 out = �D2S2
� �D1S1
 in ST

1
�D1 + D1
 noise

�
ST

2
�D2 + D2
 noise ; (4.20)
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Figure 4.3: Squeezing vs single cell light loss. Solid: full solution to Eq. (4.20).
Dashed: QND solution (Eq. (4.22)). Dotted: Eq. (4.21). � = 30 and � = 0:05 for all.

where D1 = diag(� T ; 0; �; �; � ), D2 = diag(0; � T (1 � � ); �; �; � ), and

 noise = diag(2; 2; 1; 1; 1), wherethe factor (1 � � ) in the atomic depumping of the
secondcell arisesbecauseof the light loss in the �rst interaction. Similarly the
interaction strength for the secondinteraction is modi�ed to � !

p
1 � �� . Per-

forming the matrix multiplication is simple but cumbersome.As in the noisefree
calculation we �nd � 
 b� = Diag(� ; 0; 0), where this time the one non-zeroentry
is a complicated expressionof � T , � , and � 2. The unapproximated covariance
matrix arising from inserting the full Moore-Penroseexpressioninto Eq. (4.10)
hasbeencalculated but it is quite lengthy so instead we derive fairly simple ana-
lytical expressionsto �rst order in the noiseparametersn = (� T ; � ) and compare
it to the full solution numerically. For this purposewe only keepnoiseterms up
to secondorder in n in the Moore-Penroseinverse. Next we calculate the atomic
covariance matrix in the sum-di�erence basis and throw away all terms higher
than �rst order in n. For the squeezedquadrature we obtain:


 sd
a;sq =

1 + � T + � 2(2� T + � � 17�� T ) + � 4 �
12 + � 6 � 2

192

1 + � 2(1 � 2� ) + � 4 �
12

: (4.21)

Note that the term 17�� T was kept becauseof the high value of the numerical
coe�cien t.

It would be interesting to comparethe solutions in this sectionwith the results
obtained using the simple QND interaction, where the two atomic ensembles
where consideredas a single system. Rewriting the squeezedpart of Eq. (4.13)
as:


 a;sq =
1 + � T + 2� T (1 � 2� )� 2

1 + (1 � 2� )� 2 ; (4.22)

the similarit y with Eq. (4.21) is obvious and for � = 0 they are identical. As can
be seen,however, if � 6= 0 they do not even agreein the limit of weak interactions,
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where the terms proportional to � 4 and � 6 can be neglected. This di�erence can
be attributed to the asymmetric coupling of light to the two ensembles, which
arisesto do � 6= 0. To illustrate this, equations (4.21) and (4.22) are compared
to the full solution of Eq. (4.20) in Fig. 4.3 for di�eren t values of � . As can be
seen,the simple QND expressionsomewhatoverestimatesthe degreeof squeezing
even for low valuesof � . Thus, it should be usedwith caution if more than rough
estimatesare required.

4.4 Solving the Dynamics Con tin uously in Time

Sofar, all expressionsincluding the e�ects of dissipation havebeenderivedassum-
ing the changein the sizeof the meanspin, Jx , to be negligible, sinceotherwiseas
discussedin Sec. 4.1 the factor � in the 
 noise of Eq. (4.11) along with the inter-
action strength � should be consideredtime dependent. The rangeof validit y can
be extendedbeyond � T � 1 by splitting the incoming pulse into many segments
and treating the interaction with the atoms sequentially . For each segment the
inclusion of noise is calculated with � (t) = 2e� t and the decreasedinteraction
strength causedby the decay of the mean spin is modeled by � 2(t) = � 2(0)e� � t ,
where t is the time of arrival of the particular light segment. In this way 
 (t + � )
can be derived based on 
 (t). In the continuous limit (� ! 0) a di�eren tial
equation for the covariancematrix can be obtained, which when solved describes
the dynamics continuously in time. A large part of the remaining results were
derived in [86]. Similar techniques have been applied to the caseof squeezed
light [87] and magnetometry [88, 89].

In this section, we will intro duce this method by applying it to the caseof
two atomic ensembles with an arbitrary rotation frequency and no decoherence
in order to investigate how the transition from the static regime to the highly
rotated one occurs. Next decoherencewill be added to this, and in the end the
method will be applied to the QND and rotated single cell interactions used in
Sec. 4.2 and 4.3. For these however one should remember that they are both
basedon the assumption that the atoms rotate many times during the pulse so
the strict continuous limit doesnot make physical sensein thesecases.

4.4.1 In vestigating the Role of the Rotation Frequency

So far the results for the entanglement have beenderived for a strongly rotated
system in the sensethat we assumethat the atoms rotate many times during a
pulse corresponding to T � 1=
 L . It would be mildly interesting to investigate
how the entanglement evolvesalong the transition from a static regime without
rotations to the strongly rotated regime.To do this we de�ne the following set of
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canonical observables:

y =

0

B
B
B
B
B
B
@

x̂a1

p̂a1

x̂a2

p̂a2

x̂L
p̂L

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

Jy1=
p

Jx

Jz1=
p

Jx

� Jy2=
p

Jx

Jz2=
p

Jx

Sy =
p

Sx

Sz =
p

Sx

1

C
C
C
C
C
C
A

; (4.23)

where the Stokes operators are integrated over some time � . The interacting
occurs according to H � ;i / �p i pL , where i = 1; 2 refers to the atomic sample.

To model the continuous interaction between the atoms and the incoming
cw-light �eld we split the light �eld into independent slicesof duration � . The
interaction betweenthe samplesand each light segment are then treated oneafter
the other. The continuous interaction and detection of the resulting �eld then
corresponds to taking the � ! 0 limit.

The matrices describing the interaction between the light segment and each
of the atomic samplesfrom t to t + � are given by:

S1 =

0

B
B
B
B
B
B
@

1 0 0 0 0 � �

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 � � 0 0 1 0
0 0 0 0 0 1

1

C
C
C
C
C
C
A

S2 =

0

B
B
B
B
B
B
@

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 � �

0 0 0 1 0 0
0 0 0 � � 1 0
0 0 0 0 0 1

1

C
C
C
C
C
C
A

Taking into account also the Larmor precessionduring this time and the detec-
tion, the correlation matrix will evolve according to:


 (t + � ) = M [R � S2 � S1 � 
 (t) � ST
1 � ST

2 � RT ] (4.24)

where R denotes a block diagonal matrix rotating the atomic variables of the
samplesan angle � ! � and leaving the light variables unchanged. M[...] denotes
the e�ect of the homodyne detection calculated according to Eq. (4.10) with
� = diag(1; 0) corresponding to a perfect homodyne measurement of x̂L .

When Eq. (4.24) is evaluated for short time segments � , the change in 
 is
quadratic in � � . � 2

� is proportional to the photon number in the beam segment,
i.e. proportional to � and rewriting � 2

� = ~� 2� , the di�eren tial limit for the atomic
correlation matrix can be formed:

d
 a

dt
= r 
 a + 
 a r T + ~� 2( ~A � 
 a ~B 
 T

a ) (4.25)

where:

~A =

0

B
B
@

1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

1

C
C
A ; ~B =

0

B
B
@

0 0 0 0
0 1 0 1
0 0 0 0
0 1 0 1

1

C
C
A ; r = !

0

B
B
@

0 1 0 0
� 1 0 0 0
0 0 0 � 1
0 0 1 0

1

C
C
A

(4.26)
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We note that the evolution of the atomic covariance matrix causedby the
measurements given by Eq. (4.10) is deterministic (despite the random outcomes
of the detection) and non-linear.

The nonlinear di�eren tial Eq. (4.25) can be solved using the Ricatti method
as e.g.. mentioned in the appendix of [90]. The genericRicatti equation is:

dV
dt

= C � DV (t) � V (t)A � V (t)BV (t) (4.27)

Using the decomposition V (t) = W (t)U � 1(t) it can be shown that the nonlinear
di�eren tial equation can be replacedby the linear equation:

 
dW (t )

dt
dU ( t )

dt

!

=
�

� D C
B A

� �
W (t)
U (t)

�
(4.28)

Matching our equation to the generic Ricatti equation and observing that

 T

a = 
 a we obtain the linear set of equations
 

dW (t )
dt

dU ( t )
dt

!

=
�

r ~� 2 ~A
~� 2 ~B r

� �
W (t)
U (t)

�
(4.29)

where we have also usedthat r = � r T .
Choosing the W and U matrices to start out as 4x4 identit y matrices this

systemof coupledlinear di�eren tial equationscanbesolved. Not surprisingly, the
result can be simpli�ed greatly by applying a time dependent rotation of � ! t=2
to the atomic variables of sample one and two respectively, thus implementing
a transformation to a rotating frame. A further simpli�cation can be made by
noting that the measuredquadratures are really the sum of p̂a 's (P̂ac) and the
di�erence of x̂a 'es (P̂as). The transformation to the sum/di�erence basis is done
by 
 sd = Rsd� 1
 Rsd, where

Rsd =
1

p
2

0

B
B
@

1 1 0 0
0 0 1 1
1 � 1 0 0
0 0 1 � 1

1

C
C
A (4.30)

is simply a collection of the new basis vectors (P̂as; X̂ ac; P̂ac; X̂ as) in terms of
the old ones. After the transformation we get:


 sd
a =

0

B
B
@

a+ 0 0 0
0 1

a �
0 0

0 0 1
a+

0
0 0 0 a�

1

C
C
A (4.31)

where a� = 1 + ~� 2t � ~� 2

! sin(! t). De�ning the total accumulated interaction at
time t as � 2

t � ~� 2t and the total rotated angle � � ! t we get the main result of
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this section:

a� = 1 + � 2
t �

� 2
t

�
sin(� ) !

�
1 + � 2

t � � 2
t � ! 0

1 + � 2
t � ! 1

(4.32)

We seethat as � ! 0 we get 1 + 2� 2
t and 1, i.e. the characteristic squeezing

and anti-squeezingof the measuredand their conjugate variables respectively -
and no change in the unobserved ones. For � ! 1 , i.e. after many rotations
we squeezethe two quadratures symmetrically and anti-squeezetheir conjugate
variables by the factor 1 + � 2

t . Note that the reduced squeezingby a factor of
two in the rotated casecomesfrom the fact that the measurement strength is
harmonically varied betweenthe two quadratures (P̂ac) and (P̂as) which amounts
to half the total interaction strength beingspent measuringeach quadrature. The
result without rotations matchesa very early prediction in [36] and the strongly
rotated result has beenderived a number of times by now.

As an quanti�cation alternativ e to the degreeof violation of the entanglement
criterion (3.4) we calculate the GaussianEntanglement of Formation(GEoF) of
[91]. This measureagreeswith the Von Neuman entropy for pure states and it
can easily be calculated from the covariance matrix. It is given by:

GEoF(�) = c+ (�) log2[c+ (�)] � c� (�) log2[c� (�)] (4.33)

where c� (�) = (� � 1=2 � � 1=2)2=4 and

� 2 = Var(x̂a1 � x̂a2)Var(p̂a1 + p̂a2) = 
 sd
a;22
 sd

a;33 : (4.34)

Note that the small � approximation:

GEoF(�) � log2

�
1
�

�
+

1
ln 2

� 2 (4.35)

showsan error of 10� 5 at � = 1=100,0.001at � = 1=10, and only 1%at � = 1=5
so it is widely applicable. From equations (4.31) and (4.32) � 2 can be shown to
be

� 2 =
1

(1 + � 2
t )2 � � 4

t
� 2 sin2(� )

(4.36)

which tells us that the entanglement will scale as log2(� 2
t ) = 2 log2(� t ) with

rotation and with log2(� t ) without rotations. The factor of two is exactly what
oneshouldexpect sincerotations enableusto squeezeboth quadraturescompared
to squeezingonly one of them. This e�ect was also observed in [80].

In Fig. 4.4 we show the entanglement plotted as a function of � t and � . As
can be seen,the transition from the static to the rotated regime occurs before
one full revolution is reached. That is, given a total interaction time, t, there is
no real gain in choosing the frequency larger than ! crit = 1=t. This arisesfrom
the fact that we measureP̂ac cos(� ) + P̂as sin(� ) and this operator commutes with
the operators measuredat all previous times (other valuesof � ). It is therefore
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Figure 4.4: 3D plot of GEoF as a function of the accumulated interaction strength � t

and the rotated angle � . The plot clearly shows that the transition from the static to the
rotated regime has occurred already before one full revolution of the atomic spins has
taken place. In both the static and the rotated regions we clearly seethe logarithmic
behavior of the GEoF as a function of � t .

the accumulated measurement on each quadrature that counts and this will not
bene�t from many rotations compared to a single rotation at a slower rotation
frequency. In our experiments � L � 320kHz and Tprob e � 1ms so the spins will
rotate several hundreds of times in one pulse and the results are thus �rmly
obtained in the ! independent regime.

We alsonote that the level of entanglement in Fig. 4.4 is of the order of unit y,
so there is roughly the sameamount of entanglement in the macroscopicsamples
as in a single spin singlet.

4.4.2 Arbitrary Rotation Frequency with Noise

We would now like to determine the e�ect of noisefrom spontaneousemissionon
the resultsof the precedingsection. Again this is doneasprescribedby Eq. (4.20)
with D1 = diag(� 1; � 1; 0; 0; �; � ), �D1 =

p
1 � D1 and 
 noise;1 = diag(� ; � ; 0; 0; 1; 1)

for the interaction with the �rst sampleand similarly D 2 = diag(0; 0; � 2; � 2; �; � ),

 noise;2 = diag(0; 0; � ; � ; 1; 1) for the second. Becauseof the decay of the mean
spin both the noise terms and the interaction strength becometime-dependent
- � (t) = 2e� t and ~� 2(t) = ~� 2(0)e� � t - which complicates the solution of the
dynamics immensely.

The di�eren tial equation for the correlation matrix in the sum/di�erence basis
with dissipation included is:

d
 sd
a

dt
= (~r � � =2I 4)
 sd + 
 sd (~r � � =2I 4)T + ~A � (1 � � )~� 2
 sd ~B (
 sd )T ; (4.37)
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where

~A =

0

B
B
@

~� 2(1 +
p

1 � � ) 0 0 0
0 ~� 2(1 �

p
1 � � ) 0 0

0 0 0 0
0 0 0 0

1

C
C
A + � � (t)I 4 (4.38)

~B =

0

B
B
@

0 0 0 0
0 0 0 0
0 0 1 +

p
1 � � � �=2 � �=2

0 0 � �=2 1 �
p

1 � � � �=2

1

C
C
A ; (4.39)

where terms �� have been neglected compared to � and
~r = ! � [anti � diag(� 1; � 1; 1; 1)], starting from the lower left corner.

Without rotations the Ricatti Eq. (4.37) can be solved exactly. To lowest
order in � the two components involved in the measurement give:


 sd
11 = Var(x̂a1 + x̂a2) = e� � t [e2� t + 2�� t] (4.40)


 sd
33 = Var(p̂a1 + p̂a2)

= e� t � + 1 + e� 2� t� (� � 1)
� + 1 + � (2 � 3� ) + e� 2� t� )( � � 1 � � (2 � 3� ))

(4.41)

where � =
p

1 + � (4 � 3� ). The two remaining components increaseexponen-
tially , 
 sd

22 = e� t + �
2 ~� 2te� � t and 
 sd

44 = e� t . For 
 sd
33 the further approximation

��e � t� � 16� was made. In Fig. 4.5 the absolute di�erence betweenEq. (4.41)
and the full result is plotted as a function of � t for � = 100 and for � = 1000
(� = (2:5=700)2� for both). As can be seen,the error starts to increaseexponen-
tially at a critical value. Sincethe covariancematrix is calculated by sequentially
treating the interaction with very short pulse segments the dynamics includes
correctly the e�ect of the decaying mean spin and the full result is valid beyond
the � t � 1 approximation which has so far beenlimiting.

The sameanalysis can be performed for decoherencetowards the CSS. For
this � is independent of time and � = 1. Letting for simplicit y � = 0 we get the
squeezedquadrature:


 sd
33 =

� + 1 + e� � t� (� � 1)
� + 1 + � + e� � t� (� � 1 � � )

; (4.42)

where we note the similarit y to Eq. (4.41) except for the factor e� t .

4.4.3 The Strongly Rotated Regime

In Sec. 4.2 the entanglement for two strongly rotated atomic sampleswas calcu-
lated basedon the QND interaction (2.34) and noise decoherencewas included
through a single step for the entire pulse. Thus, the solution was only valid in
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Figure 4.5: The absolute error between 
 sd
33 from the full solution to the di�eren tial

equation (4.37) without rotations and the approximation, Eq. (4.41) vs. � . Dashed:
� = 1000. Solid: � = 100. � = 1:3 � 10� 5 � .

the � t � 1 regime. Following the methods of the previous sectionsa di�eren tial
equation for the time evolution can instead be derived:

d
 a

dt
= � � 
 +

�
� 2 + � � 0

0 � �

�
� � 2(1 � 2� )
 a

�
0 0
0 1

�

 a (4.43)

When this is inserted into the Ricatti equation with exponentially decreasing� 2

and � (t) = 2e� t we can derive the unapproximated solution:


 a =

 
e� t + � 2te� � t 0

0 e� t � 0+1+ e� 2 � 0� t ( � 0� 1)
� 0+1+ � (1 � 2� )+ e� 2 � 0� t ( � 0� 1� � (1 � 2� ))

!

(4.44)

where � 0 =
p

1 + 2� (1 � 2� ). Letting � ! �=2 this expressionis identical to the
one derived in [87] for spin squeezingin a single samplewithout a bias magnetic
�eld. In the limit of small � t the anti-squeezedcomponent reducesto the one in
Eq. (4.13), whereasthe squeezedcomponent reducesto:


 a;sq �
1 � � t� 0+ 2� t

1 + (1 � 2� )� 2 � � t� + � t
: (4.45)

Here the additional constraint 2� t� 0 � 1 was also applied. We seethat this
resembles but is not identical to the single shot result in Eq. (4.13). In Fig. 4.6
the full solution and the �rst and third order expansionsin � t are compared to
the single shot result for � = 20. As expected the �rst order expansion shows
large deviations after � � 0:01 corresponding to the point at which the constraint
2� t� 0 � 1 fails. The secondorder expansionliescloseto the singleshot expression
so we have to go to third order to get an improved results. This shows that the
single shot expressionis quite useful, however, as can be seenit should not be
trusted beyond � � 0:05.
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Figure 4.6: Comparing the squeezingpredicted by the full solution (solid) and �rst
(dash-dotted) and third order (dashed) approximations hereof with the prediction of
the simple single pulse theory (dashed). � = 20; � = 0

As in the previous section we also solve Eq. (4.43) for a T2 process. In this
casewe get the squeezedcomponent:


 a;22 =
~� + 1 + e� ~� � t (~� � 1)

~� + 1 + � (1 � 2� ) + e� ~� � t (~� � 1 � � (1 � 2� ))
(4.46)

where this time ~� =
p

1 + 4� (1 � 2� ).
As discussedin Sec. 4.3 loss of light in the �rst sample, represented by �

creates asymmetries between the two samples, which cannot be incorporated
into the QND formalism. We therefore formulate the di�eren tial equation based
on the single cell interactions which in Sec. 4.3 were usedfor the entire pulse as
a whole. In the sum/di�erence basis,where y1 = X̂ as and y2 = P̂ac, we obtain a
di�eren tial equation very similar to Eq. (4.43):

d
 a

dt
= � � 
 a+

�� 2

4

�
1 1
1 1

�
+

�
� 2(1 � � ) + � � 0

0 � �

�
� � 2(1� � )2
 a

�
0 0
0 1

�

 a :

(4.47)
The primary di�erence is the presenceof the matrix proportional to �� 2=4, which
intro duceso�-diagonal elements becauseof the non-symmetric coupling between
the two samples. This matrix makes the system extremely di�cult to solve
analytically sincee.g. the squeezingpart now contains a sum of an e� t term and
an e� � t term. Thus, the coe�cien ts in the di�eren tial equation can no longer be
madetime independent via a suitable transformation of the variables. Instead, in
Fig. 4.7 the maximal deviation of the numerical solution of Eq. (4.47) compared
to the solution of the di�eren tial equation based on the QND interaction, Eq.
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Figure 4.7: Error when using the two-cell QND interaction instead of the single cell
interactions maximized of � ranging from zero to one.

(4.44) over the range0 � � t � 1 is plotted asa function of � and � . As in the single
shot case(seee.g. Fig. 4.3) the QND solution systematically overestimatesthe
degreeof squeezing.The �gure can be interpreted in two ways. If the dominant
sourceof light lossis absorption � = (� =�) 2� and the �gure shows what happens
as the detuning is changed. Alternativ ely, if re
ection lossesdominate the �gure
shows how much worseit is to have half of the lossesbetweenthe cells compared
to having all of the re
ection lossesafter the cell. As can be seenthe reduction
in the degreeof squeezingcan be signi�can t even for moderate lossesbetween
the samples. Note also that it is the absolute error being plotted. The relative
error is much more dramatic. For instance, at � = 300 and � = 0:1 the QND
expressionpredicts a minimal variance of 0.10, whereasthe expressionobtained
from the single cell interactions predicts 0.20.
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CHAPTER 5

Exp erimen tal Metho ds

In this chapter we describe the typical setup for our experiments. It is centered
around two glasscells�lled with cesiumvapor at room temperature placedin two
separatemagnetically insulating shieldswith a bias magnetic �eld inside. Atoms
in the cells are optically pumped, and we discuss technical details concerning
the pumping lasers and the probe laser used for the the interaction with the
atoms. Applying an RF magnetic �eld with the frequency equal to the Larmor
frequency of the bias �eld. the spin state can be manipulated. We discusshow
this can be used to investigate the degreeof optical pumping and the di�eren t
sourcesof decoherence.Finally we describe the experimental determination of
the projection noise level.

5.1 A tomic System

In our experiments the atomic system consistsof about � 1012 133Cs atoms at
approximately room temperature. 133Cs has a nuclear spin of I = 7=2 which
together with the single unpaired electron gives a hyper�ne split ground state
with total angular momentum F = 3 and F = 4. The relevant level schemecan
be seenin Fig. 5.1. This element is interesting partly becausethe ground state
transition is usedto de�ne the unit of time and partly becauseof the availabilit y
of lasersat the appropriate wavelengths.

During the past yearswe have usedseveral di�eren t designsfor the glasscells
containing the atomic vapor. In Fig. 5.2 the type used for the generation of
unconditional entanglement (Sec. 6.2) and the quantum mapping experiment
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Figure 5.1: The relevant level structure of 133 Cs along with the frequenciesof the three
lasers used in our experiments.

(chapter 7) is shown on the left and the new design used for the teleportation
experiment (chapter 8) on the right. The former is non-cubic with a total inside
volume of 18 � 1cm3 and has an e�ectiv e crosssectional area of Ae� = 6:0cm2.
The windows are not optically 
at, which is why a new generation had to be
manufactured for the teleportation experiment, where an interferometer was re-
quired. The new cells are cubic with an inner volume of (2:2cm)3 � 10:6cm3.
Both generations have a "�nger" attached. Inside this, there is a reservoir of
solid cesium, which acts as a source for the cesium vapor in the main part of
the cell. The two sections are divided by a small opening with a typical size
smaller than a millimeter. The temperature of the �nger determines the vapor
pressurein the cell and thereby the sizeof the macroscopicspin Jx (proportional
to the number of atoms) with which we interact. To changethe vapor pressureby
about a factor of three merely requires a temperature changefrom e.g. 20� C to
30� C. The temperature is controlled via a well distributed air
o w. This method
is chosenbecausemetal heating/cooling elements causesevereproblemssincethe
atoms are disturb ed by random magnetic �elds createdby thermal currents even
if aluminum is used(see[1]).

In our experiments, the quantum signal is encoded in the magnetic sublevels
of a ground state hyper�ne level. Thus, the atomic sample has to be highly
shielded from the environment, since even small magnetic gradients acrossthe
cell volume will causethe individual atoms to dephaseand thereby the quantum
signal to be lost. Di�eren t measuresare taken to protect the quantum state of the
atomic system(seeFig. 5.2). First, the outer shielding is achieved by placing the
atomic sample inside cylinders made of magnetically shielding material (dubbed
� -metal becauseof its high magnetic susceptibility). In fact, the shielding mount
consistof multiple consecutive layersof � -metal and iron in order to optimize the
shielding. In this way external �eld can be damped by approximately a factor
100.
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Figure 5.2: a) Two generations of the glass cells containing the cesium vapor. To
each, a stem is attached containing a reservoir of condensed cesium. b) The inner
cylinder containing the vapor cell and the RF-coils used for state manipulation (see
Sec. 5.3). c) The aluminum cylinder onto which bias �eld coils and magnetic �eld
gradient compensation coils are wound. d) The outer shielding consisting of � -metal.

Just inside the magnetic shielding we have an aluminum cylinder upon which
multiple Helmholtz and anti-Helmholtz coils are attached. In this way a bias
magnetic �eld is created along the desired direction of the macroscopicspin (in
our casethe x-direction) and magnetic �eld gradients are actively canceled.

The last layer of protection consists of a para�n coating on the inside of
the vapor cells. This acts as a bu�er and strongly suppressesdepolarization as
well as dephasing when atoms hit the walls. Despite the fact that the atoms
move at a velocity vr ms; 3D =

p
3kB T=mC s � 235m=s and thus collide with the

walls once every 100� s, we have measuredmean spin life times � 300ms, spin
coherencetimes � 40ms, and spin polarizations exceeding99% by the methods
described in Sec.5.3.1. Further information on para�n coatedcellscan be found
in [92, 93, 94].

5.2 Lasers and Ligh t Characterization

5.2.1 Pump Lasers

In the experiments wewish to optically pump all atoms into the mF = 4 magnetic
sublevel of the F = 4 6S1=2 ground state. We do this primarily by sendinga � +

polarized laser resonant with the 894nm 6S1=2 F = 4 ! 6P1=2 F 0 = 4 transition
(D1-line) through the atoms. We call this laser the optical pump laser (see
Fig. 5.1). With the chosen polarization it will drive � m = +1 transitions.
Subsequently the atoms will spontaneously decay to the ground state through
� m = � 1; 0; +1 transitions. On averagethis will pump the atoms in the ground
state towards the extreme mF = 4 state, which is a dark state since there is
no F = 5 hyper�ne level in the 6P1=2 manifold. During the pumping process,
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Figure 5.3: a) The home built laser setup for the pumping diodes. b) A schematic
showing how a part of the pump beams is split o� for the saturated absorption lock.
The remaining light is passedthrough an AOM and the �rst order spot is used for the
experiment. Thus controlling the AOM, the pump beamscan be turned on and o�.

however, someof the atoms decay into the F = 3 ground state. Therefore we
intro duce the repumpinglaser, which is also � + polarized and resonant with the
852nm 6S1=2 F = 3 ! 6P3=2 F 0 = 4 transition (D2-line)(see Fig. 5.1). In this
way atoms are pumped back into F=4 and very high degreesof optical pumping
into the desiredstate can be achieved. In addition, controlling the power in the
repumping laserwe can to someextent control the number of atoms in the F = 4
ground state and hence the number of atoms participating in the interaction
with the probe light. This is a valuable tool when investigating the scalingof our
quantum signalswith the number of atoms.

As shown in Fig. 5.3 both pumping lasersare home built basedon di�rac-
tion grating stabilization in the Littro w con�guration such that the �rst order
di�raction is re
ected directly back into the laser diode. The di�raction grating
has 1800lines per millimeter. The bare laser diode is anti-re
ex coated and can
be purchasedfrom Eagleyard Photonics GmbH in Germany. The output power
of each laser is in the vicinit y of 30mW.

We wish to lock both lasers to an atomic resonance.At room temperature,
however, the atomic motion causessigni�can t Doppler broadening, which means
that each line is transformed into a Gaussianpro�le with a width (seee.g. [66]):

� � D ;H W H M =
� 0

c

�
2kB T

mC s ln 2

� 1=2

� 188MHz ; (5.1)

where c=�0 = � = 852nm and we let T = 295K . This is of coursemuch too wide
for a useful lock. The problem can be overcome via the method of saturated
absorption spectroscopy [95, 96, 97]. As sketched in Fig. 5.3 a small part of the
beamis split o� and sent through a cesiumvapor cell. After the passage,the beam
is attenuated and re
ected o� a mirror and passesthrough the cesium sample
again. The transmitted power is then detected. If the laser frequency is within
the Doppler pro�le certain velocity classesof the atoms will be resonant with
the light. In the secondpassagethe Doppler shift has reversedsign and hence
the light will be resonant with the classesof atoms moving with the opposite
velocity. This meansthat the weak beam will be absorbed. If however, the light
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Figure 5.4: Cesium saturated absorption spectroscopy. The detuning is de�ned relativ e
to the F = 4 ! F 0 = 5 transition blue detuning being positive. Below the error signal
generated via the Pound Drever Hall technique. All six expected peaks are visible.

is tuned exactly to an atomic resonancethe samevelocity classof atoms (zero
velocity) will be resonant for both passages.The result is a strong reduction in
the absorption of the weakbeamcausedby the atomic saturation induced by the
strong beam(seeFig. 5.4). In addition, peaks(called cross-over resonances)will
appear exactly halfway between two resonancesbecauseatoms with a certain
velocity will be resonant with one transition for the �rst passageand with the
other for the second. In total, for e.g. the 852nm D2 line there will be six
resonanceswithin the Doppler pro�le both starting from the F = 3 and the
F = 4 ground states. In this way structure with a resolution approaching the
natural line width � FWHM = 5:22MHz can be observed.

The saturated absorption signal is not, however useful as an error signal for
a laser lock sincewe wish to lock to the center of the peak and an excursion to
either side produces the samechangesin the signal. Using the Pound-Drever-
Hall technique [98, 99] a signal that inverts sign when crossingthe resonancecan
be derived. In this technique the laser frequency ! c is modulated weakly with
somefrequency ! to create sidebandsat frequencies! c � ! around the carrier
frequency! c. When the light passesthrough an absorbingatomic medium and is
subsequently detectedthe photo current will contain a component oscillating with
e.g. sin(! t) proportional to the di�erence in the absorption of the two sidebands
and a component oscillating with cos(! t) proportional to the di�erence between
the phase shift of the carrier and average shift of the two sidebands. If ! is
small comparedto the atomic structure observed the former corresponds to the
derivative of the absorption whereas the latter is the secondderivative of the
dispersion. If the photo current is mixed with a sin(! t + � ) signal either one
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Figure 5.5: a) A picture of the Ti:Sapphire laser used as a quantum probe the the
entanglement and quantum mapping experiments. b) A schematic showing how a small
fraction of the beam is split o� and sent through a �b er coupled EOM. This creates
sidebands one of which is then locked to the atomic resonance. Thus, the part of
the beam which did not pass through the EOM is detuned compared to the atomic
resonance. This light is then shaped temporally by another EOM and is subsequently
sent to the main experiment.

can be picked out with an appropriate choice of the phase� . In this way we can
generatesignalswith a sharp zero crossingat the resonancethat can be usedas
error signals in a feedback loop to the laser. Examples of such error signalscan
be seenin �gures 5.4 and 5.6.

The remainder of the pump light is sent through an acusto-optic modulator
(AOM). Here a crystal acts as an e�ectiv e di�raction grating for light via a
spatial modulation of the refractive index created by a piezoelectric transducer
oscillating at a frequencyof 125MHz. A di�racted beamemergesat anglesgiven
by sin(� ) = m�= (2�), where � is the wavelength of the sound wave and m is the
di�raction order. Using e.g. the �rst order spot, we seethat the light beam can
be turned on and o� by controlling the RF-power to the AOM. Alternativ ely, the
processcan be thought of as absorption of a phonon, which shifts the frequency
of the light in e.g. the �rst order beam by 125MHz.

5.2.2 Prob e Laser

For the quantum mechanical investigation of the interaction between light and
atoms we use a probing laser, which is detuned to the blue side (high � ) of the
852nm 6S1=2 F = 4 ! 6P3=2 F 0 = 5 transition (see Fig. 5.1). In order to
minimize absorptive e�ects the detuning has to be much larger than the Doppler
width, however, it also has to be much smaller than the hyper�ne splitting of
9GHz in order to solely addressatoms in the F = 4 hyper�ne multiplet. We
typically have detunings around 1GHz.

Experiments on unconditional entanglement (Sec. 6.2) and quantum mapping
(Sec. 7) were performed using the output of a commercial Microlase MBR-110
Ti:Sapphire laser, which is pumped by the 532 nm output of a solid-state diode
pumped, frequencydoubled Verdi V-8 laser. The Ti:Sapphire crystal is mounted
in a bow tie ring cavit y which is machined out of a monolithic block to reduce
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Figure 5.6: Saturated absorption signal of the part of the probe laser modulated to
create sidebands(here at 950MHz). To the left, the blue sideband is resonant with the
cesium atoms giving a red detuning and vice versa to the right.

the laser line width. It is further reduced down to ca. 100kHz via a lock to
an ultra stable external referencecavit y. The output of the Ti:Sapphire laser at
852nm is typically about 1W. As illustrated in Fig. 5.5 a fraction of the light is
split o� and sent through a �b er coupled electro-optic modulator (EOM), which
is modulated at a frequencybetween700� 1200MHz. This createssidebandsat
this frequency. Sendingthe light through an absorption saturation spectroscopy
setup we can shift the laser frequency to bring either the blue (high � ) or the
red (low � ) sideband into resonancewith the cesium cell, thereby creating a
controllable red or blue detuning respectively in the carrier propagating further
down towards the section of the table where the experiments are performed. An
absorption signal with 950MHz sidebandsalong with the derived error signal can
be seenin Fig. 5.6. Note that apart from the six peaksfor each band there are
also additional crossover resonancesbetweenthe bands. In our experiments we
typically lock to one of the resonanceson the right to a blue detuned carrier.

The beam is shaped into pulses of a desired temporal intensity pro�le by
sendingit through an electro-optic modulator (EOM). In an EOM the di�erence
in the index of refraction of the two optical axescan be controlled by applying a
high-voltage acrossthe EOM. Thus, if the optical axesare tilted 45� compared
to the incoming linear light polarization, the light polarization is preserved if
no voltage is applied and it is rotated 90� if an appropriate voltage is applied.
This means that with a polarizing beam splitter after the EOM, the light can
be turned on and o� via the applied voltage and henceany beam shape can be
realizedexperimentally (seeFig 5.5). The reasonfor using an EOM rather than
an AOM for the shaping of the probe beam is that it was found to be much
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less noisy at frequenciesaround 322 kHz, which is essential for obtaining the
necessaryquantum noise limited behavior at such frequencies. Both the AOMs
and the EOM are turned on and o� smoothly in order not to intro duceadditional
Fourier components around 322kHz.

For the light to atom teleportation experiment discussedin chapter 8 a TOP-
TICA distributed feedback (DFB) diode laser was used as probe laser instead
of the Ti:Sapphire. In a DFB diode, the frequency selective element - a Bragg
grating - is integrated into the active section of the semiconductor. Thus, single-
frequency operation and relatively high coherence(coherencelength 70-100m)
are obtained. The locking and pulse shaping for this laser is done exactly as for
the Ti:Sapphire laser.

The two lasers have extremely di�eren t noise characteristics. Every laser
contains a certain amount of amplitude noise. Via the balanced Ŝy detection
described in Sec. 5.2.3 such noise is suppressedby more than 20dB. In this way
SN-limited detection of the Stokescomponents is achieved. In Fig. 5.7 the result
of the balancedŜy detection (SN) is shown for the TOPTICA diode laser along
with the corresponding measurement using only a single detector. The latter
measurement is sensitive to both the SN and the amplitude noise. Shot noise
scaleslinearly with the light power and amplitude noise scalesquadratically. If
there was no amplitude noise present, the two curves would be identical. As
can be seen,there is an amplitude noisecomponent, which at 5mW amounts to
� 20% of the SN level. An equivalent measurement with the Ti:Sapphire laser
would show 10dB of amplitude noise. We know that the main sourceof this noise
is amplitude 
uctuations in the output of the Verdi pump. Toward the end of
2005 the amplitude noise increasedup to 20dB making it extremely di�cult to
obtain SN-limited performance. This is the main reason for the change to the
TOPTICA laser.

On the other hand, in terms of phase or frequency noise the situation is
reversed. The Ti:Sapphire has a linewidth � 200kHz, whereas the linewidth
of the TOPTICA is � 6MHz. Of course, when observing in a narrow band
around 322kHz this makes an enormousdi�erence. This turned out to be one
of the large experimental challengesin the teleportation experiment discussedin
chapter 8. Here the TOPTICA laserwasusedand sincethe experiment required
an interferometer, we observed conversion of phasenoise to amplitude noise to
such an extent that the light was no longer SN limited. As discussedin Sec. 8.3
this problem was overcomepartly by making the path length in the two arms of
the interferometer equal (white light position) and partly by drastically reducing
the power in one of the interferometer arms.

5.2.3 Detection of Polarization States

The Stokes parameters are measuredwith low intrinsic noise photo detectors.
We usehigh quantum e�ciency silicon photo diodesfrom Hamamatsu and home
madeampli�ers characterizedby negligible electronic noisecomparedto the shot
noiseof light at optical power higher than 1mW. In Fig. 5.8 a) we depict how the
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Figure 5.7: Light noise measurements performed on the TOPTICA probe laser at
various optical powers.. Crosses: balanced Ŝy detection (SN, see Sec. 5.2.3 for a
description of the measurement). Circles: single detector measurement sensitive to SN
and amplitude noise in the laser.

Ŝy -component of light is measured.Remembering the de�nition in Eq. (2.5), we
have to measurethe light in the � 45� basisand then subtract the two resulting
photo currents. The splitting into � 45� components is doneby �rst rotating the
incoming light by 45� with a �= 2 wave plate and then sending the light onto
a polarizing beam splitter. The light at each output is then detected and the
resulting photo currents subtracted. To measureŜz instead we �rst interchange
Ŝy and Ŝz using an appropriately aligned �= 4 waveplate and subsequently detect
Ŝy as just described.

Note that our method of detecting Ŝy and Ŝz and thereby x̂L and p̂L is
very closely related to the standard homodyne detection [100] of a weak beam
characterized by quadratures x and p (seeFig. 5.8 b)). There the weak signal
(â) is mixed with a strong classicallocal oscillator signal at the samefrequency
(Aei� ) on a 50:50beam splitter and the power in each output arm is detected:

i 1 =
1
2


�
Aei� + â

� �
Ae� i� + ây��

= A2=2 + Ae� i� 

(â + âye2i� )

�
+



âyâ

�

i 2 =
1
2


�
Aei� � â

� �
Ae� i� � ây��

= A2=2 � Ae� i� 

(â + âye2i� )

�
+



âyâ

�
:

(5.2)

From this we seethat taking the di�erence between the two givesa signal pro-
portional to x̂L with � = 0 and p̂L with � = � =2. The equationsalsodescribe our
implementation, where the local oscillator is supplied by the strong polarization
component in the light beam itself.
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Figure 5.8: a) The setup for measuring Ŝy . A pulse containing a strong classical
component in the vertical polarization and a weak quantum component in the horizontal
polarization is rotated 45� using a �= 2 waveplate. Then a polarizing beam splitter
splits the new horizontal and vertical components, which each are measured. Half of
the di�erence of the two photo currents is Ŝy . Adding a �= 4-retardation plate before
the �= 2 waveplate turns this measurement into a measurement of Ŝz component. b)
The conventional method for detecting the quadratures x̂L and p̂L of a weak quantum
beam.

By passing the di�eren tial photo current i (t) � i 1(t) � i 2(t) from a Stokes
measurement through a lock-in ampli�er we can detect the sine and cosinecom-
ponents at the Larmor precessionfrequency 
 L . Remember, that thesetogether
with the rotating frame transversespin components form the canonical variables
of interest (seeequations (2.32) and (2.33)). Practically, the current i (t) is split
into two parts which are multiplied by cos(
 LO t) and sin(
 LO t) respectively,
where 
 LO is a local oscillator frequency supplied by the lock-in ampli�er. This
createssignalsat the frequencies
 LO � 
 L and 
 LO + 
 L . The sum frequency
is �ltered out and the result is then integrated over the duration of the pulse.
If the two frequenciesare matched su�cien tly well (seeSec. 5.3.2), according
to (2.33a-d), with appropriate scaling, this exactly correspondsto measuringthe
x̂c and x̂s components of light. Correspondingly, in an Ŝz -detection we would
measurep̂c and p̂s. The e�ectiv e bandwidth of the measurement is �rst limited
by the peaked detectors,which havea responsewidth of � 15kHz. In Fig. 5.9 the
spectral responseof each of the two detectors necessaryfor an Ŝy detection are
shown along with the corresponding electronic noiselevel. The power is � 1mW
on each detector. As discussedat the end of Sec. 5.2.2 it is very important to
balance the responseof the two detectors in order to suppressamplitude noise.
For the balancing it is very important that the spectral responseof both detect-
ors is overlapped, since otherwise it is impossible to balance the detectors over
the entire measurement bandwidth.

The commercial lock-in ampli�er has a 10kHz �lter at the output. The ul-
timate bandwidth of the measurement is set by the integration over the pulse
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Figure 5.9: The spectral response of the two detectors used in the Stokes detection
along with the corresponding electronic noise level. Matching the spectral response of
the two is crucial for the suppressionof amplitude noise.

duration, which acts a an e�ectiv e low pass�lter of a few hundred Hertz. In the
future we may implement probing of the photo-current directly or the output of
the lock-in ampli�er, which would improve the temporal resolution and hence
enable us to measuretemporal modes other than the symmetric one (top hat
intensity pro�le in time) such as e.g. the one being imposed onto light in the
single cell interaction (Eq. (2.41)).

5.3 Magnetic Fields

As discussedin Sec. 2.5, our experiments are performed in the presenceof a
homogeneousmagnetic �eld in the direction of the macroscopicmean spin. The
interaction of atoms with a magnetic �eld is governed by the Hamiltonian

Ĥmag = gF � B J � B + O(B 2) ; (5.3)

where we remember that that J is the total angular momentum of the atom in-
cluding the nuclear spin. For the F = 4 ground state of cesium, gF � 0:2504.
The secondterm O(B 2) reminds us that the above linear equation is only approx-
imately true. When the magnetic energy becomescomparable to the hyper�ne
splitting of the ground state the responseis non-linear. At the magnetic �elds we
apply (� 1Gauss)this e�ect is very small but it still turns out to be an excellent
tool for probing the population distribution among di�eren t m� levels. This will
be discussedfurther in Sec. 5.3.1.

Adding a constant bias magnetic �eld Bx in the x-direction leads to the
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equationsof motion (2.26) with Larmor precessionat frequency
 L = gF � B Bx =�h.
It is convenient to remember the expressiongF � B =�h = 350kHz=Gauss. If we
furthermore add an RF magnetic �eld at frequency 
 along the y-direction such
that in the absenceof light

B ext = Bx ex + (Bc cos(
 t + � ) + Bs sin(
 t + � )) ey (5.4)

with constants Bc and Bs we may derive for the rotating frame coordinates Ĵ 0
y

and Ĵ 0
z of (2.25) that

@̂J 0
y (t)

@t
= � ! s sin(
 L t) sin(
 t + � )Jx ;

@̂J 0
z (t)
@t

= � ! c cos(
 L t) cos(
 t + � )Jx ;

(5.5)
with ! c;s = gF � B Bc;s =�h. Choosing the phaseand the frequencyof the RF-driv e
such that � = 0 and 
 = 
 L we obtain:

Jx (t) = Jx (0);
@̂J 0

y (t)

@t
= �

! sJx

2
;

@̂J 0
z (t)
@t

= �
! cJx

2
: (5.6)

Theseequationsare valid for interaction times T such that ! cT; ! sT � 1 � 
 T .
We seethat with pulses of RF-magnetic �elds we are able to change the spin
components Ĵ 0

y and Ĵ 0
z independently by an amount controlled by the sine and

cosinecomponents Bs and Bc. This hasseveral experimental applications, which
are discussedbelow.

5.3.1 Characterizing the Spin State with the Magneto-Optical
Resonance Metho d

Equation (5.6) describesthe intro duction of a deterministic non-zeromeanvalue
in the rotating frame transversespin components via the application of RF mag-
netic �elds. When such a state is probed by the Faraday interaction (2.28a)
the oscillating transversespin components intro duce an oscillating polarization
rotation in the optical probe. This e�ect is called the magneto-optical resonance
e�ect and is used extensively for spin state characterization in our experiment
as described in detail in [101]. In order to quantitativ ely explain the Magneto-
Optical ResonanceSignal (MORS) as the RF-frequency is scannedacross
 L , we
needto return to the secondorder term mentioned in Eq. (5.3). The singleatom
transversespin components |̂ y and |̂ z can be expressedin terms of coherences
�̂ m;m � 1 in the following way:

|̂ y =
1
2

X

m

p
F (F + 1) � m(m + 1)(�̂ m +1 ;m + �̂ m;m +1 );

|̂ z =
1
2i

X

m

p
F (F + 1) � m(m + 1)(�̂ m +1 ;m � �̂ m;m +1 ):

(5.7)

Another way to understand the buildup in the transverse spin components is
that a magnetic �eld transverseto the mean spin simultaneously drives � = 1
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Figure 5.10: MORS in arbitrary units for an atomic samplespumped by the repump
only (left), the repump and a very weak (� 25� W) optical pump (middle), and the
repump along with a strong (� 1mW) optical pump (righ t). Since the optical pump is
resonant with the atoms it broadens each resonance�̂ m;m +1 . Overlaid is the �t based
on a spin temperature model. From this we obtain orientations of 0.819, 0.948, and
� 0:99.

and � = � 1 transitions. This populates the �̂ m;m +1 coherences,which through
Eq. (5.7) createsthe buildup in the transversespin components. In the absence
of the secondorder term in (5.3) the energy separation �h
 L betweenstates jmi
and jm + 1i is the samefor all m and all terms �̂ m +1 ;m have the sameresonant
frequency. The secondorder term in (5.3), however, makesthe frequency of the
coherenceŝ� m +1 ;m slightly di�eren t for di�eren t values of m. It can be shown,
that the quadratic Zeemanfrequencydi�erence ! QZ between�̂ m;m +1 and �̂ m � 1;m

is ! QZ = 2
 2
L =! hfs where ! hfs = 2� � 9:1926GHzis the hyper�ne splitting of the

Cesiumground state. We typically have 
 L = 2� � 322kHzand the e�ect is small
(� 23Hz) but detectable.

In the special casethat the amplitude and frequency of the driving RF-�eld
vary slowly compared to the spin coherencetime, the o�-diagonal coherences
follow the diagonal populations adiabatically and we may write e.g. Ĵy as [101]

Ĵy = Re

"

const�
F � 1X

m = � F

[F (F + 1) � m(m + 1)] � ei 
 t

i (
 m +1 ;m � 
) � � m +1 ;m =2
[�̂ m +1 ;m +1 � �̂ m;m ]

#

(5.8)

where � m +1 ;m are the FWHM line widths giving an exponential e� � t= 2 decay of
each coherence.The Larmor frequency 
 L has been replacedby the individual
coherenceevolution frequencies
 m +1 ;m . For Ĵz we have to take the imaginary
part of the terms in square brackets of Eq. (5.8). We seethat two adjacent
magnetic sublevels act as a single two level system with the usual Lorentzian
response to a driving �eld. Scanning the RF frequency we get eight Lorent-
zian peaks(2F ), the magnitudes of which will depend on the populations of the
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magnetic sublevels. We de�ne the MORS as

MORS /
D

Ĵy

E2
+

D
Ĵz

E2
; (5.9)

which we from Eq. (2.28a) seeis proportional to the sum of the squareof each
of the two outputs of the lock-in ampli�er. This signal we analyze in a spin
temperature model in which the populations can be described by �̂ m;m / � m .
By determining � experimentally we can calculate the orientation of the atomic
sample

p =
1
4

4X

m = � 4

m�̂ m;m (5.10)

Three examplesof MORS taken with a very weak probe laser can be seen
in Fig. 5.10. In the �rst, the sample is only pumped by the repumping laser.
Sinceit is not resonant with the F = 4 atoms (seeFig. 5.1) it doesnot decrease
the life time of the coherences,which is thus determined primarily by collisions
and magnetic dephasing. The decoherencemechanismswill be discussedfurther
in Sec. 5.4. For now it is merely important that under these conditions the
individual peaksare well resolved and a reliable �t to the data can be obtained.
With this, we get p = 0:819. Next, the optical pump is turned on slightly . As
can be seenthis broadenseach peak to such an extent that they are no longer
individually resolved. They do, however, causean asymmetry in the signal that
enablesa �t. With only a few � W we get p = 0:948 - a signi�can t improvement
comparedto the previous result. The last signal shows the broadening with the
optical pump power typically used in the experiments (� 1mW). Note, that for
this plot the x-axis is rescaled.Using the methods discussedin [101] for strongly
broadenedsignals we can estimate the orientation to be � 0:99. Thus, in our
experiments only the outermost coherence(mF = 4 $ mF = 3) is signi�can tly
populated.

A secondapplication of the MORS method is that measuring the widths of
the resonancesunder di�eren t experimental conditions allows us to quantify the
e�ect of di�eren t decoherencemechanismsas discussedin Sec.5.4.

5.3.2 Manipulating the Spin State

The MORS is primarily taken with a continuous wave probe. We could however
also apply a short RF pulse in the pulsed setup. Choosing 
 = 
 L and n
appropriate phase,strength and envelope function of the RF-�eld we can create
and thus manipulate the mean value of either of the spins or any combination of
thesein the settings under which the actual quantum experiments are performed.
Experimentally we designthe magnetic pulse as

B i = Acontrol ;i ARF By (t) ; (5.11)

where i = c;s, B i was de�ned in Eq. (5.4), ARF controls the strength of the
RF-signal, By (t) is the envelope function determining the shape of the magnetic
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Figure 5.11: Observing the oscillat-
ing Faraday rotation of light to probe
the evolution of the spin state follow-
ing the application of a short magnetic
RF pulse prior to the �rst probe. � cl
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Figure 5.12: Observing the evolution
of the phasebetweenthe two outputs of
the lockin-ampli�er for the experiment
as in Fig. 5.11. A constant phase cor-
respond to 
 L = 
 LO .

pulse, and Acontrol ;i are overall weight factors. This has two applications. First,
we can actively feedback the result of a quantum probing of the spin state, thus
creating a particular desiredstate. This is the keystoneelement for the creation of
deterministic entanglement, discussedin Sec. 6.2, and for the quantum mapping
experiment discussedin Sec. 7.

Secondly, if Acontrol is set to a large DC value it enablesus to create a large
classical mean value in the transverse spins and observe the evolution of this
state.(Note, that the shift is large compared to CSS distribution but still ex-
tremely small compared to the macroscopicmean spin.) An example of this is
shown in Fig. 5.11. Here, a magnetic pulse is applied prior to the �rst probe
and the decay of the created state is observed during each probe. From this we
can extract the characteristic decoherencetime T2, which as we shall seein Sec.
5.4 can be related directly to the width of the MORS. A rough estimate of the
decoherencefrom one pulse to the next, � , which was discussedin the context
of entanglement estimation in Sec. 3.4, can be calculated by taking the ratio of
the mean values of each pulse as indicated in Fig. 5.11. It is related to T2 by
� cl � 1 � t=T2. Note, that we usethe subscript "cl" becausewe only observe the
decay of a classical state. As we shall seein Sec. 6.2 the decay of a quantum
mechanical state can be faster becauseof atomic motion. This is also discussed
in detail in App. A.2.

In Fig. 5.11we plotted the modulus of the two outputs of the lockin-ampli�er

R(t) /

r D
Ĵy

E2
+

D
Ĵz

E2
, which is insensitive to rotations between the two.

These can be observed if we instead plot the relative phase between the two
outputs of the lockin-ampli�er. If 
 LO is not matched precisely to 
 L the signal
will oscillate between Ĵy and Ĵz with frequency 
 L � 
 LO and correspondingly
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the relative phasewill grow as(
 L � 
 LO )t. In this way, changing either the bias
magnetic �eld or the frequency of the local oscillator the two can be matched
precisely by making the phaseevolution 
at in time. This we could also have
done observing the MORS and placing the strongest peak at 
 L . A much more
crucial application arisesbecause- as discussedin App. C - terms proportional
to a2 in the e�ectiv e Hamiltonian (2.20) intro duce an intensity dependent Stark
shift of the atomic coherences.This meansthat 
 L cannot be overlapped with

 LO both in the presenceand in the absenceof light. To solve this problem we
have an additional Helmholtz coil in the x-direction and senda current through
when the light is on in order to compensatefor the Stark shift. The adjustment
of the necessarycurrent can only be done observing the phaseevolution. In Fig.
5.12 we show the phaseevolution both with and without the Stark shift com-
pensation in the situation where 
 L = 
 LO in the absenceof light. Without the
compensation we get a phaseevolution of � 90� , which corresponds to a Stark
shift of 125Hz. Since the shift is in opposite directions for the two samples(see
Eq. (C.6)) the mismatch betweenthe two is comparableto the bandwidth of our
detection, sothis is a quite signi�can t e�ect. With the compensationwe can keep
the phaseconstant within 5 degreesgiving a maximal frequencymismatch of 7Hz.
Note that when the probe pulse is o� there is no signal on the lockin-ampli�er
and the phaseis consequently ill de�ned.

5.4 Decoherence

As mentioned earlier, all atoms are optically pumped into an extreme Zeeman
sublevel with the x-axis asquantization axis. A conventional way of categorizing
sourcesof decoherenceis according to whether they a�ect the magnitude of the
spin along this axis or merely along transversedirections. The appropriate life
times of theseare called T1 and T2 and de�ned as:

Jx (t) = e� t=T 1 Jx (0) and Jtrans (t) = e� t=T 2 Jtrans (0) (5.12)

in the absenceof additional interactions. Apart from the e�ects causedby the
probe light the dominant processesare collisions with the walls and other atoms
giving T1 � 300ms. The presenceof the bias magnetic �eld is extremely import-
ant for the life time becauseit imposesan energy barrier against spin 
ipping
transitions. Experimentally we have found a dramatic dependenceof T1 and
the bias �eld up to � 0:1Gaussafter which it is more or less constant. With
our B = 0:92Gausswe are safely in the constant regime. Even though the
probe detunings are quite high in our experiments (700-1200MHz) making the
desired refractive Faraday interaction dominant by far, the small probabilit y of
absorption still reducesT1 by about a factor of 2 depending on probe power and
detuning. It is, however, still very large compared to typical probe durations
(0.5-2 ms).

The lifetime of the transversespin components, however, turns out to be much
more critical for our experiments. As can be seenfrom Eq. (5.7) the transverse
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Figure 5.14: Line width of the � 34 coher-
encein the MORS as a function of atomic
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fact that the slopes are not equal reveals
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spin components are determined by coherencesbetweenmagnetic sublevelsin the
x-basis. Therefore anything that a�ects the lifetime of Jx will also a�ect T2. In
addition, however, the total transversespin components are alsosensitive to ran-
dom phasechangesin each atom. As discussedin Sec. 5.3 we can usethe widths
obtained in MORS signalsin di�eren t experimental settings to quantify and sep-
arate the e�ect of di�eren t decoherencemechanisms. The FWHM obtained from
such signalsare related to T2 by:

� trans [Hz] =
1

� T2[s]
(5.13)

We can separatethe mechanismsinto two main categories:someare mediated by
the probe light and the rest are independent of the presenceof the probe. Starting
with the latter, thesecombine to a decay rate, � dark , and consistmainly of phase
changing and spin-
ip collisions with the walls and other atoms and random
phasechangesbecauseof atomic motion through inhomogeneousmagnetic �elds.
The e�ect of theseare reducedby the para�n coating on the inside of the glass
cells, the dilutenessof the atomic sample,and the application of additional DC-
magnetic �elds to cancel �eld gradients. To determine � dark we measure the
width of the mF = 3 $ 4 coherencefor di�eren t probe powers and �nd the
residual width in the absenceof light. An exampleof this is shown in Fig. 5.13.
As canbeseen,weobtain a width of the order of 12Hz corresponding to a lifetime
of the transversespin of T dark

2 � 27ms. At very low densities, � dark as low as
5 Hz has beenobserved. We seethat this will limit but not completely destroy
correlations between two subsequent pulsesin e.g. an entanglement experiment
as described in Sec.3.

Turning to the probe induced decoherencemechanisms,we have already men-
tioned absorption and subsequent spontaneousemissionin the discussionof T1.
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Adding this e�ect to the other decoherencemechanism, we would expect a total
decoherencerate of the general form:

� ideal = a + b� � + c� P ; (5.14)

� is the atomic density, P is the light power, and a, b, and c are coe�cien ts, which
can be determined experimentally . If � is plotted vs. � we would expect a line
with constant slope b and o�set determined by the optical power. In Fig. 5.14
we show measurements of the decoherencerate vs. atomic density for di�eren t
optical powers. The results clearly contradict the simple model of Eq. (5.14),
since the slope grows with increasing power. It turns out that the experiments
�t a model:

� exp = a + b� � + c� P + d � � � P ; (5.15)

where the sizeof the expected pure power broadening term, c, agreeswith solu-
tions of the Maxwell-Bloch equations for the full multi-lev el atomic system in
the presenceof Doppler broadening. The last term could represent light induced
collisions,but a clear theoretical understandingof the nature of theseis still miss-
ing. For the experimentally relevant densities and powers this term contributes
around 30 Hz of broadening and is thus the main source of decoherence. We
stressthat this is a pure T2 processsincewe do not observe similar featureswhen
investigating the decay of the longitudinal spin. Hence, the atoms practically
decay towards the fully polarized state, i.e. the coherent spin state. This was
also assumedimplicitly in the inclusion of decoherencefor the entanglement and
quantum mapping protocols in Sec.3.4, where decoherencewas modeled by an
admixture of a vacuum state with the samevariance as the coherent spin state.

The line width asa function of the density such asFig. 5.14hasbeenmeasured
for several di�eren t detunings. The result can be seenin Fig. 5.15 in a log-log
plot. The linearit y means that the light induced collisions obey a power law
� LIC / � � 3:84(17) . The high exponent is quite unexpected since it suggestsan
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Figure 5.16: Generic experimental cycle. There will always be a pump pulse initializing
the spin in the CSS, and two probes. We have the option of applying an RF magnetic
pulse before each probe. The �rst is used for state diagnostics, whereas the second is
used for quantum feedback. In the mapping experiment a � =2 pulse in X̂ a P̂a-space is
used to retrieve information about X̂ a instead of P̂a . The duration from the end of the
feedback pulse till the start of the secondprobe will constitute the storage time.

exotic interaction type such as collisions between two excited atoms. Work is
currently going on to determine the nature more precisely of these interactions.
On the other hand the exponent is encouragingsinceit meansthat the e�ect of the
light inducedcollisionsshould fall o� much more rapidly than the desiredFaraday
interaction. Whether this bene�cial scaling can be exploited experimentally is
currently under investigation.

5.5 Exp erimen tal Cycle

All our experiments are basedon a genericprobing sequencewhich is illustrated
in Fig. 5.16. The experimental cycle starts with optical pumping, which is
supposedto eraseany trace of the �nal state of the previouscycleand preparethe
atomic system in the completely uncorrelated coherent spin state. The e�ect of
the optical pumping on existing coherencescan be calculated by inserting widths
found in MORS such asFig. 5.10(right) into Eq. (5.12). During optical pumping
wetypically have� = 500� 1000Hzgiving characteristic times of T2 � 0:3� 0:6ms.
This meansthat during a typical optical pumping period of 4ms only a fraction
e� 4=T2 [ms] of the state after a previous cycle will be present in the next cycle.

Following the pump pulsewe have the possibility of creating a non-zeromean
value in either or both of the atomic quadratures by the application of an RF
magnetic pulsetypically of duration 200� s. This is primarily usedfor diagnostics
such as e.g. the Stark shift compensation discussedin Sec. 5.3.2and it is absent
for the main experiments of this thesis.

Next a 0.5-2ms probing pulse is sent through the atoms. As described in
Sec. 5.2.3Ŝy (t) is measured,processedin the lock-in ampli�er, and subsequently
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integrated over the duration of the pulse. In the end a single number for each
of the cosine and sine quadratures is stored in the computer. After this we
have the possibility to do atomic state manipulations, either by shifting the state
via another 200� s RF pulse or by performing rotations between x̂a and p̂a by
applying an additional DC bias magnetic �eld, which will speedup or slow down
the Larmor precession. The pulse sequenceends with a secondverifying pulse,
which is identical to the probing pulse. All together, a typical measurement cycle
lasts around 10ms.

Thus, the result of a single experimental cycle will be four numbers stored in
the computer. To determine the varianceof Ŝy we repeat the measurement cycle
10,000times. We have chosenthis number becauseit reducesthe statistical error
in the calculated variance to an acceptablelevel (� 1:4%), while still minimizing
drifts in the experimental setup.

5.6 Pro jection Noise Level

Sincethe Heisenberg uncertainty relation setsthe starting point of all our calcu-
lations, one of the most important tasks in our experiments is the achievement
of quantum noiselimited performance. Practically, it is also oneof the most dif-
�cult tasks. When we detect polarization states of light we observe noise in the
signals. After the light has passedthe atomic samples,there is a contribution to
this noisefrom the light itself and from the atomic spins. The noisecontribution
from atoms in the minimum uncertainty state (the coherent spin state) is called
projection noise.

We discussedthe ratio of the projection noise to the quantum noise of light
(shot noise) already in Sec.3.2. We found that theoretically this ratio should be

� 2 = a2Jx Sx T: (5.16)

The ratio � 2 camefrom the canonical interaction equations (2.34a-d) and a was
de�ned immediately below Eq. (2.24d). In the present section we discusshow to
determine this projection noiselevel experimentally and how to predict the noise
level from independent measurements.

5.6.1 Measuring the Macroscopic Spin

The ratio of projection noiseto shot noiseis proportional to the macroscopicspin
Jx . This linearit y is the �ngerprin t of quantum noise and is essential to verify
experimentally . For this we needa good measureof Jx .

Weknow that in the by now familiar Faraday interaction the light polarization
is rotated by an amount proportional to the atomic spin in the direction of
light propagation. Obviously this e�ect can also be utilized for measuring the
macroscopicspin by letting a linearly polarized laser �eld propagate through the
atomic samplesalong the x-direction. To seewhat happens in this setting we
considerequations(2.22) and (2.23). Theseequationsassumepropagation along
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Figure 5.17: Measured Faraday angle vs. detuning

the z-direction sowe assumethe spin to be polarized along the z-direction in the

following. For linearly polarized light we have
D

Ŝz

E
= 0 and the mean valuesof

the transversespin components |̂ x , |̂ y are una�ected. We know, however, that
the noise properties are changed so to avoid this we keep the intensity of the
beam extremely small. It can easily be shown that the a0 and a2 terms of the
Hamiltonian (2.20) play no role in this calculation. We are left with the evolution
of Ŝx and Ŝy according to Eq. (2.23) and after integration over the sample we
�nd

Sout
x = Sin

x cos(2� F ) � Sin
y sin(2� F );

Sout
y = Sin

x sin(2� F ) + Sin
y cos(2� F );

(5.17)

where \in" refers to the polarization state before the sampleat z = 0 and \out"
refersto the state after the sampleat z = L . The angle� F is given by (in radians)

� F = �
a1
 � 2�L

32� �
� ĥ| z i : (5.18)

If a linearly polarized beam of light is rotated by the angle � , the Stokesvector
is rotated by 2� . Thus, in the above, � F is the polarization rotation caused
by the spin orientation along the direction of light propagation. We note that
the angle � F depends on the density � of atoms times the length L that the
light traverses.We wish to re-expressthis in terms of the macroscopicspin size
Jz = Nat ĥ| z i of the entire sample (remember we have the spins polarized along
z in this discussion). To this end we note that Nat = �V � �A cell L where V
is the vapor cell volume and Acell is the area of the vapor cell transverseto the
beam direction. This will be an e�ectiv e area for cells that are not exactly box
like. Returning to the usual convention of spin polarization along the x-axis we
then rewrite Eq. (5.18) as

� F = �
a1
 � 2Jx

32� Acell �
: (5.19)
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Using 
 =2� = 5:22MHz and � = 852:3nm we get:

� F [deg] = �
a1Nat � 8:64� 10� 8

Acell [cm2]�[MHz]
: (5.20)

In Fig. 5.17 the dependenceof the Faraday angle on the detuning is tested. As
can be seenwe �nd very nice agreement with the theoretical prediction.

5.6.2 Predicting the Pro jection Noise Level

Now, let us return to the predicted ratio of projection to shot noise(5.16). This
prediction relieson equations(2.24a-2.24d)which are derived under the assump-
tion that all atoms in the sample interact with the laser beam which has a cross
sectionalareaA. In experiments the laser beamdoesnot intersect all the atoms.
In appendix. A we show that the random motion of atoms in and out of the beam
modi�es the expected variance of the transversespin components Ĵy and Ĵz by
statistical e�ects from the usual Jx =2 to p2(1 + � 2)Jx =2 where p = A=Acell is the
mean time of an atom inside the laser beam and � 2 is the relative variance of p.
We furthermore present a simple model for p and � and show that the atomic
motion acts as an e�ectiv e sourceof decoherencebetweentwo probe pulses. We
incorporate atomic motion into Eq. (5.16) by replacing A with Acell in the factor
a and multiplying the whole expressionby 1 + � 2. We then �nd

� 2 = a2Jx Sx T � p2(1 + � 2) =
�



8Acell �

� 2

2�
a1

� 2

Jx Sx T(1 + � 2)

=
(1 + � 2)
 � 3a1P � T � � F

32� 2Acell �� hc
:

(5.21)

In the last step we replaced Sx = �= 2 = P=2�h! = P�= 4� �hc where P is the
optical power. We also inserted Eq. (5.19) to express� 2 as a function of � F .
However, we must remember that the area Acell in (5.19) refers to the transverse
area for a beam propagating in the x-direction while the Acell from the relation
p = A=Acell refers to the transversearea for a beam along z. Hence, the last
step above is valid for a vapor cell of cubic symmetry only, but it can still be
an irregularly shaped cell. In other casesthe generalization is straightforward.
We have reached an expressionfor � 2 in terms of convenient parametersfrom an
experimental point of view. With 
 =2� = 5:22MHz and � = 852:3nm we obtain
our �nal theoretical estimate for the projection to shot noise ratio expressedin
convenient units:

� 2
th =

56:4 � P[mW] � T [ms] � � F [deg] � a1(�) � (1 + � 2)
Acell [cm2] � �[MHz ]

; (5.22)

where a1(�) was de�ned in Eq. (2.21).
As discussedin chapter 4 a conventional way of writing the interaction strength

is in terms of the optical depth on resonance� and the depumping parameter
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exp =� 2
th =

1 + 0:47(13)=T[ms].

� T :

� 2 = � � � T =
Nat � CS

A
�

Nph � CS

A
� 2

� 2 ; (5.23)

where � is the HWHM of the optical transition. Comparing to Eq. (5.21)
we calculate the resonant cross-section� CS � 4:08� 10� 14m2 � a1, which can be
compared to the simple estimate � CS = � 2=2� � 1:16� 10� 13m2. Using Eq.
(5.20) and Nph = 4:29� 1012P[mW]T[ms] we can derive convenient expressions
for the optical depth and the depumping parameter:

� = 4:72� 10� 3� F [deg]�[MHz ] (5.24)

� T =
1:19� 104a1P[mW]T[ms]

Acell [cm2]�[MHz] 2 : (5.25)

Inserting typical valueswe get an optical depth at room temperature around 32
and � T ranging from 1.5% to 6%.

5.6.3 Exp erimen tal In vestigation

Turning to the experimental investigation of the projection noise level, we �rst
have to determine shot noiselevel of light (SN), i.e. the measurednoiseof Ŝy in
the absenceof interaction with the atomic system. From Eq. (2.3) we expect the
noise of light in a coherent input state to be equal to Sx =2, which means that
it scaleslinearly with the power. In Fig. 5.7 this scaling is veri�ed. Note that
electronic noise is subtracted and therefore the curve goes through the origin.
In practice, for the light noise measurements the atomic Larmor frequency is
shifted outside the measurement bandwidth by applying additional DC magnetic
�elds along the x-direction.. This additional �eld is then turned o� and we
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perform 10,000measurement cycles with the light-atom interaction within the
measurement bandwidth. We reconstruct the atomic variance by:

� 2 =
Var(atom)

SN
=

Var(Ŝy ; raw) � SN � Var(elec)
SN

; (5.26)

whereVar(Ŝy ; raw) is the variancecalculated from the �rst pulseof each measure-
ment cycleonly and Var(elec) is the electronic noise. To verify that we are in fact
measuringthe atomic projection noisewe repeat this measurement for a number
of di�eren t atomic densities. Quantum noise gives a linear scaling, whereasall
classicalnoisesourceswill produce a quadratic scaling. In Fig. 5.18 the result of
such an experiment is shown. The data areclearly linear. With � =2� = 825MHz,
T = 2:0ms, P = 5:14mW, and � 2 = 0 for the moment, we predict a linear slope
of 0.168which is somewhathigher than the measuredvalue of 0.160(2). To com-
pare this to the simple model described in (A.4) we estimate our beam diameter
to be 1.2cm which gives A � 1:13cm; moreover, v0 = 13:7cm/ms (cesium at
room temperature) and the cell is cubic with L = 2:2cm. For T = 2:0ms we get
the prediction � 2 = 0:26 modifying the expected slope to 0.212. As mentioned
in appendix A.1, numerical simulations of atomic motion have shown that the
variance estimate (A.4) is almost four times too high. So our best estimate of a
theoretical slope is 0.178which is 10% higher than the measuredvalue.

To test the scalingproperties predicted in the atomic motion calculations, we
�x the power P, detuning � and macroscopicspin sizeJ but vary the probedura-
tion T. The measurednoiseis plotted in Fig. 5.19relative to the prediction (5.22)
with � 2 = 0. We seethat as T is increasedwe do seea lower and lower noise
level which corresponds to decreasing� 2. The solid line in the �gure represents
a �t where � 2 = (0:47 � 0:13)=T[ms]. This serieswas taken with the old cells
having Acell � 6:0cm2 and L = 3:0cm and Abeam � 2:0cm2. For T = 1ms we
get the prediction � 2 = 0:44. This is in very good agreement with the measured
data, but this agreement must be viewed as fortuitous. We also note the relat-
ively high uncertainty of 0.13. Indeed, this seriesshould mostly be interpreted
qualitativ ely sinceeach individual point is not extracted from an entire line but
rather only from a single seriesof 10,000measurements. All together, however,
we have a qualitativ e understanding of the physicsand a quantitativ e agreement
within � 10%.

5.6.4 Thermal Spin Noise

Another issueconcerningthe projection noiselevel is the questionof thermal spin
noise. For the establishment of the correct noiselevel we must be in the CSSwith
high precision. For the CSSthe spin is completely polarized along the x-direction
and Var(|̂ y ) = Var(j z ) = F=2 = 2 for the F = 4 ground state. As a very di�eren t
example we may consider a completely unpolarized sample. We then have by
symmetry Var(|̂ x ) = Var(|̂ y ) = Var(|̂ z ) = (|̂ 2

x + |̂ 2
y + |̂ 2

z )=3 = F (F + 1)=3 =
20=3. This is a factor of 10/3 higher than the CSS noise and, even for fairly
good polarization, the thermal noise may be signi�can t. As described in Sec.
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Figure 5.20: Coherent state noise compared to the completely unpolarized spin noise.
The data is taken with a vapor cell in which the spin life time is very short. The noise
level increaseson a time scale of roughly 8ms to the thermal equilibrium level. The
increase in noise is consistent with predictions for the coherent and unpolarized spin
states.

5.3.1, however, we create spin polarization of 99% for our qunatum information
experiments. This meansthat we expect the contribution of thermal noiseto be
very small comparedto the projection noise.

To test our prediction for the thermal noiselevel, weperform measurements on
very poor vapor cells where the macroscopicspin life time is small. We optically
pump the sampleand wait for somevariable delay time before probing the spin
noise. For long times the spins reach thermal equilibrium, where the noise of
each atom in F = 4 contributes 20=3. The fraction of atoms in F = 4 is 9=16,
whereasthe remaining 7=16are in the F = 3 state and do not contribute because
of the large detuning. Initially , all atoms are in F = 4 in the CSSand they each
contribute the value 2 to the noise. Hence the measurednoise must be on the
form

Measurednoise/ 2 � exp(� � t) +
20
3

�
9
16

(1 � exp(� � t)) : (5.27)

The predicted ratio of �nal to initial noiseis thus 15=8 � 1:88 which is consistent
with the experimentally determined ratio of 2:05 � 0:09. To sum up, there is
strong evidence that we really do create the CSS with the correct minimum
uncertainty noise.

5.6.5 Concluding Remarks on the Pro jection Noise Level

Let us sum up the discussionof the projection noiselevel. To reach the quantum
noiselimited performanceoneshould �rst observe the atomic noisegrow linearly
with the macroscopicspin sizeJx . An experimental example of this was shown
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in Fig. 5.18. The linearit y of the noisebasically arisesfrom the fact that di�eren t
atoms yield independent measurements when their spin state is detected. Tech-
nical noise sourcesfrom e.g. external electromagnetic �elds couple to all atoms
and the e�ect on the noisevariance would be quadratic.

However, linearit y alone is not enough. An ensemble of independent and
unpolarized atoms would also show a linear increasein the spin noise with an
increasein the number of atoms. Sinceunpolarized atoms have larger noisevari-
ancethan the 100%polarized atomic sample,we must know independently that
the spin orientation is high. In our experiments the spin samplesare polarized
better than 99%.

One may arguethat the small fraction of atoms that are not in the completely
polarized state could, in principle, form exotic-multi particle states with a very
high varianceof the detectedspin noise. The results discussedin Sec.5.6.4prove
that this is not the case.

Finally, asderived in App. A the atomic motion leadsto an increasedratio of
atomic to shot noise. Generally a large ratio of atomic projection noise to shot
noise is good for the quantum information protocols. However, as discussedin
appendix A.2 we do not gain anything by the increaseof the atomic noisecaused
by atomic motion since there is an accompanying increasein the decoherence
rate.
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CHAPTER 6

Entanglemen t Results

We now turn to the experimental demonstration of entanglement generation.
First the boundary between the classical and the quantum 
uctuations has to
be established. As discussedin Sec.5.6 this projection noise level is found by
performing several measurements of x̂L as a function of the macroscopicspin
size and verifying a linear increaseof the atomic noise of each measurement.
This linearit y combined with nearly perfect orientation of the sampleensuresthe
correct projection noise level. Once this is establishedwe implement a probing
sequence(seeFig. 5.16) in which the initial probing pulse is followed by a second
pulse after a short delay (without state manipulation in between). To verify
entanglement we need to ful�ll the criterion (3.9), in which caseour abilit y to
predict the outcome of the secondprobing of the atomic state conditioned on
the result of the �rst measurement exceedsthe classical limit. In a separate
experiment we have used the knowledgegained from the �rst pulse to shift the
atomic state towards zeromeanvalue by applying an RF feedback pulsebetween
the two probe pulses. The unconditional entangled state created in this way will
be discussedin Sec. 6.2.

6.1 Conditional Entanglemen t

First, however, we discuss the basic entanglement experiment intro duced in
chapter 3, where we look for the conditional variance of the two probing res-
ults. As described in Sec.3.2 we �nd the conditional variancesby multiplying
the results of the �rst pulseby somenumber � and then subtracting the product
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from the secondpulseresult. The correct � is the oneminimizing the conditional
variance Eq. (3.7) and is essentially the signal to noise ratio of the �rst meas-
urement. Theoretically it is given by Eq. (3.16), where the e�ect of a simple
beam splitter like decoherenceis included. The optimization of the conditional
variance is equivalent to performing a linear �t of the secondpulse result as a
function of the �rst. The result of such a �t is shown in Fig. 6.1. Clearly the blue
dashedcurve, which hasunit y slope, seemslike the best �t becauseit follows the
overall distribution of the points nicely. The true results, however, is the solid red
curve, which has the slope of 0.45. This clearly illustrates the trade o� between
accommodating the correlated atomic part and the uncorrelated light part: If
we calculate the conditional variance with an � > 0 the noise of the light part
will be ampli�ed, whereasan � < 1 will result in a non-perfect cancellation of
the atomic part. Therefore, the signal to noiseratio will determine how closethe
optimal � lies to either zero or one.

In Fig. 6.2 the �rst pulse, the secondpulse, and the conditional atomic vari-
ancesare shown as a function of the Faraday angle. All of these are calculated
in units of shot noiseanalogouslyto Eq. (5.26). The �rst pulse data is identical
to the ones treated in Sec. 5.6.3. Since the measurement is of a QND-t ype
the variance of the �rst and the secondpulses should be identical (neglecting
the small e�ects due to the � 3% decay of the mean spin) and we seethat the
slopes from the linear �ts of each set do indeed overlap nicely within the uncer-
tainty. Based on the decoherencediscussionsof sections3.4 and 5.4 we expect
the optimal weight factors � used in the calculated of the conditional variance
to follow Eq. (3.16) with � = � o + ~� � F . Fitting to such an expressionwe obtain
� = 0:95(4) � 0:017(6)� F , which agreesreasonablywith independently measured
valuesof � at di�eren t densities. Inserting this result into Eq. (3.15) we calculate
the expected value for the conditional variance. Considering the fact that it is
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basedon such a simple theory the agreement with experimental results must be
consideredvery satisfactory. The degreeof entanglement de�ned as the extent
with which the entanglement criterion (3.4) is violated is shown in Fig. 6.3. For
high densities the noise of the atomic part of the secondpulse is reduced by
approximately 36% compared to the projection noise if the knowledgefrom the
�rst pulse is applied.

Sincethe variables P̂ac and P̂as are squeezedin the entanglement generation
processthere must also be conjugate variables which are anti-squeezed. As can
be seenfrom Eq. (2.34c), for coherent input states the variances of X̂ ac and
X̂ as are increasedby a factor 1 + � 2, which is exactly the factor by which the
conjugate variables are squeezed. To verify the anti-squeezing, we have in a
separateexperiment intro duced a � =2 rotation in the atomic xp-spacebetween
the two pulses.Ascan be seenfrom Eq. (2.32) this can be realizedexperimentally
by e.g. performing a � rotation to the transversespins of secondsample. Such a
transformation is achievedsimply by changingthe biasmagnetic �eld and thereby
the Larmor precessionfrequency for an appropriate period of time. Becauseof
this, X̂ ai will be mapped onto the secondpulse instead of P̂ai . Prior to this
measurement we have determined the projection noise level. In Fig. 6.4 the
experimental data along with the expected curve are shown. Since this is not a
�t the agreement is certainly quite good.
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6.2 Unconditional Entanglemen t

As we have just seen,two subsequent probes of the spin state yield correlated
results. The actual results, however, vary from shot to shot, representing random
realizations of the probabilit y distribution of the spins (seeFig. 3.1). That is,
we create a non-local state with reduced variance but with a non-deterministic
meanvalue. Thus, the entanglement only appearswhen the knowledgegained in
the �rst pulse is applied. To createa unconditionally entangled state in which no
knowledgeof prior measurement results is necessarywould of courseconstitute a
very important advance. We have realized this experimentally by simply feeding
the result of the �rst measurement pulseback to the atoms using an RF-magnetic
pulse as discussedin Sec.5.3.2. In Sec. 3.3 we showed that the atomic statistics
following such a feedback is identical to that of the conditional state except that
the mean value of the former is zero in every implementation. This procedureis
very closelyrelated to the way in which unconditional spin squeezingis generated
in [102] except that there the feedback is applied continuously in time, which is
more robust against errors in the feedback strength.

To calibrate the feedback strength we �rst createa large classicalmeanvalue
in the transversespin by applying an RF pulse before the �rst probe pulse as
described in Sec. 5.3.2 and then we apply a similar magnetic pulse betweenthe
two probe pulseswith the integrated output of the lock-in ampli�er as control
voltage (multiplied with -1 to get negative feedback). The mean value created
by the �rst pulse and therefore also the strength of the control voltage will be
proportional to ARF . With Eq. (5.11) this shows us that the total strength
of the secondmagnetic pulse will be proportional to A2

RF . With a given initial
DC control voltage we can therefore adjust ARF until the secondmagnetic pulse
exactly cancelsthe �rst one. The exact setting of ARF will depend on the decay
of the classicalmean value, � cl .

Next, we repeat the feedback adjustment without a magnetic pulse in the
beginning. The control signal will therefore be given by the measuredquantum
mechanical realizations of Ŝy and Ĵz . In Fig. 6.5 we show the �rst, second,
and conditional variancesas a function of the applied ARF . As before we have
separated out the atomic noise contribution and normalized to SN. We seea
quadratic dependenceof the noiseof the secondpulseon ARF , which arisesfrom
the ampli�cation of a stochastic signal with a constant factor proportional to
ARF . In the calculation of the variance this factor is squared. We also note, that
at a speci�c RF voltage the secondpulse noise coincides with the conditional
one. Here, the mean value of the secondpulse is no longer a certain fraction of
the mean value of the �rst pulse. This provesthat we have created an entangled
state with zero mean, that is, unconditional entanglement, since the state has
lower variance than the CSSvariance indicated by the black line.

To make absolutely sure that this is not an experimental artifact we take a
seriesof data points alternating between having the feedback on and o�. This
is shown in Fig. 6.6. As can be seen, without the feedback we retrieve the
ordinary noise level for the secondpulse. Note that Fig. 6.6 cannot prove any
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entanglement in itself. We needFig. 6.2 to establish the projection noise limit,
which has to be overcome.

Finally, the RF voltage at which we have quantum mechanical feedback,
ARF,QM , tells us something about the decay rate of quantum mean values:

ARF,QM =
� 2

1 + � 2 � QM
ARF,cl

� cl
(6.1)

where the last factor establishesthe voltage necessaryto compensatefor a mean
value created by a pulse with � 2 ! 1 in the ideal caseof no decoherenceat all.
In our experiment � 2 is of the order of oneand the createdmeanvalue compared
to the feedback signal (the light) will thereforeaccordingto Eq. (3.16) be smaller
by a factor � � 2=(1+ � 2), thus explaining the front factor in Eq. 6.1. Inserting the
experimental values of ARF,cl , ARF,QM , and � cl = 0:78 we get � RF,QM = 0:613.
The di�erence betweenthe decay parametersis causedby the additional e�ectiv e
decoherencecausedby the inhomogeneouscoupling betweenthe light and atoms
when the light beam does not �ll the entire cell. This is discussedin greater
detail in appendix A.

6.3 Concluding Remarks on the Entanglemen t
Exp erimen ts

The entanglement experiments discussedin this chapter represents fundamental
improvements in two ways compared to the original entanglement experiment
[62]. First, as discussedin Sec. 6.2 the entangled state has beencreated uncon-
ditionally . This meansthat no knowledgeof the results of previousmeasurements
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is required. Secondlyand perhapsof more practical importance the entanglement
is createdbetweentwo atomic systemsin separateenvironments 0.5 metersapart
- a feat that had so far not beenachieved betweentwo atomic systems.This rep-
resents a major breakthrough towards the creation of truly distant entanglement,
which combined with quantum teleportation will enablequantum communication
over long distances. The distancecaneasilybeextendedby an order of magnitude
or two but at longer distancespropagation e�ects may decreasethe coupling ef-
�ciency. If the light can be coupled into a �b er with su�cien t e�ciency between
the samples,the distance may be increasedbut lossesof light will fundamentally
limit the obtainable degreeof entanglement. Very recently entanglement between
two atomic sampleswas also veri�ed in [48, 50]. A detailed comparisonbetween
the results obtained in those experiments and ours is presented in Sec. 7.4.6

It proved quite an experimental challengeto create the distant entanglement
becauseof the high demandson the homogeneity of the two atomic environments.
In the following we present a short discussionof the main obstacles. Any dif-
ferencein the Larmor precessionfrequencywould quickly causethe two samples
to dephaseand thereby all entanglement is lost. The Stark shift compensation
methods discussedin Sec. 5.3.2 was essential for the elimination of such e�ects.
Another problem encountered was connectedto the method of heating the cells.
In the �rst implementation of the distant entanglement the cellsweresituated on
top of an aluminum block, the temperature of which could be controlled through
a 
o w of water. Instead of getting entanglement for this systemthe noisegrew lin-
early with time (see[1]). The sourceturned out to be random thermal currents
in the aluminum generating stochastic magnetic �elds. Physically this corres-
ponds to a rapid successionof RF pulsessuch as the onesdescribed in Sec. 5.3,
each with a random phase. This inducesa random walk processin Ĵy and Ĵz for
which the variance grows linearly in time. For this reason the current heating
method consistingof an air
o w wasdeveloped. Finally ground loops through the
di�eren t wires of the setup turned out to shift the Larmor frequencysothesealso
had to be located and �xed.
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CHAPTER 7

Quan tum Memory Results

Light inherently represents an ideal medium to transfer quantum information
betweendistant sites. This property, however, also makes it fundamentally un-
suited for storage of such information over signi�can t periods of time. Remem-
ber that when dealing with quantum information onecannot simply measurethe
state and store the measurement results becausethe measurement result does
not provide complete information about the state but rather projects the state
into an eigenstateof the measurement observable. We will get back to this fun-
damental limitation on the classical storage of quantum states in Sec. 7.2.1.
Becauseof the potentially long coherencetimes atomic media are optimal for
storage. To implement a faithful storagethe memory processwill have to utilize
somesort of quantum interactions betweenthe input and the storagemedium. In
this chapter we will discussthe experimental implementation [62] of a quantum
memory using a protocol called the "direct mapping protocol". In chapter 8 we
describe the implementation of an alternativ e quantum memory basedon a non-
local transfer of the light state onto the target atomic state via a processcalled
quantum teleportation [103].

For a completequantum memory werequire 1) that the light state to bestored
is suppliedby a third party in an unknown state, 2) that this state is mapped onto
an atomic state with a �delit y higher than the best classical�delit y, and �nally
3) that the stored state can be retrieved from memory. The �rst two criteria have
beenmet experimentally in [104] and [103], whereasthe last onestill remains an
unsolved experimental challengefor the reasonsdiscussedin the intro duction of
chapter 9, whererecently developedexperimentally feasibleprotocolsfor retrieval
will also be discussed.
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7.1 Direct Mapping Proto col

In Eq. (2.34c) one of the light variables is mapped onto one of the atomic vari-
ables. This represents a natural starting point for a quantum memory protocol
in which the entire light mode described by the two non-commuting variables
x̂ in

L and p̂in
L is faithfully stored. In the so-called "direct mapping protocol" of

[104] the mapping is completed by measuring the remaining light quadrature
x̂out

L = x̂ in
L + � P̂ in

a and feeding the result back into the atomic X̂ a with an elec-
tronic gain of g:

X̂ out
a = X̂ in

a + � p̂in
L ; (7.1a)

P̂out
a

0 = P̂out
a � gx̂out

L = P̂ in
a (1 � �g ) � gx̂ in

L : (7.1b)

As discussedin Sec. 2.7 this interaction takes place for two decoupledsets of
operatorssimultaneously involving the part of the light oscillating ascos(
 L t) and
sin(
 L t) respectively. By putting di�eren t modulations into the cosineand sine
parts of the incoming light we can therefore in principle store two independent
light states simultaneously.

If � = g = 1 and the initial atomic state is assumedto be a coherent state
with zeromeanvalue the meanvaluesof both light variablesare stored faithfully
in the atoms. Although the initial atomic state has zero mean, it is a quantum
mechanically 
uctuating state, and any uncanceled atomic part increasesthe
noise of the �nal state and thus degradesthe mapping performance. This will
be quanti�ed in Sec. 7.2. Although this protocol works for any state, in the
following we discussstorageof coherent states of light, i.e. vacuum states which
are displacedby an unknown amount in phasespace.

7.1.1 Mapping with Decoherence

Just as in the caseof entanglement generation the spin states decohere. Again
we can model this by a beam splitter type admixture of vacuum components
right after the passageof the �rst light pulse. We can furthermore model light
damping (e.g. re
ection losses)in a similar way to obtain:

X̂ out
a ! � (X̂ in

a + � p̂in
L ) +

p
1 � � 2VX A ; (7.2a)

P̂out
a ! (� � g�

p
1 � � )P̂ in

a � g
p

1 � � x̂ in
L +

p
1 � � 2VP A � g

p
�VX L ; (7.2b)

where � is the fraction of the light power lost and Vij are uncorrelated vacuum
state operators. We seethat p̂in

L and x̂ in
L are mapped with gains gBA = � � and

gF = g
p

1 � � respectively. The variancescan easily be calculated to be:

Var(X̂ out
a ) =

1
2

�
1 + g2

BA

�
; (7.3a)

Var(P̂out
a ) =

1
2

�
1 +

g2
F

1 � �
+

g2
F g2

BA

� 2 � 2gF gBA

�
: (7.3b)
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7.2 Fidelit y

As mentioned above the input state are displacedvacuum states. These have a
Wigner function:

Pdv (x; p) =
1

2�
q

1
2 � 1

2

exp
�

�
(x � x1)2

2� 1
2

�
(p � p1)2

2� 1
2

�
; (7.4)

where we inserted the coherent state variance 1/2. By integrating over one of
the variables x or p we obtain the probabilit y distribution function of the other.
The meanphoton number in such a state described by meanvaluesx1 and p1 is:

ĥni =
1
2



x̂2 + p̂2 � 1

�
=

1
2

(x2
1 + p2

1) (coherent states) ; (7.5)

where for the last equality we usedthe coherent state variance Var(x̂ ) =


x̂2

�
�

ĥx i 2 = 1
2 .

To evaluate the quality of mapping we calculate the �delit y of the output
state (characterized by mean values x2 and p2 and variances � 2

x and � 2
p) with

respect to the input state. This is just the overlap between the two averaged
over the input state distribution. We de�ne the overlap (OL) as

OL =
1

� � x � p

Z 1

�1
e� (x � x 1 )2 � (x � x 2 )2 =2� 2

x dx
Z 1

�1
e� (p� p1 )2 � (p� p2 )2 =2� 2

p dp

=
2

q
(1 + 2� 2

x )(1 + 2� 2
p)

exp
�

�
(x1 � x2)2

1 + 2� 2
x

�
(p1 � p2)2

1 + 2� 2
p

�
:

(7.6)

With this de�nition the overlap is unit y only when x1 = x2, p1 = p2, � 2
x = � 2

p =
1=2. In the experiments there is no signi�can t o�set error and the mean values
are mapped faithfully between the right variables but with a gain which is not
necessarilyunit y. This meansthat the input and output meanvaluesare related
by x1 � x, p1 � p, x2 = gx x, p2 = gpp. The extra noiseimposedby the mapping
procedure is assumedto be constant and independent of x1 and p2. In this case
the overlap function can be written

OL(x; p) =
2

q
(1 + 2� 2

x )(1 + 2� 2
p )

exp
�

�
(1 � gx )2x2

1 + 2� 2
x

�
(1 � gp)2p2

1 + 2� 2
p

�
(7.7)

The �delit y is now calculated by

F =
Z 1

�1
dx

Z 1

�1
dpP(x; p)OL( x; p) (7.8)

where the appropriate input state distribution function must be chosen. We will
assumea Gaussiandistribution of displacedvacuum states given by

P(x; p) =
1

2� no
exp

�
�

x2 + p2

2no

�
: (7.9)
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Using Eq. (7.5) we calculate the mean photon number of the distribution given
in Eq. (7.9): Z 1

�1
dx

Z 1

�1
dp

1
2

(x2 + p2)P(x; p) = no: (7.10)

It is very important to distinguish between the Eq. (7.4), which gives the prob-
abilities of obtaining certain measurement results given a particular displaced
vacuum state, and Eq. (7.9), which givesthe probabilit y of selectinga particular
displaced vacuum state as the input state for a memory experiment. Corres-
pondingly ĥni is the meanphoton number of a particular state, whereasno is the
mean photon number for a distribution of states.

The integration of Eq. (7.8) can be decomposed into pure x- and p-factors
and is easily performed:

F (gx ; gp; � 2
x ; � 2

p) =
2

q
[2no(1 � gx )2 + 1 + 2� 2

x ] � [2no(1 � gp)2 + 1 + 2� 2
p ]

: (7.11)

The experimental task now only consists of verifying that the mean value of
the output state depends linearly on the mean value of the input state and to
determine the experimentally obtained variances � 2

x (gx ) and � 2
p (gp). For unit y

gain Eq. (7.11) reducesto:

F (� 2
x ; � 2

p) =
2

q
[1 + 2� 2

x ] � [1 + 2� 2
p ]

: (7.12)

For the storage of an arbitrary coherent light state using the direct mapping
protocol without decoherenceEq. (7.1) and � = g = 1 we can easily calculate
the output state variance, since each canonical operator contributes a variance
of 1/2 (= one vacuum noiseunit). One quadrature is mapped perfectly whereas
the other contains two units of noisebecauseof the remaining X̂ in

a contribution.
Inserting this into Eq. (7.12) we seethat the optimal storage �delit y is 82%.
This can be remediedby initially squeezingthe atomic state, in which case100%
�delit y can be reached in the limit of in�nite squeezing.

7.2.1 The Best Classical Fidelit y

To verify quantum mapping the experimentally determined �delities have to ex-
ceedthe best classicalmapping performance. Brie
y stated a classicalmapping
strategy, which recently was proven to be optimal [105], is �rst to split the light
beamin two using a 50:50beamsplitter. Next, Ŝy is measuredin oneoutput port
and Ŝz in the other. The results are then fed into orthogonal atomic components
with a gain of

p
2g (the

p
2 is to compensatefor the reduction in the signal due

to the beam splitter) giving:

X̂ out
a = X̂ in

a +
p

2g
x̂ in

l + x̂vac
lp

2
; P̂out

a = P̂ in
a +

p
2g

p̂in
l + p̂vac

lp
2

: (7.13)
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This gives the variancesVar(X̂ out
a ) = Var(P̂out

a ) = 1
2 (1 + 2g2). When inserted

into the expressionfor the �delit y, Eq. (7.11) we obtain:

F class =
1

no(1 � g)2 + 1 + g2 : (7.14)

Di�eren tiating this we obtain the optimal gain gopt = no=(1 + no), which gives
the optimal classical�delit y:

F class
opt =

1 + no

1 + 2no
!

1
2

; no ! 1 (7.15)

for coherent statesdrawn out of a Gaussiandistribution with meanphoton num-
ber no. This meansthat F class

opt decreasesmonotonically from unit y for the va-
cuum state to 1=2 for an arbitrary coherent state. The optimal classicalmapping
variance is:

Var(X̂ class
a ) = Var(P̂ class

a ) =
1
2

�
1 +

2n2
o

(1 + no)2

�
!

3
2

; no ! 1 : (7.16)

That is, for an in�nite input range, i.e. a 
at distribution in phasespace,and
g = 1 the light state is mapped with the correct meanvaluesin both quadratures
and has three units of vacuum noise instead of the one unit in the initial state.
The two additional units come from the vacuum noise intro duced in the beam
splitter and the initial atomic noise.

7.3 The Input State

The initial states for both the atomic and light systemswill be coherent states.
The statistical properties of such states have been discussedboth theoretically
and experimentally in previous chapters but always for vacuum states, i.e. states
with zero mean value. For the mapping we wish to create a coherent state of
light displacedby an arbitrary amount in x̂ p̂-space.

In our experiments we useelectro-optical modulation to createweak coherent
states with a controllable shift of Ŝy and Ŝz and thereby in x̂L and p̂L . We let
light propagate in the z-direction and denote the complex �eld amplitude of the
x- and y-polarization asEx and Ey . (In this sectionwe are only interested in the
e�ect on the meanvaluesof the light quadraturesand therefore for now we ignore
the quantum properties of the light.) The light passesan EOM with optical axis
tilted by an angle� from the x-axis. In an EOM the di�erence betweenthe phase
shifts experiencedby light polarized along each of the two optical axesdepends
linearly on a voltage applied transversely to the direction of light propagation.
The impact on the light is

�
E 0

x
E 0

y

�
=

�
c2ei� 1 + s2ei� 2 cs(ei� 2 � ei� 1 )
cs(ei� 2 � ei� 1 ) s2ei� 1 + c2ei� 2

� �
Ex

Ey

�
; (7.17)



90 Chapter 7 - Quantum Memor y Resul ts

where � 1 and � 2 are the phase shifts along the optical axes of the EOM and
c = cos� , s = sin � . Analogously to Eq. (2.5) Stokesoperators are de�ned as

Sx =
1
2

�
jEx j2 � jEy j2

�
(7.18)

Sy =
1
2

�
E �

x Ey + E �
y Ex

�
(7.19)

Sz =
1
2i

�
E �

x Ey � E �
y Ex

�
(7.20)

Inserting Eq. (7.17) into these, the transformation of the Stokesoperators after
the EOM can be derived:

S0
x = Sx � [1 � sin2(2� ) � (1 � cos(� 2 � � 1))]

+ Sy � [� sin(2� ) cos(2� ) � (1 � cos(� 2 � � 1))]

+ Sz � [� sin(2� ) � sin(� 2 � � 1)]

(7.21)

S0
y = Sx � [� sin(2� ) cos(2� ) � (1 � cos(� 2 � � 1))]

+ Sy � [1 � cos2(2� ) � (1 � cos(� 2 � � 1))]

+ Sz � [� cos(2� ) sin(� 2 � � 1)]

(7.22)

S0
z = Sx � [sin(2� ) � sin(� 2 � � 1)]

+ Sy � [cos(2� ) � sin(� 2 � � 1)]

+ Sz � [cos(� 2 � � 1)]

(7.23)

We note that for � = 0 Sx is conserved, whereasa rotation by an angle � in
Sy Sz -spaceis implemented.

7.3.1 Mo dulation of Stok es Op erators

Experimentally we modulate the Stokes operators by setting the EOM control
voltage to a small RF-modulation around somestatic DC high-voltageVDC . This
gives a phaseshift � 2 � � 1 � � DC + � where � DC is controlled by changing VDC

and � is time-varying with j� j � 1. We also take � � 1 and assumethe initial
conditions Sy = Sz = 0. Then to �rst order in � we have

S0
x = Sx [1 � 4� 2(1 + � sin � DC � cos� DC )]

S0
y = Sx � (� 2� ) [1 � cos(� DC ) + sin(� DC )� ]

S0
z = Sx � 2� [sin(� DC ) + cos(� DC )� ]

(7.24)

By tuning � DC we can decidewhether the modulation should be in Ŝy or Ŝz and
can thus span the entire Ŝy -Ŝz phasespace. Our EOM has a half wave voltage
of ca. 400V. In the experiment we apply a weak RF-�eld giving a phaseshift
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Figure 7.1: Mean values of Ŝy and
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� = � RF cos(
 t + � ), which gives:

ĥxci =

r
2

Sx T

Z T

0
hSy i cos(
 t)dt = �

p
2Sx T� � RF cos(� ) sin � DC ;

ĥxsi =

r
2

Sx T

Z T

0
hSy i sin(
 t)dt =

p
2Sx T� � RF sin(� ) sin � DC ;

ĥpci =

r
2

Sx T

Z T

0
hSz i cos(
 t)dt =

p
2Sx T� � RF cos(� ) cos� DC ;

hp̂si =

r
2

Sx T

Z T

0
hSz i sin(
 t)dt = �

p
2Sx T� � RF sin(� ) cos� DC ;

(7.25)

where we used cos(
 t + � ) = cos(
 t) cos(� ) � sin(
 t) sin(� ). We seethat the
relative size of the modulation in the sine and cosine subsystemsis controlled
by the phaseof the RF-signal, � , the relative sizeof Ŝy and Ŝz is controlled via
the o�set voltage, � DC , and the overall sizeof the modulation can be controlled
via the strength of the RF-signal, � RF . In Fig. 7.1 we plot ĥxci and ĥpci as a
function of the DC-voltage applied to the EOM. As expected from Eq. (7.25) we
get sinusoidal curvesof equal amplitude but shifted by 90� with respect to each
other. In the mapping experiment we split o� a portion of the light after the

EOM and use it to lock either to
D

Ŝy

E
= 0 or

D
Ŝz

E
= 0. For each, we run sets

of 10,000measurement cyclesat various valuesof � RF . In each cycle � RF is only
non-zeroduring the �rst pulse. Analogous to the shot noisecalibration prior to
the entanglement experiment we calculate the varianceof the light state basedon
the 10,000repetitions of an identical measurement cycle with the atoms turned
o�. Varying � RF we verify that the variance is always equal to the vacuum shot
noise level. Thus, we really do create minimum uncertainty displaced vacuum
states. To quantify the displacement we calculate the mean value for each set of
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time
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RF mag
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Figure 7.3: A four ms optical pump preparesthe atoms in the CSS.After a short delay
the �rst probe pulse is sent through the atoms and subsequently measured. A feedback
using an RF magnetic pulse completes the mappin. After a storage time � the second
probe pulse is sent through the atoms to reconstruct the atomic statistics. A seriesof
10,000cycles without(with) a � =2 pulse reaad out information about P̂a(X̂ a ).

10,000cycles. The result is transformed into canonical units by:

ĥxL p̂L unitsi =
hmeasunitsi

p
2
p

measvariance
�

1
p

1 � �
; (7.26)

where the factor
p

2 ensuresa vacuum varianceof 1
2 and

p
1 � � reconstructs the

value in the cell instead of at the detector. The results for such a calibration of
the input state modulation is shown in Fig. 7.2. Here Ŝy is locked to zero and
only the cosinequadrature of the �rst pulse is modulated. From the linear �t to
the mean value as a function of the strength of the applied RF-signal we extract
a slope which in the actual mapping experiment will be usedto calculate the size
of the input modulation. In Sec. 7.4.1 this will be comparedto the secondpulse
mean value to establish the gain. Using Eq. (7.5) we can determine the mean
number of photons in the displacedvacuum states of Fig. 7.2 to range from zero
to 50 photons.

7.4 Exp erimen tal Results

Once the input state has beenproperly calibrated the atoms are turned back on
and we implement an experimental cycle (seeFig. 7.3), which is almost identical
to the one usedto create unconditional entanglement in Sec. 6.2. After the CSS
has beencreated during the pumping pulse we send a light pulse with a known
modulation in either Ŝy or Ŝz through the atomic samples.We then measureŜy

of the transmitted beam and feed the measurement result back with a certain
electronic gain. If properly done, this completesthe mapping. At the time of the
experiment no experimentally feasibleprotocol for the retrieval of a stored state
existed. The reasonsfor this and the recent theoretical proposalsto circumvent
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the di�culties are presented in detail in chapter 9. Instead we have performed
a destructive reconstruction of the mapped state. This is done by waiting for
a time � and then sendinga veri�cation light pulse through the atomic sample.
Measuring the x̂L -component of the outgoing light then givesinformation about
the light component stored in the atomic P̂a according to Eq. (2.34a). If a � =2
rotation in the atomic X̂ aP̂a spaceis performed prior to the veri�cation pulse
we obtain information about the stored atomic X̂ a-component. Repeating this
10,000times, we can reconstruct the statistics for the atomic variables after the
storageprocedure.

7.4.1 Mean Values

The �rst thing to check is that the meanvalue of the stored state dependslinearly
on the mean value of the input light state. In analogy to Eq. (7.26) the former
are obtained from experimental valuesvia the transformation:

D
X̂ aP̂a units

E
=

hmeasunitsi
p

2
p

measSN variance
�

1
�

p
1 � �

; (7.27)

where the factor 1
� compensatesfor the � in Eq. (2.34a). � is calculated by

multiplying the Faraday angle which is measuredfor both pulsesin each meas-
urement cycle, with a precalibrated projection noiseslope obtained as discussed
in Sec. 5.6.

The reconstructed atomic mean values are shown in Fig. 7.4. First we note
that the linear dependenceis clear for both quadratures. This completes the
proof of classicalmemory performance. The next thing to note is that the slope
is not unit y, which meansthat the stored state has a di�eren t mean value than
the input state. The reasonfor this is the presenceof the light induced collisions
intro duced in Sec. 5.4. This will be discussedfurther in Sec. 7.4.5. For the
quadrature mapped straight from the back action of the light onto the atoms
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(veri�cation pulse without a � =2-pulse) we have the gain of gBA = 0:836 and for
the quadrature mapped via the feedback (veri�cation pulsewith a � =2-pulse)we
have gF = 0:797. Inserting the valueson the x-axis of Fig. 7.4 into Eq. (7.5) we
seethat the experiment covers input modulations up to � 40 photons.

7.4.2 Variances

In order to verify quantum storage we also need to consider the shot-to-shot

uctuations in the stored state, which for a Gaussianstate are fully characterized
by the variance of the state. Just as in the entanglement experiment we �nd
the atomic contribution to the variance of the veri�cation pulse by subtracting
the shot and electronic noise from the measuredvariance. Dividing the atomic
contribution by (1 � � )� 2 we obtain the atomic variance, which should ideally
be given by Eq. (7.3). Again we seethat knowledge about the exact size of �
is important for the reconstruction of the atomic statistics. Luckily, however,
the uncertainty in the �nal �delit y estimate depends only weakly on � which
can be understood as follows: if � is higher than estimated, the variance of the
stored state is actually lower than estimated leading to an underestimation of
the �delit y. At the sametime, however, the gain factor is also lower leading to
an overestimation of the �delit y. Thus, the two e�ects opposeeach other making
the �delit y estimate rather robust against variations in � . Also note that � refers
to the interaction strength in the atomic cells. Therefore, if we calculate � using
Eq. (5.22) with the measured power instead the light power in the cell, we will
automatically incorporate the factor 1� � . This is very convenient sinceit means
that we do not need to know the precise value of � to reconstruct the atomic
variancesreliably.

In Fig. 7.5 we show the reconstructed atomic variancescorresponding to the
measurements for which the mean values are plotted in Fig. 7.4. As can be
seenthe variance is more or less independent of the mean value of the input
light quadratures. Also, the variancesare lower than 3=2 so if the gain had been
unit y this would have beenadequateproof of a quantum storage. Since,however,
the gain is not unit y, we have to restrict the input range to a Gaussiansubset
of coherent states with a mean photon number no and compare the calculated
�delit y with the general classical bound given in Eq. (7.15). In Fig. 7.6 we
show the experimental �delit y calculated by inserting the reconstructed gains
and variancesinto Eq. (7.11) along with the classical�delit y bound for di�eren t
values of no. The experimental mapping �delities are well above the classical
bound for 1 � no � 16. In particular we obtain e.g. F = (66:7 � 1:7)% for
no = 4 and F = (70:0 � 2:0)% for no = 2, which should be compared to the
classical�delities of 55.6%and 60.0%. The uncertainties are calculated basedon
the uncertainties in the determination of the atomic mean valuesand variances
and a 2.5% uncertainty in � 2, which for this experiment was around 1.06. The
di�erence betweenour experimental �delities and the classicalbound is plotted
in Fig. 7.7 illustrating that we have exceededthe classicalbound by up to 11%.
This veri�es that the storage of the light state in fact constitutes a quantum
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mapping. The results shown were obtained for a pulse duration of 1 ms.
Note that wehavechosento calculate the �delit y asthe averageof the squared

overlap betweenthe stored state and the ideally stored state. For non-unity gain
this decreasesvery rapidly with coherent states having large amplitudes. How-
ever, onecould arguethat a storagewith an arbitrary but known gain constitutes
just as useful a memory as unit y gain memory. If analyzedsolely in terms of the
addednoise,our memory would perform better than the previously stated results,
which can therefore be viewed as a lower bound on the memory capability.

7.4.3 Varying the Feedback Gain

In a more extensive experimental investigation we have measured the atomic
variancesfor several di�eren t electronic feedback gainswith �xed � and thus �xed
gBA . The results are shown in Fig. 7.8. As expectedVar(X̂ out

a ) is independent on
gF and Var(P̂out

a ) dependsquadratically on gF exactly as predicted in Eq. (7.3).
We plot this prediction with gBA and the independently measureddecoherence
parametersof � = 0:61 and � = 0:25, which for such a simple theory givesquite
remarkable agreement. The �gure clearly shows that, becauseof the decoherence
and light loss, if the feedback gain is increasedtowards unit y the noise grows
dramatically. We also �nd the best quadratic �t to the data, which is inserted
into the �delit y expressionEq. (7.11) to obtain the �delit y as a function of gF

and no only. Optimizing over gF we �nd the optimum �delit y for a given input
range. This optimized �delit y is plotted in Fig. 7.9 along with the optimal gF .
Thus, the rangeof statesfor which weexceedthe classicalbound can be extended
to 1 � no � 30 by appropriately adjusting the feedback gain compared to the
gF = 0:797 usedin Sec. 7.4.2. As can be seenthe optimal gain approachesunit y
for high photon numbers but is signi�can tly lower than unit y for low photon
numbers. The reasonis that for low distribution widths a more prominent role
is played by th vacuum contribution (which is perfectly transferred for zero gain
and � = 0). For e.g. no = 2 no = 4 the optimal gains are gF = 0:656 and
gF = 0:774 respectively. Thus, the gain of Sec. 7.4.2 was more or lessoptimal
for no = 4 (as illustrated in Fig. 7.7) whereasthe �delit y for no = 2 could be
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increasedto F = 0:718.
As can be seenfrom the values of � and � the atomic decoherenceand the

light loss are signi�can t. The high light loss is due to the fact that the glass
cells containing the atomic vapor werenot anti-re
ection coated. Therefore each
glass-air interface contributes about 4% loss. Again, the main sourceof atomic
decoherenceis the light assistedcollisions discussedin Sec. 5.4.

7.4.4 Memory Life Time

Next wewish to investigatethe life time of the stored state in the atomic memory.
To do this, we perform the entire storageprocedurefor a number of di�eren t stor-
agetimes, � . This was done for � = 0:6; 2:6; 4:6; 9:6msfor �xed � and electronic
feedback strength. Both gainsdecay exponentially asexpectedwith characteristic
decay times 26(3)ms and 31(4)ms for gBA and and gF respectively. According
to Eq. (5.12) this corresponds to a � dark of 12:2Hz and 10:3Hz, which agrees
very well with the independently measuredrates quoted in Sec.5.4. Based on
the experimental gains and variancesthe �delit y of storage as a function of the
storagetime can be calculated for di�eren t choicesof input range. This is shown
in Fig. 7.10 for no = 2; 4; 6; 10. As can be seenthe �delit y exceedsthe best
classicalfor about 5 ms for the low input rangesat which our memory is optimal.

7.4.5 Wh y Not Unit y Gain

In conclusion,we would like to addressthe question why we do not perform the
experiments at unit y gain and hence eliminate the need for a restricted input
range. As we have seen, this is no problem for the quadrature being mapped
through the electronic feedback. For the one being mapped directly through the
interaction, however, it is quite di�eren t. From Eq. (7.2) we seethat the e�ectiv e
gain for this quadrature is given by gBA = � � . This dependenceis tested in Fig.
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Figure 7.10: Fidelit y vs. storage time for di�eren t input ranges.

7.11, where the mapping is performed for various light powers and the measured
back action gain is plotted as a function of the independently determined �� .
The unit y slope veri�es our prediction for the gain.

In Sec. 5.4 the light induced collisions were characterized in detail. Here it
was shown that � = e� � t , where � depends linearly on the light power and the
atomic density exactly as� 2 does. We can thereforewrite the back action gain as
gBA /

p
P � �e � a � P � � , where P is the optical power and � is the atomic density.

In Fig. 7.12 we �t such a dependenceto the gain measuredat various powers
at �xed atomic density (� F = 11� ). The dependenceis veri�ed and from the �t
we can calculate that the back action reachesa maximum of 0.84 around 11mW
after which it will decreasetowards zero.

There are two potential ways of reaching higher back action gains. First one
can decreasethe part of the atomic decoherencecoming from the atomic motion.
According to Eq. (A.4) this can be doneby either increasingthe beamsize(here
Abeam=Acell � 1=3) or the pulse duration. In fact, for the experiments discussed
in the next chapter the probe duration hasbeenincreasedto 2:0 ms. The second
possibility is to exploit the fact that the light induced collision rates seemto fall
o� more rapidly with detuning than � 2 (� 1=� 3:7 compared to 1=� 2). This is
still an ongoing experimental investigation.

7.4.6 Concluding Remarks

In this chapter the �rst quantum mechanical storageof a light pulse in an atomic
medium was presented. For an appropriate range of input states the �delit y of
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storage exceedsthe classical boundary by more than six standard deviations.
The restriction of the input range is necessarybecauseof the high decoherence
rate.

One might posethe question why our quantum memory is better than just
storing the light pulse in an empty cavit y. The brief answer is that the latter
cannot be done. To seethis consider the storage of a pulse with the spectral
width � � stor e = 1=Tpulse . To represent a storagedevice the lifetime of the cavit y
� = 1=
 has to be long comparedwith Tpulse . 
 , however, sets the width of any
spectral pro�le that can be coupled into the cavit y. Thus, we seethat only a
fraction of the pulse can be coupled into the cavit y and it is therefore unsuitable
as a storagedevice.

Finally we would like to comment on the relation of our experiments to the so-
called "stopped light" experiments performed using electromagnetically induced
transparency (EIT). In EIT [38, 39] an otherwiseopaquemedium becomese�ect-
ively transparent to a weak probe through quantum interference with a strong
control beam (seeFig. 7.13). The e�ect is illustrated in Fig. 7.14, where it can
be seenthat the reduction in absorption is accompaniedby a dramatic increase
in the slope of the index of refraction. This leads to a reduction in the group
velocity and corresponding spatial compressionof the pulse by several orders of
magnitude [40, 106, 107]. If the compressionis su�cien tly large sothat the entire
pulse is at somepoint entirely contained within the sample,the control �eld can
be turned o� and the probe pulse will be "frozen" in the sample. At a later time
the control �eld can be turned back on and the probe pulse will propagate out.
In 2001this was veri�ed experimentally in two remarkable experiments [41, 42].

The processcan be described in terms of a dressedstate excitation called
a dark state polariton [108], which does not couple to the excited level. By
adjusting the intensity of the control �eld, excitations in the light (photons in
the probe �eld) can coherently be transferred to atomic excitations (ground state
coherences)and vice versa. Although this sounds very much like a complete
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tuning of a weak probe �eld from the
A � B transition (Fig. 7.13) while the
strong control �eld is resonant with the
B � C transition.

storage and retrieval process,two things should be noted. In the experiments
only the intensity pro�le of the stored pulsewasretrieved, sono phasecoherence
wasveri�ed. Second,and more importantly the retrieval e�ciency wasvery poor
� 10� 20%. By now we know that lossescorrespond to the admixture of vacuum,
so clearly this is detrimental to the quantum memory �delit y.

In a seminalpaper [51] the authors (DLCZ) proposedto entangle two atomic
ensembles by combining a spontaneously emitted photon from each on a beam
splitter and placing single photon detectors in the output ports (seeFig. 7.15).
As shown in Fig. 7.15a) all the atomic population is optically pumped into level
A. A weak beam slightly detuned from the A � B transition will with a certain
probabilit y drive a Raman transition and hencecreatea photon with a frequency
determined by the B � C transition accompaniedby a single atom in level C.
Just as in our experiments the interaction is coherently enhancedso the actual
generatedstate will be a coherent superposition of each atom being in C and the
rest in A. This is donefor both samplessimultaneously and after �ltering out the
strong component the two �elds are combined on a beam splitter. If a exactly
one detector clicks this will means that exactly one atom made the transition
from A to C. If the two beam paths are indistinguishable this implies that the
two samplesare entangled.

As a next step another set of entangled samples is created and using the
EIT dynamics the atomic excitations of one sample from each pair is mapped
onto single photons and again combined on a beam splitter (d) in Fig. 7.15).
The outputs are again detected and a single click implies that the remaining
atomic excitation is shared between the two last ensembles (2 and 4 in Fig.
7.15). In this way the entanglement distance is doubled. If in a pulse a single
click is not produced, the procedure is merely repeated. The scheme has built
in entanglement puri�cation and could therefore potentially lead to quantum
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networks connectedby entanglement over arbitrary distances.
A lot of experimental e�ort has been put into the realization of the DLCZ

schemein recent yearsand the advanceshave beenimpressive. In 2003the non-
classical statistics between the spontaneously emitted Stokes photon and the
anti-Stokes light generatedwhen subsequently converting the atomic excitation
in the sameensemble into light using EIT [44, 43]. Two yearslater entanglement
betweenthe photon generatedas in Fig. 7.15 a) and an atomic qubit composed
of two distinct mixed states of the collective ground state hyper�ne coherences
was demonstrated [47]. As in the ion-photon [28] and the atom-photon [29]
entanglement mentioned in the intro duction the entanglement was probabilistic
and selected through coincidence counts. In experiments the same year [46,
49] the Stokes photon was used to herald the creation of an atomic excitation.
Subsequently , this wasconverted converted into an anti-Stokesphoton, which was
stored in another atomic ensemble using EIT. After a programmable delay the
excitation wasmapped to light and analyzed. Non-classicalcorrelations between
the heralding photon and the retrieved light was con�rmed. This sounds very
much like a complete mapping and retrieval of a quantum state, which in fact it
was also called in the title of [49]. One should, however, note that the storage
and retrieval e�ciency was never higher than 10%. This means that analyzed
in terms of the �delit y of the output state comparedto the ideal state the large
vacuum component would probably exclude surpassinga classicallimit.

Shortly after, two atomic ensembles were entangled [48, 50] via a realization
of the �rst half of the DLCZ scheme (seeFig. 7.15 a) and b)). Thus, a single
atomic excitation wassharedbetweenthe two ensembles. The entanglement was
analyzedby mapping the state of each ensemble into light and measuringthe cor-
relations betweenthe two light �elds. They were, in fact, shown to be entangled,
so in addition to proving the entanglement between distant atomic ensembles,
this also represents the �rst realization of transfer of an atomic entangled state
onto an entangled state of light. Although the entanglement generation is prob-
abilistic, it is unambiguously heralded and no correction for detection e�ciency ,
propagation loss, or background subtraction has been performed. It thus truly
represent a remarkable achievement in the �eld of quantum communication. One



7.4. Experiment al Resul ts 101

should, however, be careful about assumingthat this approach can easily be ex-
tended to storageand retrieval of arbitrary unknown quantum statessuch ase.g.
qubits or coherent states, sincethe problem of poor retrieval e�ciency has so far
not beenresolved.

In conclusion, the main advantage of this approach to entanglement genera-
tion compared to ours is the fact that it is inherently basedon discrete variable
entanglement and hence can potentially be puri�ed and extended to arbitrary
distances. This cannot be done with our continuous variable Gaussian state
entanglement. In terms of the light-atom interface, however, our deterministic
approach seemssuperior at present becausethe high coupling e�ciency (low
losses)enableshigher than classical�delit y transfer of arbitrary states.
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CHAPTER 8

Ligh t A tom Teleportation

In 1993 Bennett and coworkers proposed a protocol where information about
an unknown quantum state could be distributed over a quantum channel and a
classicalchannel and reassembled at another location [17]. Through this quantum
teleportation an unknown state could be recreatedin a target system that never
physically interacted with the input system.

The genericprotocol of quantum teleportation is sketched in Fig. 8.1. First,
a pair of entangled objects is created and sharedby two parties, Alice and Bob.
This step establishesa quantum link between them. Next, Alice receives an
object to be teleported and performs a joint measurement on this object and
her entangled object (a Bell measurement). In this way shedoesnot obtain any
information about the unknown state. Rather, this information is now distributed
betweenthe measurement result and the quantum mechanical correlations in the
entangled pair. The result of the measurement is communicated via a classical
communication channel to Bob, who usesit to perform local operations on his
entangled object, thus completing the processof teleportation. Both the classical
and the quantum channels are crucial for the protocol since at no point in the
protocol information about the unknown state is entirely in one of them. The
teleportation distance is set by the distance by which the entangled pair can be
created. This is why the entanglement of two object in separateenvironments
discussedin Sec. 6 represents a fundamental improvement comparedto previous
atomic entanglement experiments such as [26, 62]. The original proposal uses
discretequbit-t ype entanglement such asa spin singlet composedof two spin 1/2
particles. In 1994an adaptation of the schemeto continuous variables (CV) was
proposedin [53].
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Figure 8.1: Generic teleportation scheme.

Quantum teleportation was �rst demonstrated using discrete states of light
(single photons) [57, 109, 110] and brie
y afterwards for continuous variables of
light [111]. Unlike previous implementations the teleportation in this experiment
worked deterministically. In the following years light teleportation was further
improved with qubit teleportation over a distance of 4 km using optical relays
[112], CV tripartite quantum teleportation network [113], where teleportation of
an unknown quantum state can occur betweenany pair, but only with the assist-
ance of the third party, and CV teleportation exceedingthe F=2/3 no-cloning
limit and entanglement swapping [58, 59]. Recently , the �rst demonstration of
atomic teleportation was reported in [114, 115]. In both experiments a qubits
state of one ion in a trap was teleported onto another ion. The teleportation
distance was � 5� m. Apart from being the �rst atomic teleportation, this was
also the �rst implementation of deterministic teleportation of a discrete variable
state.

In this chapter we present the experimental results for the �rst demonstration
of teleportation betweenan atomic state and a light state [103]. It is implemented
through a novel protocol [65] utilizing the light-atom entanglement generated
in the single cell interactions (2.42). With a teleportation distance � 0:5m it
represents an increaseof a factor 105 comparedto previous atomic teleportation
experiments [114, 115].

To further illustrate the procedure we will brie
y review the CV teleporta-
tion protocol using perfectly EPR entangled states originally proposed in [53].
Alice and Bob have statescharacterizedby the canonicalvariables (X A ; PA ) and
(X B ; PB ) respectively. They arepreparedin a perfectly EPR entangled state such
that X A � X B = 0 and PA + PB = 0. Thus, the uncertainty of thesecombinations
is zero. Alice receivesan unknown state characterizedby (X u ; Pu ). Sheperforms
a measurement of X A � X u and PA + Pu and transmit the results to Bob via a
classical communication channel. Bob displaceseach of the quadratures of his
systemby oneof the resultsand ultimately obtains X out

B = X B � (X A � X u ) = X u

and P out
B = PB + (PA + Pu ) = Pu . Sowe seethat with in�nite EPR entanglement

teleportation with unit y �delit y can be achieved.
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8.1 Ligh t A tom Teleportation with the Faraday
In teraction

We would like to perform teleportation of a light state onto an atomic state using
the Faraday interaction. First we consider using the light-atom entanglement
generated in the regular two cell QND interaction Eq. (2.34). To do this we
let Alice's entangled object be a light pulse ( ~X L ; ~PL ) that has passedthrough
the two samples. Bob's entangled object will consist of the two atomic samples.
Next, another light pulse (X L ; PL ) is sent to Alice, who mixes the two beamson
a 50:50beam splitter. In one output port shemeasuresŜy and in the other Ŝz .
With a feedback of

p
2g we obtain:

X out
A = X in

A + � ~P in
L � g( ~P in

L � PL ) = X in
A + (� � g) ~P in

L + gPL

Pout
A = P in

A � g( ~X in
L + �P in

A + X L ) = (1 � �g )P in
A � g ~X in

L � gX L :
(8.1)

Unit y gain is achieved with g = 1 and in this setting � = 1 clearly minimizes the
noise,which when inserted into Eq. (7.12) givesthe optimal �delit y F = 2

3 .
The reason for the relatively low �delit y is that the type of entanglement

generated in the QND interaction is far from the optimal EPR type of entan-
glement. Looking at equations (2.34) we seethat the di�eren t quadratures are
just not mixed su�cien tly together. In the single cell interaction Eq. (2.42) the
degreeof mixing is higher sincethe p̂a is no longer conserved:

x̂out
c = x̂ in

c +
�

p
2

p̂in
a +

� �
2

� 2
p̂in

s +
1

p
3

� �
2

� 2
p̂in

s;1 ; x̂out
a = x̂ in

a +
�

p
2

p̂in
c

x̂out
s = x̂ in

s �
�

p
2

x̂ in
a �

� �
2

� 2
p̂in

c �
1

p
3

� �
2

� 2
p̂in

c;1 ; pout
a = pin

a +
�

p
2

p̂in
s ;

(8.2)

This complex type of multi-mo de entanglement turns out to be even worse
than the QND type entanglement for teleportation of either a cosineor a sine
mode. The maximal achievable �delit y is only F =

p
2=5 � 63:25%. To take full

advantage of the single cell entanglement one should instead teleport the upper
sidebandgiven by a combination of the cosineand sine modes:

ŷ =
1

p
2

(ŷs + q̂c) ; q̂ = �
1

p
2

(ŷc � q̂s) ; (8.3)

where ŷi and q̂i (i = c;s) are the canonical variables corresponding to Ŝy and
Ŝz respectively. As in chapter 7 the input states will be displacedvacuum state
generatedby an EOM as described in Sec. 7.3. For the sideband variables we
have:

[ŷ; q̂] = i ; ĥni = (ĥyi 2 + ĥqi 2)=2 : (8.4)

As illustrated in Fig. 8.2 this �eld is mixed with the strong light pulse which
carries the entanglement with the atoms on a 50:50beam splitter. In one of the



106 Chapter 8 - Light Atom Telepor t ation

EOM
RF-coils

optical
pumping
pulse

6P3/2

F=4, 6S1/2m =4Fm =3F

+ -

l /2
l /2l /4 Alice

XsPc

Ps Xc

- -

Bob

y

x

x
out

in

BS
PBS

PBS

strong

pulse pulse to be

teleported
gatoms

Figure 8.2: The teleportation setup used in our experiment. By sending a strong pulse
of light through an atomic sample entanglement between the two systemsis generated.
Alice receives the entangled pulse of light, whereasBob has the atoms. On Alice's site
the entangled pulse is mixed with the pulse to be teleported on a 50:50 beam splitter
(BS). A Bell measurement in the form of homodyne measurements of the optical �elds
in the two output ports of the BS is carried out and the results are transferred to Bob
as classical photo currents. Bob performs spin rotations on the atoms to complete the
teleportation proto col.

output arms we measureŜy :

X̂ c;s =
1

p
2

[x̂out
c;s + ŷc;s] ; (8.5)

while in the other we measureŜz :

P̂c;s =
1

p
2

[p̂out
c;s � q̂c;s] : (8.6)

This completesthe Bell measurement giving four results, X̂ c;s and P̂c;s. The
light quadratures to be teleported are now contained in the combinations:

Q̂ = X̂ c+ P̂s =
1

p
2

[x̂out
c + p̂out

s ]� q̂ ; Ŷ = X̂ s� P̂c =
1

p
2

[x̂out
s � p̂out

c ]+ ŷ : (8.7)

Feeding these combinations back onto the atoms with electronic gains gx;p we
get:

x̂ tele
a = x̂out

a + gx Ŷ = x̂out
a +

gxp
2

[x̂out
s � p̂out

c ] + gx ŷ

p̂tele
a = p̂out

a � gpQ̂ = p̂out
a +

gpp
2

[x̂out
c + p̂out

s ] + gpq̂ :
(8.8)

This step completesthe teleportation protocol. Obviously if gx;p = 1 the mean
valuesof the input state are transferred faithfully , thus constituting a successful
classical mapping. In order to achieve quantum teleportation the variance of
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Figure 8.3: Theoretical teleportation �delit y without decoherence(solid) basedon Eq.
(8.9) and with realistic noise parameters (dashed), � = 0:8 and 10% light loss.

the output state has to be smaller than the classical bound Eq. (7.15). The
mechanism enabling this is the interspeciesentanglement between the auxiliary
light pulseand the atomic samplethrough which the contribution from the terms
x̂ in

a , p̂in
a , p̂in

c , and p̂in
s can be canceled.To seethis we assumeunit y gain and insert

equations (8.2) into (8.8):

x̂ tele
a =

�
1 �

�
2

�
x̂ in

a �
1

p
2

�
1 �

�
2

� 2
p̂in

c +
1

p
2

x̂ in
s �

1
p

6

� �
2

� 2
p̂in

c;1 + ŷ ;

p̂tele
a =

�
1 �

�
2

�
p̂in

a �
1

p
2

�
1 �

�
2

� 2
p̂in

s �
1

p
2

x̂ in
c �

1
p

6

� �
2

� 2
p̂in

s;1 + q̂
(8.9)

The atomic variance can be calculated exactly as was done for the quantum
mapping. The resulting �delit y can be seenin Fig. 8.3. The optimum �delit y is
F = 0:77obtained at � = 1:64. Just asin Sec.7.1.1atomic decoherenceand light
loss can be modeled by a beam splitter type admixture of vacuum. The result
for � = 0:8 and 10% light loss is also shown in the �gure. For theseparameters
the optimal �delit y is F = 0:67 at � = 1:48.

8.2 Exp erimen tal Veri�cation

In the experimental realization we split o� a small fraction of the beamand send
it through an EOM to create the state to be teleported. The remaining part
of the light passesthrough a single atomic sample and is recombined with the
weak beam on the beam splitter. This requires interferometric stabilit y, which
will be addressedin Sec. 8.3. The 2.0 ms probe is followed by an 0:2ms RF
feedback pulse, which completesthe teleportation protocol. The experiment was
performed at a detuning � = 825MHz. To prove that we have successfully
performed quantum teleportation we have to determine the �delit y of the exper-
imentally teleported state w.r.t the input state. Towards this end, exactly as in
the entanglement and quantum mapping experiments, we send a secondstrong
verifying pulse through the atoms after the teleportation is completed. Unlike
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in the previous two experiments the veri�cation is done with a 50:50beam split-
ter after the atomic sample. The atomic signal is contained in x̂out

c;s which is
only measured in one of the outputs. This adds vacuum noise, which has to
be corrected for in the reconstruction process. On the other hand information
about both atomic quadratures can be retrieved in a single pulse. This simpli-
�es the reconstruction processcomparedto the mapping experiment, where the
reconstruction was performed in two series- one of which with a � =2 pulse in
the atomic xp-spaceprior to the veri�cation pulse. In the veri�cation step we
thus measureX̂ ver

c;s = 1p
2
[x̂out

c;s + ŷc;s], where ŷc;s are now vacuum operators and

x̂ in
a = x̂ tele

a in Eq. (8.2).

8.2.1 Verifying the Mean Values

Calculating the mean valuesof the measuredquadratures Eq. (8.7) of the veri-
fying pulse we get:

D
X̂ ver

c

E
=

�
2



p̂tele

a

�
=

gp�
2

D
� Q̂

E
=

gp�
2

ĥqi ;
D

X̂ ver
s

E
=

�
2



x̂ tele

a

�
=

gx �
2

D
Ŷ

E
=

gx �
2

ĥyi :
(8.10)

Thus, we seethat plotting the secondpulse results vs. appropriate combinations
of the �rst pulse results we can �nd the electronic feedback strength giving unit y
gain. The verifying pulse causesdeterministic decoherenceof the atomic mean
values, which means that a factor e� � � has to be added the Eq. (8.10). In
the experiment half the pulse duration was � = 1:0msec, � = 0:09(msec) � 1,

and � = 0:93, which means that we expect
D

X̂ ver
c

E
=

D
Q̂

E
=

D
X̂ ver

s

E
=

D
Ŷ

E
=

0:91� 0:93=2 � 0:42. In Fig. 8.4 (a) X̂ ver
c is plotted as a function of Q̂ for

10,000teleportation attempts with a slowly scannedinput state phaseafter the
electronic gain has been calibrated. This meansthat the mean photon number
in the input pulse is constant but the modulation varies sinusoidally in time
betweenthe q̂ and ŷ. The linear �t givesa slope of 0:4248� 0:0010. This along
with a similar result for the other quadrature (X̂ ver

s vs. Ŷ ) represent the proof
of the successfulclassical transfer of the meanvaluesof the quantum mechanical
operators Ŷ and Q̂ of the input light pulse onto the atomic state.

8.2.2 Reconstructing the A tomic Variances

As in the context of the quantum mapping experiment, the crucial step is to verify
that the reconstructed atomic variancesare lower than the classicalbound. In
order to derivea reconstruction procedurebasedon measuredresults we �rst note
that in the absenceof an atomic interaction we would measureX̂ ver

c;s = (x̂c;s +
ŷc;s)=

p
2, which exactly add up to oneunit of noise. wewill call this Var(SN )meas.

Inserting (8.2) into (8.5) an expressionfor the reconstructed variance basedon
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Figure 8.4: a) Calibration of the teleportation feedback gain by comparison certain
combinations of the �rst pulse results with the verifying pulse results. The coherent
input state used has a mean photon number of ĥni � = 500 and is slowly modulated
in phaseduring the 10,000measurement cycles presented here. b) An example of data
from which the atomic variance after the teleportation is determined.Here ĥni � = 5
and the phase is �xed.

the variance of the veri�cation pulse can be derived:

Var(p̂tele
a ) =

1
2

4
� 2

Var(X̂ ver
c ) � Var(SN )meas(1 + � 4=24) � Var(Ex;c )

Var(SN )meas
; (8.11)

where Var(Ex;c ) is the electronic noisecorresponding to the time interval of the
verifying pulseand the factor 1

2 establishesthe canonicalvariance. This equation
is valid for canonical units as well as for the raw data values coming directly
from the integral of the output of the lockin ampli�ers over the pulse duration.
Equation (8.11) thus gives the full recipe for the reconstruction of the atomic
variancesbasedon the raw data.

8.2.3 Calculating the Fidelit y of Teleportation

The experiment was repeated for a number of di�eren t mean photon numbers
ĥni = 0(vacuum); 5; 20; 45; 180; 500. The atomic tomographic reconstruction of
each showed that the variancescould be grouped into two sets, one with ĥni �
20 and another with ĥni > 20. Within each set the variance was found to
be independent on the input state, but for the set containing higher photon
numbers the value of the variances was slightly higher. Pleaseremember that
as discussedin Sec. 7.2 we wish to calculate the �delit y corresponding to a
set of coherent input states with a mean photon number photon number ĥni
distributed according to a Gaussian with a width no. Thus, when estimating
�delities with no � 20 we use the set of measurements taken at low photon
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Figure 8.6: Optimal �delit y vs. the
width of the input state distribution
(solid) and the best classical �delit y
(dashed). Dotted: the optimal feed-
back gain.

numbersonly, whereasfor no � 20 we include both sets. For each set we repeated
the experiment for various valuesof the gain.

The results for no � 20 are shown in Fig. 8.5. First of all, it is clear that the
variancesof both atomic quadratures are well below 3

2 at unit y gain. Since,how-
ever, the data is not valid for an in�nitely broad input distribution the classical
boundary is di�eren t from 3

2 and the optimal gain is not unit y. From the quad-
ratic �t predicted by theory weobtain Var(x̂ tele

a )(gx ) and Var(p̂tele
a )(gp) which can

be inserted into the expressionfor the �delit y Eq. (7.11). Of courseat this point
our experimental observation that the variancesare independent of ĥni is crucial.
Just like in the caseof quantum mapping the �delit y is now a function of no, gx ,
and gp only, which can easily be optimized with respect to gx and gp yielding the
optimized �delit y vs. the width of the input state distribution no. The result of
this optimization is shown in Fig. 8.6. As can be seenthe experimental �delit y
exceedsthe best classical for no � 2. In particular we get F2 = 0:64 � 0:02,
F5 = 0:60 � 0:02, F10 = 0:59 � 0:02, and F20 = 0:58 � 0:02, where the classical
benchmarks are calculated from Eq. (7.15) F class

2;5;10;20 = 0:60;0:545;0:52;0:51 .
The uncertainties in the results are obtained by varying each of the uncertain
parameters in the reconstruction processand then adding the deviations quad-
ratically:

SD(F ) =
q

� 2
PN + � 2

SN + � 2
el + � 2

SNR + � 2
�t + � 2

g

= 10� 2
p

1:02 + 1:652 + 0:12 + 0:32 + 0:22 + 1:22 + 0:82 � 0:02 ;
(8.12)

where � PN , � SN , and � el are the contributions to the SD(F ) due to 
uctuations
in the projection noise, shot noise, and electronics noise respectively, � � is the
uncertainty due to 
uctuations in the atomic decay constant, � SNR is the contri-
bution from 
uctuations in the ratio of the responsesof two pairs of detectors, � �t

is the deviation due to the uncertainty of the quadratic �t in Fig. 8.5, and � g is
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Figure 8.7: Optimal �delit y vs. the input state distribution width including the data
taken at high modulations (solid). Dashed: best classical �delit y.

the contribution from gain 
uctuations. The experimental violation of the clas-
sical bound is somewhatsmaller than the result obtained for quantum memory
in chapter 7, but it is neverthelessstatistically signi�can t.

For input states which are signi�can tly displaced from vacuum even small

uctuations in the classicalgain will lead to a detrimental displacement of the
teleported state with respect to the input state thus producing a dramatically
decreased�delit y. As discussedpreviously we do in fact observe an increasein
the reconstructed variance at higher photon numbers, however since it seems
to be more or less constant in the range ĥni = [45;500] we must ascribe this
to someinstabilities in the teleportation setup other than the classicalgain. As
mentioned previously the reconstructedvariancescorresponding to measurements
in the range ĥni = [20;500] at various gains are a little higher than for the low
modulation and the scattering is somewhat larger. Inserting the result of the
quadratic �t into the expressionfor the �delit y and optimizing w.r.t. the gain
we �nd the optimal �delit y vs. no, which is shown in Fig. 8.7. As can be seen
the �delit y quickly saturates such that for no > 20 we get F = 0:56� 0:03.

8.3 Exp erimen tal Considerations

One of the main di�erences betweenthe quantum mapping and the teleportation
setups is the fact that for the latter we need to combine two �eld on a beam
splitter. In order for the entire theoretical discussionfollowing the intro duction
of the beam splitter to be valid the two �elds in the input ports have to be
perfectly coherent. This means that scanning the phase of one beam should
(for equal powers in the two inputs) result in subsequent total destructive- and
constructive interference. Of coursethis can only be achieved if the two �elds are
derived from the samelaser sourceso a Mach-Zender type interferometer has to
be assembled. Also the path length di�erence (here typically a few cm) should
be much smaller than the coherencelength of the laser, which for the TOPTICA
diode laser is � 70m.

Experimentally we cannot achieve perfect overlap betweenthe two modesso
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Figure 8.8: Setup for teleportation. Becausephase coherenceis required the signal
and auxiliary beamsare derived from the samesource.

in the following we will brie
y outline the main e�ects of such a non-perfect
overlap. Our beam splitter was only 50:50w.r.t horizontally polarized light. For
vertically polarized light (containing the strong classicalcomponent) we intro duce
re
ection and transmission coe�cien ts r x and tx . From the atomic sample we
have the �elds A and â in the vertical and horizontal polarization respectively
and correspondingly the �elds B and b̂ from the EOM arm. HereA and B denote
classical �elds and â and b̂ denote quantum mechanical annihilation operators.
We split B and b̂ into parts which are coherent with A but shifted with a variable
phase,and parts which are incoherent (marked by a � ):

B =
p

p(
p

1 � v ~B +
p

vei� A) ; b̂ =
p

1 � v~b+
p

vei� b̂A ; (8.13)

where p is the power ratio between the two arms of the interferometer. For
initial experiments the interferometer phase� was stabilized by locking the in-
terferometer to give equal power in the two output arms of the beam splitter.
This was done by using the di�erence between the power measuredin the two
arms as an error signal and feeding it back to a piezo-electricdevicemounted on
one of the mirrors of the EOM-arm (seeFig. 8.8). Experimentally we observed
that a minimum power fraction of p = 0:1 was necessaryto maintain a stable
lock. In this way a particular input state could easily be maintained for the
couple minutes required to perform 10,000 teleportation runs. Analogously to
the quantum mapping experiment the gain was then establishedby performing
several such experiments at di�eren t amplitudes of the EOM modulation (see
Fig. 7.2).

v can be written in terms of the experimentally accessiblevisibilit y (interfer-
encefringe measuredwith equal power in the two inputs):

V =
Pmax

C � Pmin
C

Pmax
C + Pmin

C
=

2tx r x
p

v
t2
x + r 2

x
= 2tx r x

p
v : (8.14)

The beam splitter used has t2
x � 0:6, r 2

x � 0:4. Typically we achieve V � 0:5
giving v � 0:52. This meansthat we admix 50% vacuum into the mode leaving
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the EOM. We just claim teleportation for the mode completely overlapping spa-
tially and temporally with the strong local oscillator �eld, A. For teleportation
of coherent states this is no problem sincea coherent state with an arbitrary ad-
mixture of vacuum is still a coherent state. If the exact shape of the teleportation
mode is unknown to Alice (which will usually be the casefor v 6= 1) shecan get
exact knowledgeof the state she is sending (in the mode b̂A ) by using the �rst
teleportation attempt asa calibration stageto determine the sizeof v. With this
shecan subsequently preparean arbitrary coherent state by varying the modula-
tion amplitude on the EOM and the phaseof the interferometer. This calibration
would then be valid as long as the interferometer overlap stayed stable, which in
our caseis typically hours. This of courseonly works becauseof the robustnessof
the coherent states against losses.If the input state was a single photon state in
the mode b̂, teleportation of the mode b̂A with v � 0:5 would not producea single
excitation in the atomic target. Thus, to enable teleportation of a non-classical
light state the present setup would have to be re�ned.

Even though we are only interested in teleporting the mode characterized by
b̂A it is important to know what the e�ect of the mode ~b is on the teleportation
outcome. To do this we calculate the result of the Ŝy measurement in oneoutput
of the beam splitter:

Sy =
A

p
q

2
[x̂a + cos(� + � )x̂ b̂A

� sin(� + � )p̂b̂A
]

+
Ar x

p
p(1 � v)
2

[cos(� � � )x̂~b � sin(� � � )p̂~b] ;
(8.15)

where x̂k = (k̂ + k̂y)=
p

2, � is a phase shift intro duced by the coating of the
beamsplitter, and � and q, describing the strength and phaseof the strong local
oscillator after the beam splitter, are intro duced for compactness:

p
qei� = tx + r x

p
pvei� : (8.16)

Remember that x̂a carries the atomic contribution and x̂ b̂A
and p̂b̂A

carry the

modulation to be teleported, so we have coherent terms (b̂A ), which contribute
to the teleportation, and incoherent terms (~b), which tend to destroy the tele-
portation �delit y. It is now interesting to comparethe sizeof thesetwo which is
roughly determined by:

hincohi
hcohi

=
Ar x

p
p(1 � v)=2

A
p

q=2
=

r x
p

p(1 � v)
p

q
: (8.17)

Since q = t2
x + r 2

x pv + 2tx r x
p

pvcos� , it is clear that when varying the inter-
ferometer phase � q will vary in the range [qmin = (tx � r x

p
pv)2 : qmax =

(tx + r x
p

pv)2]. In Fig. 8.9 the boundaries of Eq. (8.17) are plotted as a func-
tion of the power p in the EOM arm relative to the strong �eld arm. As can be
seen,even for p = 0:1 about 20% of the measuredmean values arisesfrom the
incoherent terms in Eq. (8.15).
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Figure 8.9: The ratio of the size of the incoherent to the coherent terms in the mean
value as a function of the power in the signal arm relativ e to the strong �eld passing
through the atoms. . When varying the phase of the input state the ratio will vary
between the two plotted extremes. The experimental result presented in this chapter
were obtained at p � 0:01

This, however, is not the only e�ect. More seriously, the processof recon-
structing the atomic varianceshas to be modi�ed becauseVar(SN )meas in Eq.
(8.11) now also contains the incoherent terms from the last half of Eq. (8.15).
The sizeof the correction is roughly the squareof the incoherent to coherent ratio
of Eq. (8.17). Thus, at p = 0:1 it would be � 4%, which is quite an important
correction.

The interferometer intro duced another major experimental challenge. Every
single frequency laser of courseis not perfectly monochromatic but rather has a
�nite line width � � . If the di�erence betweenthe optical path lengths in the two
arms of the interferometer � L is non-zero di�eren t frequency components will
interfere di�eren tly . Thus, if the spectral density at the frequencyof interest (in
our case322kHz) is high a signi�can t amount of phasenoisecanbe converted into
amplitude noisein this process.For � L = 0 all frequencycomponents experience
the same shift (zero) and this e�ect disappears (white light position). In the
very early phasesof the teleportation experiment the Ti:Saph laser was used.
It has a line width � � < 300kHz so no phaseto amplitude noiseconversion was
observed(� L � 10cm). At somepoint the amplitude noiseof this laser increased
dramatically (to � 20dB above shot noise), so it was replacedby the TOPTICA
diode laser. This laser has a line width � � � 6MHz, which of course means
that the spectral density around 322kHz is much larger. Indeed, when coupling
into the interferometer with the new laser we observed a large dependenceof the
amplitude noiseafter the interferometer on the � L .

As a solution to the described problems with the interferometer we instead
decidedto turn down the power in the EOM arm dramatically. At p = 0:01 the
contribution of incoherent mean values is � 4% giving a contribution of � 0:2%
to the variance estimate. Simultaneously of coursethe phaseto amplitude noise
conversion was reduced drastically since it is causedby the interference fringes
of the �elds at the two inputs of the beam splitter. The only negative e�ect is
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that the interferometer can no longer be locked and hencethe phaseof the input
state drifts at the time scaleof thermal 
uctuations (� 1min). As described in
Sec. 8.2.1 instead of letting the phase drift it was actively scannedby slowly
modulating the length of the EOM-arm with a piezo-element. From this the
gain can be establish from at single seriesof 10,000cyclesunlike in the quantum
memory experiment where several seriesat di�eren t modulation strengths had
to be taken. The atomic reconstruction process,however, is made slightly more
complicated by the varying phase. In order to reduce statistical uncertainties
in the reconstruction processsu�cien tly at least 10,000individual teleportation
runs have to be employed. For this purposewe divide the data into bins each
containing such a low number of points that the input state can be considered
constant. Within each bin we then �nd the reconstructed atomic variance and
in the end we averagethis result over all of the bins. The results obtained in this
way have beenpresented in the previous sections.
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CHAPTER 9

Quan tum Memory Retriev al

As discussedin chapter 7 storage of quantum states with a �delit y exceeding
the classicalboundary has beendemonstrated experimentally , whereasretrieval
of a stored state from a quantum memory still remains an unresolved challenge.
In this chapter we will describe why retrieval is much more challenging experi-
mentally when using the Faraday interaction and room temperature gassamples.
We will then derive two protocols for retrieval which should be experimentally
feasiblein the current setup. We should warn the reader that the level of math-
ematical detail is very much increasedin this chapter comparedto the preceding
experimental chapters. Both protocols are based on solving for the dynamics
arising when a light beam is re
ected back through the atomic sampleafter the
passage(seeFig. 9.1). The complexity arisesbecausethe pulse is assumedto
be so long that the di�eren t passagesoccur simultaneously in which casethe dy-
namics is no longer the simple QND type. One protocol is basedon two passages
of the light and is essentially an extensionof an existing protocol [116] and it has
the samelimitations on the achievable �delit y. The secondprotocol is basedon
four passagesand in principle allows for completestorageand retrieval with unit
�delit y - only requiring su�cien t interaction strength. The �delit y will be given
both for coherent input states and for qubit input states. This illustrates that
although the system is basedon continuous variables it can still accommodate
inherently discretestates(which of coursealsohavea continuousvariable Wigner
representation). In the treatment we will largely ignore the e�ects of decoher-
encealthough they will be discussbrie
y in the context of the main four-pass
protocol. Finally we would like to draw the attention to two similar results on
retrieval using the Faraday interaction published almost simultaneously as the
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Figure 9.1: Schematic of the multi-pass proto col. a) The light is sent through the
atomic sample along the z- and then along the y-direction. We re
ect the light back
onto the sample to improve the performance by two further passagesof the light beam
(optional). b) Schematic of an implementation with two atomic sampleswith oppositely
oriented mean spin in a homogeneousmagnetic �eld.

one discussedin this chapter.
In principle the stored state can be retrieved by inverting the roles of light

and atoms in the direct mapping protocol. This would involve �rst an interac-
tion between a read-out light beam with the atomic sample acting as a storage
medium. According to Eq. (2.34a) this would map P̂a onto the light. Next X̂ a
has to be measuredand feedback applied to the read-out beam according to the
result of the measurement. Since, however, the atomic measurement requires a
certain time during which the read-out pulse propagatesat the speed of light,
the feedback is only practical for pulse durations shorter than a microsecond. In
the mapping experiments described in chapter 7 pulsesof millisecond duration
(� 300kmpulse length) are required in order to obtain a su�cien tly high interac-
tion strength, and the inversedirect mapping protocol is thus infeasible for this
experimental realization.

Several yearsago a quantum memory scheme,which doesnot involve meas-
urements, but instead usestwo orthogonal passagesof the read-out pulse was
proposedin Ref. [116]. The �rst passageis along the z-direction giving rise to
the by now well known H / P̂ap̂L interaction. After a 90� rotation in x̂L -p̂L
spacethe light is sent through the atomic samplealong the y-direction, creating
a H / X̂ ax̂L interaction. This can be implemented in the two physically distinct
setups illustrated in Fig. 9.1: a) with a single atomic sample and b) with two
oppositely oriented samplesatomic samplesin a constant bias magnetic �eld. In
the latter case,as we have seenbefore, the two cells combine to a single system
with the same QND-t ype interaction as a single cell. If the two passagesare
separatedin time (requiring a delay line at least the sizeof the pulse length) the
dynamics is merely a sequenceof QND interactions. After the secondpassage
we obtain:

p̂out
L = (1 � � 2)p̂in

L � � X̂ in
a ; x̂out

L = x̂ in
L + � P̂ in

a ;

P̂out
a = (1 � � 2)P̂ in

a � � x̂ in
L ; X̂ out

a = X̂ in
a + � p̂in

L ;
(9.1)
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where for mathematical conveniencewe have also applied a 90� rotation to the
light after the secondpassage.The protocol both maps the light properties on
the atoms and the atomic properties on the outgoing light. For � = 1, mean
valuesare faithfully stored. Calculating the output variancesfor coherent input
states and inserting these into the �delit y expression,Eq. (7.12), uncanceled
contributions from X̂ in

a or x̂ in
L will limit the �delit y of storageor retrieval to 82%.

By initially squeezingthese variables (e.g. X̂ a ! X̂ a=
p

" , P̂a ! P̂a
p

"), the
�delit y may be increasedtowards 100%. We note that in the caseof mapping
this exactly reproducesthe dynamics of the direct mapping protocol discussedin
Sec. 7. Here the measurement of the light after a single passageand subsequent
feedback onto the atoms mimics the dynamicsof the secondpassagewith respect
to the atomic evolution. With respect to the dynamics of the light state the two-
passprotocol is equivalent with the reversedirect mapping protocol discussedin
the beginning of this chapter and it is equally inapplicable to the caseof long
optical pulses.

Our solution to these problems involves three novel features [117]: we allow
the probe pulse to travel through the atomic samplein two orthogonal directions
simultaneously, we apply a novel schemeinvolving four passagesof the light, and
we apply a time varying interaction strength. The resulting protocol can be used
for storage or retrieval symmetrically. No squeezingis required and since the
interaction strength in the Faraday interaction dependson the number of atoms
and the number of photons there is no fundamental limit to the achievable �delit y
for this protocol.

9.1 Tw o-pass Dynamics

We will start by treating the caseof simultaneous passagefor the two-passpro-
tocol just discussed.As shown in Fig. 9.1 it can be implemented both for a single
samplewithout a biasmagnetic �eld and for two oppositely oriented sampleswith
a magnetic �eld. We know from Sec. 2.7 that both casegive rise to a QND type
interaction for a singlepassage,so therefore we will in this chapter stick with the
capitalized atomic notation. As mentioned in the intro duction we will later in
this chapter discussa four-passscheme which will be superior in terms of stor-
age and retrieval �delit y. The reasonfor also presenting the two-passprotocol
is threefold. First, it serves as an intro duction to the mathematical methods.
Second,since it is basedon fewer passagesthe experimental implementation is
simpler and the re
ection lossesare greatly reduced. Finally, certain dynamics
arises in this protocol which has no precedent in previous protocols nor in the
four-passprotocol that will enablethe production of squeezedlight. This will be
discussedin greater detail in chapter 10.

We treat the caseof simultaneous passageby taking the the � ! 0 limit of a
sequenceof coarsegrained Hamiltonian H � / � � P̂ap̂L and H 0

� / � � X̂ ax̂L . This
givesthe Hamiltonian

H (t) = ~� (t)P̂a(t)p̂L (t; t) + ~� (t)X̂ a(t)x̂L (t � T1; t) ; (9.2)
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where T1 is the time it takesfor the light to travel betweenthe interactions and
the light operatorsaredescribedby two time arguments, the �rst of which denotes
the time at which the in�nitesimal light segment arrives at the atomic sample
and the secondone describes the time dependence. The light operators obey
the commutation relation [x̂L (� ; t); p̂L (� 0; t)] = i� (� � � 0). They have dimension
1=

p
time asdoesthe time dependent interaction strength ~� (t) proportional to the

instantaneousamplitude of the strong x-polarized driving light �eld, which can
be varied experimentally using e.g. an electro-optic modulator (EOM). Allowing
for a time dependent interaction strength will increasethe �delit y and at the
sametime enable the storageof light pulseswith arbitrary temporal pro�les. It
is related to the usual interaction strength by � 2 =

R
dt~� (t)2. ~� (t) is assumedto

be slowly varying with respect to T1 since the time argument of � in the second
term should really be t � T1. Note that the xx interaction is with the light
segment which arrived at the atomic sample a time T1 earlier than the time t,
this meansthat Eq. (9.2) describesa light pulse which �rst has a pp interaction
and then makesan xx interaction.

The Heisenberg equations for this system are

d
dt

X̂ a(t) = ~� (t)p̂L (t; t)

d
dt

P̂a(t) = � ~� (t)x̂L (t � T1; t)

d
dt

x̂L (� ; t) = ~� (t)P̂a(t)� (� � t)

d
dt

p̂L (� ; t) = � ~� (t)X̂ a(t)� (� � t + T1):

(9.3)

The last two equationscan be solved to give

x̂L (� ; t) = x̂L (� ; 0) + ~� (� )P̂a(� )�( t � � )

p̂L (� ; t) = p̂L (� ; 0) � ~� (� )X̂ a(� + T1)�( t � � � T1) ;
(9.4)

where the Heaviside step function ensuresthat dynamic only occurs when the
light pulseis in contact with the atomic sample. The two solutionscanbe inserted
into the remaining two equations in Eq. (9.3):

d
dt

X̂ a(t) = ~� (t)p̂L (t; 0)

d
dt

P̂a(t) = � ~� (t)x̂L (t � T1; t) � ~� (t)~� (t)P̂a(t � T1):
(9.5)

With the physically reasonableassumption that the atomic variable is slowly
varying on the time scaleT1 (P̂a(t � T1) � P̂a(t)) theseequations can be solved
to give

X̂ a(t) = X̂ a(0) +
Z t

0
ds~� (s)p̂L (s; 0)

P̂a(t) = P̂a(0)e�
Rt

0 ds~� (s) ~� (s) �
Z t

0
dse�

Rt
s du ~� (u) ~� (u)) x̂L (s; 0):

(9.6)
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We note the similarit y of equations (9.4) and (9.6) to the simple QND casere-
viewed earlier. In particular we recognizean asymmetry in which only the initial
quantum 
uctuations of one of the atomic quadratures are damped, which dic-
tates the requirement of squeezedinitial statesfor perfect quantum state transfer.

Theseexpressionscan now be inserted into Eq. (9.4) to �nd the output �elds.
Since the dual time argument on the instantaneous light operators was mostly
useful in the derivation of the correct equationsof motions we now intro ducee.g.
x̂ in

L (t) and x̂out
L (t) instead of x̂L (0; t) and x̂L (t; t0), where t0 > T + T1 denotesa

time after the interaction is complete. As in previouschapterswede�ne collective
light modes with e.g. x̂L =

RT
0 f (t)x̂L (t)dt, where f (t) speci�es the mode in

question. This meansthat a light operator without a time argument denotesa
dimensionlesscanonicaloperator with [x̂L ; p̂L ] = i . For the symmetric mode with
f (t) = 1=

p
T we get:

x̂out
L =

1
p

T

Z T

0

�
x̂ in

L (t) + ~� (t)
�

P̂a(0)e�
Rt

0 ds~� 2

�
Z t

0
ds~� (s)e�

Rt
s du ~� 2

x̂ in
L (s)

� �
dt

=
1

p
T

Z T

0
x̂ in

L (s)

"

1 � ~� (s)
Z T

s
~� (t)e�

Rt
s du ~� 2

dt

#

ds +
P̂a(0)
p

T

Z T

0
~� (t)e�

Rt
0 ds~� 2

dt

p̂out
L =

1
p

T

Z T

0

�
p̂in

L (t) � ~� (t)
�

X̂ a(0) +
Z t

0
ds~� (s)p̂in

L (s)
� �

dt

=
1

p
T

Z T

0
p̂in

L (s)

"

1 � ~� (s)
Z T

s
~� (t)dt

#

ds �
X̂ a(0)
p

T

Z T

0
~� (t)dt ;

(9.7)

where we reversedthe order of integration in the double integrals.

9.1.1 Constan t In teraction Strength

Input output relations are easily derived for the simple caseof a constant inter-
action strength:

X̂ a(T ) = X̂ a(0) + ~�
p

Tpin
L (9.8)

P̂a(T ) = P̂a(0)e� ~� 2 T � ~�
Z T

0
e� ~� 2 (T � s) x̂ in

L (s)ds (9.9)

x̂out
L =

1
p

T

Z T

0
e� ~� 2 (T � s) x̂ in

L (s)ds +
P̂a(0)(1 � e� ~� 2 T )

~�
p

T
(9.10)

p̂out
L =

1
p

T

Z T

0
p̂in

L (s)
�
1 � ~� 2(T � s)

�
ds � X̂ a(0)~�

p
T : (9.11)

Three things shouldbenoted. First of all, dueto the di�eren t scalingwith ~� of the
atomic terms in x̂out

L and p̂out
L it is impossibleto implement retrieval with unit y

gain. Secondly, it is clear that light modes other than the symmetric one will
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be admixed in the mapping as well as in the retrieval. Finally, the exponential
damping of the input term of x̂out

L combined with the 1=~�
p

T damping of the
atomic contribution seemsto indicate that for high values of ~�T the outgoing
light will have a variance below the shot noise level in that quadrature. This
e�ect will be investigated in detail in chapter 10.

The variance of the operators can be calculated using the light correlation
functions ĥxL (t)x̂L (t0)i = ĥpL (t)p̂L (t0)i = i

2 � (t � t0). For e.g. a vacuum state we
get



x̂2

L

�
=

* 
1

p
T

Z T

0
x̂L (t0)dt0

!  
1

p
T

Z T

0
x̂L (t)dt

! +

=
1
T

Z T

0
dt0

Z T

0
ĥxL (t0)x̂L (t)i dt =

1
T

Z T

0

1
2

=
1
2

:

(9.12)

In a similar manner the output variancescan be calculated

Var(X̂ a(t)) =
1
2

�
1 + � 2�

Var(P̂a(t)) =
1
2

 
1 + e� 2� 2

2

!

Var(x̂out
L ) =

1
2

3 + e� 2� 2
� 4e� � 2

2� 2

Var(p̂out
L ) =

1
2

�
1 +

� 4

3

�
;

(9.13)

where we intro duced the total integrated interaction strength � 2 =
RT

0 ~� 2(t)dt.
Becauseof the unavoidable asymmetry in the two-passretrieval protocol the

optimal way to utilize this protocol is �rst to perform an asymmetric storageusing
e.g. the direct mapping protocol and then retrieve using the two-passinteraction
such that the overall protocol implements storage and retrieval at unit y gain.
For this purposewe useequations (7.1) as input states for the atomic system in
equations (9.10) and (9.11):

~xout
L = cx ~~x

in
L +

1 � e� � 2

� 2

h
X̂ in

a + � map p̂in
L

i

~pout
L = cp

^̂p
in
L � �

h
(1 � � map gmap )P̂ in

a � gmap x̂ in
L

i
;

(9.14)

where� map and gmap are the interaction strength and gain in the direct mapping.
For compactnesswe intro duce ~~x and ^̂p denoting vacuum modes with spectral
pro�les determined by the time-dependent function in the integrals of equations

(9.10) and (9.11) respectively and c2
x = 1� e� 2 � 2

2� 2 and c2
p = 1 + � 4=3 + � 2. Note

that we have performed a 90� rotation of the atoms prior to the retrieval because
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Figure 9.2: The coherent state �delit y
of a combined direct mapping and two-
pass storage subject to the unit y gain
conditions, Eq. (9.15), vs. the total in-
teraction strength in the retrieval with
constant ~� (t).
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Figure 9.3: The coherent state �del-
it y of a combined direct mapping and
two-pass storage subject to the unit y
gain conditions, Eq. (9.23), vs. the c-
parameter specifying the time depend-
ent interaction strength in the retrieval
(~� (t) = 1=

p
2(T � t)=c).

this turns out to be optimal. For the complete memory protocol we will require
unit y gain:

�g map = 1 and
1 � e� � 2

�
� map = 1 : (9.15)

Inserting theseconditions into Eq. (9.14) we can easilycalculate the variancesof
the output state and insert these into Eq. (7.12) giving the �delit y for coherent
states. The result is shown in Fig. 9.2. The optimal �delit y is F opt = 0:801
for � = 1:38, � map = 1:62, and gmap = 0:723. Squeezingthe initial atomic
state and the retrieval pulse will only increasethe �delit y by a couple of percent
becauseboth conjugate quadratures of each are present in the output. Had we
not performedthe atomic rotation prior to the retrieval the optimal �delit y would
instead be F opt = 0:685 for � = 1:06, � map = 0:948, and gmap = 1:57.

9.1.2 Time-dep endent In teraction Strength

We can try to remedy the admixture of other light modes in Eq. (9.7) with a
non-uniform interaction strength. To do this we want to choosea pro�le so that
the terms in the squarebrackets of Eq. (9.7) are constant:

~� (s)
Z T

s
~� (t)dt = c ; ~� (s)

Z T

s
~� (t)e�

Rt
s du ~� (u)2

dt = c0 (9.16)

Di�eren tiating the former with respect to s we get:

d~�
ds

Z T

s
~� (t)dt � ~� 2(s) = 0 )

d~�
ds

=
~� 2(s)

RT
s ~� (t)dt

=
~� (s)3

c
; (9.17)
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where in the last step we usedthe de�nition of c. This di�eren tial equation can
easily be solved:

~� (t) =
1

q
2
c (T � t)

: (9.18)

In a similar manner the equation for the other light quadrature can be shown to
give:

~� (t) =
1

q
2(1+ c0)

c0 (T � t)
: (9.19)

We thus see that utilizing a shape as in Eq. (9.18) we solve both equation
simultaneously, albeit with di�eren t constants, c0 = c=(1 � c). We can now
expressthe retrieval in terms of the symmetric light variables entirely:

p̂out
L = (1 � c)pin

L � X̂ a(0)
p

2c (9.20)

x̂out
L = (1 �

c
1 � c

)x̂ in
L + P̂a(0)

p
2c

1 � c
= x̂ in

L
1 � 2c
1 � c

+ P̂a(0)

p
2c

1 � c
: (9.21)

Again we seethat unit y gain retrieval cannot be achieved but the noisetrade-o�
is made very explicit as compared to the caseof constant ~� . Looking at the
mapping equations (9.6) it is evident that a similar tric k cannot be applied to
the mapping interaction sinceonly a symmetric interaction constant will ensure
the storageof only p̂in

L , whereasthis clearly will causethe admixture of additional
vacuum modes in the other quadrature.

As in Sec. 9.1.1 we can create a complete storageand retrieval protocol this
time by inserting Eq. (7.1) into into equations (9.20) and (9.21). This time it
turns out to be optimal not to rotate the atomic state after the storage:

~xout
L =

1 � 2c
1 � c

~xout
L +

p
2c

1 � c

h
(1 � � map gmap )P̂ in

a + gmap x̂ in
L

i

~pout
L = (1 � c)~pout

L �
p

2c
h
X̂ in

a + � map p̂in
L

i
;

(9.22)

whereasbefore� map and gmap are the interaction strength and gain in the direct
mapping. This time the unit y gain conditions are:

� map = 1=
p

2c and gmap =
1 � c
p

2c
: (9.23)

The �delit y corresponding to theseconditions is plotted in Fig. 9.3. The optimal
�delit y is F opt = 0:868 for c = 0:205, � map = 1:56, and gmap = 0:509. We note
that becauseof the asymmetric mapping total �delities above the 82% �delit y
bound on the direct mapping can be achieved. With an atomic rotation prior to
the retrieval the optimal �delit y would instead be F opt = 0:828 for c = 0:0822,
� map = 0:372,and gmap = 2:47. With initial state squeezingthe �delit y for both
the protocol with the atomic rotation and the one without can be increasedto
F = 0:90 with 5:2 dB and 9:4 dB of atomic squeezingrespectively. In both cases
1:0 dB of squeezingof the retrieval pulse is optimal.
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9.2 Four-pass Proto col

The necessity of squeezedinput states in the two-passprotocol is causedby the
asymmetry in Eq. (9.6) between the atomic variables: P̂a(0) is exponentially
damped, whereasX̂ a(0) remains undamped, hencerequiring initial atomic state
squeezing. The symmetry can be restored by re
ecting the light back through
the atomic medium, seeFig. 9.1. In the resulting four-pass protocol the light
will experiencean interaction sequenceP̂ap̂L ; X̂ ax̂L ; X̂ ax̂L , and P̂ap̂L . Experi-
mentally the output beam will then have to be separatedfrom the input beam
following the fourth passage.The Hamiltonian for this interaction is:

H (t) = ~� (t)P̂a(t)p(t; t) + ~� (t)X̂ a(t)x̂L (t � T1; t)

+ ~� (t)X̂ a(t)x̂L (t � T1 � T2; t) + ~� (t)P̂a(t)p̂L (t � 2T1 � T2; t);
(9.24)

where T2 is the time it takes between the two X̂ ax̂L interactions. Completely
analogously to Sec. 9.1 a di�eren tial equation for the time evolution of the
atomic and light variables can be formulated and solved to obtain:

X̂ a(t) = X̂ a(0)e� 2
Rt

0 du ~� (u)2
+ 2

Z t

0
dt0~� e� 2

Rt
t 0 du ~� (u)2

p̂in
L (t0)

P̂a(t) = P̂a(0)e� 2
Rt

0 du ~� (u)2
� 2

Z t

0
dt0~� e� 2

Rt
t 0 du ~� (u)2

x̂ in
L (t0)

x̂out
L (t) = x̂ in

L (t) + 2~� (t)P̂a(t)

p̂out
L (t) = p̂in

L (t) � 2~� (t)X̂ a(t):

(9.25)

Note, that this protocol involves a signi�can t amount of passagesso for an
atomic systemconsisting of two atomic sampleseach contained within glasscells
asin our experiments the total light re
ection losswould be eight times the single
cell loss. Since this was � 10% in our previous experiments this would be quite
a detrimental e�ect. This can, however, to a large extent be remediedby adding
anti-re
ection coating to the glasscells, somethingthat hasbeendoneto the new
generation of glass cells giving a total re
ection loss of � 1%. In a single cell
implementation consisting e.g. of a densecold samplewithin a vacuum chamber
the re
ection lossescanbealsobeminimized by anti-re
ection coating the optical
accesswindows or by having the additional mirrors within the vacuum chamber.

9.2.1 Four-pass Mapping

By intro ducing the annihilation operators âa = (X̂ a + i P̂a)=
p

2 and âL = (x̂L +
i p̂L )=

p
2 the entire interaction can be written as a beam splitter relation:

âa(t) = âa(0)e� 2
Rt

0 du ~� (u)2

� 2i
Z t

0
dt0~� e� 2

Rt
t 0 du ~� (u)2

âin
L (t0): (9.26)
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To store a light pulse described by âin
L =

RT
0 dtf (t)âin

L (t), f (t) being the
arbitrary temporal mode function, we want âa (T ) = âin

L which is equivalent to

1
~�

d~�
dt

+ 2~� 2 =
1
f

df
dt

: (9.27)

Given a (real) f (t) this di�eren tial equation can be solved to obtain the appro-
priate shape of the interaction strength ~� . Note, that the shape of ~� for storage
and retrieval may be di�eren t so that the retrieved pulse may be transformed
into any desirable shape. As a speci�c example let us consider a constant �eld
mode of duration T with f (t) = 1=

p
T. In the processof mapping, the initial

atomic state is damped exponentially but so is the contribution from the early
part of the input light pulse. This can be counteracted by an increasedinterac-
tion strength for the front part of the pulse giving ~� (t) = 1

2
p

t
for the optimal

mapping interaction. Henceby suitable tailoring of ~� the protocol allows for ideal
storageof an incoming light state without any initial squeezing!

9.2.2 Four-pass Retriev al

Noting the similarit y betweenthe four-passsolutions in Eq. (9.25) and the two-
passequations for P̂a and x̂L in equations (9.4) and (9.6) the result of inserting
the atomic variables into the light onescan easily be derived in analogueto Eq.
(9.7):

âout
L =

1
p

T

Z T

0
âL (s)

"

1 � 4~� (s)
Z T

s
~� (t)e� 2

Rt
s du ~� 2

dt

#

ds

�
i2âap

T

Z T

0
~� (t)e� 2

Rt
0 ds~� 2

dt :

(9.28)

As in Sec. 9.1 an interaction strength of the form ~� (t) = c=
p

(T � t) will make
the terms in the squarebrackets of Eq. (9.28) constant

âout
L =

1
p

T

1 � 4c2

1 + 4c2

Z T

0
âL (s)ds � i âa

4c
1 + 4c2 : (9.29)

Thus, for c = 1=2 the initial light contribution vanishesand the atomic contri-
bution will be mapped with perfect �delit y. When retrieving a stored state the
rear end of the light pulse reads out a damped atomic state and the divergence
needsto be placed at this end of the pulse.

9.2.3 Av oiding the Div ergence with a Cut-o�

Unfortunately all of the tailored shapes for the interaction strength contain a
divergenceat oneof the endsof the pulse. In addition, the integrated interaction
strength � 2 =

R
~� 2dt also diverges,so the interaction requires in�nitely many
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photons. In the following we will discussa number of di�eren t ways of creating
a physically realizable protocol. First, we truncate the interaction strength by
setting it equal to a constant, � , in a region around the divergence.In particular,
for the mapping we let ~� (t) = 1

2
p

t
for t > � and ~� (t) = 1

2
p

� for 0 � t � � . We
wish to calculate �delit y of the transfer for coherent states. For this we merely
needto know the variance of the output state and the gain in the mapping, i.e.
the coe�cien t in front of âin

L in Eq. (9.26). To calculate the latter we write the
right hand sideof Eq. (9.26) asa sum of three di�eren t orthogonal modes,âa(0),
âL and ~̂aL

âa(t) = ca âa (0) + gmap âL + c2~̂aL : (9.30)

Taking the commutator of âa(T ) with ây
L will pick out the required coe�cien t:

gmap = [âa(T ); ây
L ] =

"

� 2i
Z t

0
dt0~� e� 2

Rt
t 0 du ~� (u)2

âin
L (t0);

1
p

T

Z T

0
dtây

L (t)

#

=
� 2i
p

T

Z t

0
dt0~� e� 2

Rt
t 0 du ~� (u)2

Z T

0
dt

h
âin

L (t0); ây
L (t)

i

=
2

p
T

Z T

0
dt~� e� 2

RT
t du ~� 2

= 1 � e� 4� 2

(2
p

e � e) ;

(9.31)

whereweignoredthe additional phasedueto the factor i and used
h
âin

L (t0); ây
L (t)

i
=

� (t � t0) and the relation �
T = e1� 4� 2

obtained from the total integrated inter-

action strength � 2 =
RT

0 ~� (t)2dt = 1
4 (1 � ln �

T ). For � = 0 we instead get,

gmap = 1 � e� 4� 2
. For the retrieval we calculate the coe�cien t in front of the

atomic term in Eq. (9.28) with ~� = 1
2

p
T � t

for t < � 0 and � 0 for � 0 � t � T .

Choosing � 0 = 1
2

p
T � � 0 and � 0 = 0 turns out to give exactly the samegains as in

the mapping, thus re
ecting the high degreeof symmetry in the protocol. The
variancesof the output states of the four-pass protocol are always 1/2 because
of the coherent beam splitter nature of the interaction. This can also be checked
by a straight forward calculation of the variance of equations by transforming
equations (9.26) and (9.28) into xp variables and using the associated two-time
correlation functions as in Sec. 9.1.1.

A very illustrativ e result can be obtained by instead letting ~� (t) = 1
2

p
t + � in

the mapping. In this caseEq. (9.26) transforms into:

âa(T ) = âa(0)
p

e� 4� 2 � i
p

1 � e� 4� 2 âin
L ; (9.32)

where we used �
T + � = e� 4� 2

obtained from a calculation of the total integrated
interaction strength. Here we clearly seethat the output state has variance 1/2.

Equation (9.32) represents a beam splitter with arbitrary splitting ratio in-
volving only two modes. For � = 0 we regain the perfect mapping and for
e.g. � = T we get a 50:50 beam splitter. This adds to the growing toolbox of
interesting interactions between atomic ensembles and light pulses, which pave
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the way for a number of hybrid light-atom protocols, e.g., for teleportation and
entanglement swapping.

Finally we can examine the performance of the four-pass mapping and re-
trieval with a constant interaction strength. To calculate the gain of mapping
one has to calculate the commutator of the output state of atoms with ây

L of
the input light state exactly as was done in Eq. (9.31). The integral is easily

performedgiving a gain of gmap = 1� e� 2 � 2

� , which is fundamentally di�eren t from
the gains with tailored ~� becauseit does not converge towards unit y. In fact it
does not take the value unit y for any choice of � . The closest is gmap = 0:90
for � = 0:79. Thus, it will be unsuitable for any storagerequiring closeto unit y
gain. Calculating the retrieval gain as the factor in front of the atomic operator
in Eq. (9.28) it is again found to be identical to the mapping gain. Also, as in
all the other 4-passprotocols the output state has variance1/2 both in mapping
and in retrieval.

9.3 Qubit Fidelities

As in the experimental chapters we quantify the quantum memory performance
via the �delit y F = h	 ideal j� j	 ideal i , where 	 ideal is the ideal state and � is the
retrieved density matrix. Previously we have calculated the gains and variances
for various choices of the interaction strength in both the two- and the four-
passprotocols. Theseenabledus to calculate the �delit y for coherent Gaussian
states. Now wewish to assessthe quality of the protocolsfor a non-classicalstate,
in particular an unknown qubit stored in the zero and one photon subspaceof
the light �eld. In the four-pass protocol, this can be calculated directly from
equations (9.26) and (9.28), by noting that imperfect operation results in the
admixture of vacuum noise into the mode we are interested in, and the e�ect
(or an actual sourceof lossor decoherence)is therefore fairly easily determined,
e.g.,by noting that within the 0 and 1 photon subspace(9.26) correspondsto the
relation for a decaying two-level system (seeSec. 9.3.1). Calculating the qubit
�delit y for a generalprotocol is a much more complicated task. For this purpose
we have developed a theory capableof calculating the �delit y with respect to an
arbitrary superposition of Fock states for any protocol. This will be discussedin
Sec. 9.3.2.

The present protocols can also be extended to employ two atomic memory
units (ensembles) A and B to store or retrieve a qubit originally represented by
a single photon in two modes L and M , j i LM = � j10i LM + � j01i LM . This is
important since this encoding is used in a vast majorit y of current experiments
on optical quantum information processingwith discrete variables. The �delit y
of storage and/or retrieval can be calculated using similar techniques as those
presented here for the single-mode qubit.
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~� shape gx gp Varx Varp

� = 0 1 � e� 4� 2
- 1

2 -
4pass � = ~� (� ) 1 � e� 4� 2

(2
p

e � e) - 1
2 -

~� = 1
2

p
t + �

(BS)
p

1 � e� 4� 2 - 1
2 -


at 1� e� 2 � 2

� - 1
2 -

2pass 
at 1� e� � 2

� � 3+ e� 2 � 2
� 4e� � 2

4� 2
1
2 + � 4

6

Table 9.1: Gains and variancesfor various realistic (�nite � 2) quantum memory
protocols

9.3.1 Simple "Deca y" Mo del for the 4pass Fidelit y

As illustrated by Eq. (9.32) the four-pass protocol is e�ectiv ely an atom-light
beamsplitter. In e.g. the mapping the e�ect of the non-unity gain and the resid-
ual atomic contribution can be modeledsimply by a decoheringtwo level system.
A two-level density matrix experiencing spontaneousdecay will transform as:

� (t) =
�

� 11(0) + (1 � e� � t )� 22(0) � 12(0)e� � t= 2

� 21(0)e� � t= 2 � 22(0)e� � t

�
(9.33)

If the light is initially in a qubit state j i = cos(� =2) j0i + sin(� =2)ei� j1i the
initial density matrix will be:

� in =
�

cos2(� =2) cos(� =2) sin(� =2)ei�

cos(� =2) sin(� =2)e� i� sin2(� =2) :

�
(9.34)

Noting that � in corresponds to a pure state we calculate the �delit y as F =
Tr( � in � out ) and averaging over the Bloch spherewe get:

Faver =
1

4�

Z �

0
d� sin(� )

Z 2�

0
d�F =

1
6

(3 + 2
p

e� � t + e� � t ) (9.35)

To calculate the �delit y for each choice the shape of the interaction strength in
the four-pass protocol we merely make the substitution e� � t ! g2, where the
gains can be found in table 9.3.1. In the limit of � 2 � 1 we get for the e.g. the
three di�eren t realistic choicesfor the mapping:

Faver !

8
><

>:

1 � 2
3 e� 4� 2

; � = 0
1 � 2

3 e� 4� 2
(2

p
e � e) ; � = 1=(2

p
� )

1 � 1
3 e� 4� 2

; ~� = 1
2

p
t + �

(BS)
(9.36)

The full results are plotted in Fig. 9.4. The asymptotic exponential behavior is
clearly visible. As can be seenin the �gure, the two-mode beam splitter inter-
action is slightly more e�cien t than the continuous cut o� shape. A combined
storageand retrieval �delit y is easily calculated by multiplying the gains of each
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Figure 9.4: 1-�delit y (qubit) vs. � 2 for di�eren t realistic (�nite � 2) four-pass proto cols.
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mapping only).

and inserting the result into Eq. (9.35). For e.g. the continuouscut o� shape, we
get F ! 1 � 4

3 (2
p

e� e)e� 4� 2
for � 2 � 1. This treatment clearly illustrates that

inclusion of spontaneous emission is trivial since it merely causesa lower gain.
When doing so one should remember that the � 2 calculated here is the single
passintegrated interaction strength. The spontaneousemissionis of coursepro-
portional to the number of photons interacting with the atoms in each passage.
Thus, when calculating the e�ect of spontaneousemissionin e.g. a four-passpro-
tocol one should use � T = � 2

tot =� , where � 2
tot = 4� 2 and � is the optical depth

on resonance. Spontaneous emissionwill reduce the �delit y of the protocol by
an amount proportional to � T , so that in combination with Eq. (9.36) the total
error (1 � F ) is of the order of � exp(� �� T ) + � T . Optimizing this expression
with respect to � T we �nd that � opt � log �

� . Inserting this into the expression
for the error we note that it scalesas log(� )=� . It is thus advantageousto make
� large as possible.

9.3.2 General Fidelit y Calculation

The method for calculation of the qubit �delit y usedin the previous sectiononly
applies to a very small range of symmetric protocols. We are also interested in
the �delit y for e.g. the two-passprotocol. To do this, we write the e�ect of
an arbitrary interaction as Y out = UyY in U, where Y is a vector containing x's
and p's for orthogonal modesde�ned from the incoming light mode, the atomic
mode, and the temporal �eld modes populated in the interaction. Treating e.g.
the caseof mapping, the reduceddensity matrix for the atomic system is given
by:

� = TrL (UOL jv i hvjOy
L Uy) � E(j ih j); (9.37)
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where OL createsthe incoming light state j i from the vacuum jvi = j0i L j0i A .
The overlap betweenthe created state and the ideal state is then given by:

OL = h	 ideal j E(j ih j) j	 ideal i ; (9.38)

where j	 ideal i is the ideally transferred state. In order to describe any superpos-
ition of Fock states, we form the generating function:

G(v) = TrL (A h0j e� � âA Ue� ây
L jvi hvj e� � âL Uye� ây

A j0i A ); (9.39)

where v = (�; � � ; � ; � � ) should be treated as four independent variables. Us-
ing the fact that j� i = D(� ) jvi = e�j � j 2 =2e� ây

jvi it can be seenthat the Q-
function [39, 100] of � for an incoming coherent light state,
Q(� j� ) � 1

� h� jE(j� ih� j)j� i is proportional to the generating function, G =
� Q(� j� )ej � j 2 + j � j 2

. It follows from the linearit y of equations (9.6,9.25) that the
Q-function of E(j� ih� j) is Gaussian. In other words, starting with a Gaussian
coherent state j� i the interaction produces a Gaussian state. The Q-function
de�ned as the overlap of the resulting state with an arbitrary coherent state j� i
is again a Gaussian function. Thus, the resulting state E(j� ih� j) is completely
characterizedby the transfer gainsgx and gp of the meanvaluesof the two quad-
ratures and the output variancesof these, Vx and Vp. From Eq. (7.6) we know
the overlap of two Gaussianstates:

Q(� j� ) =
1

�
q

~Vx ~Vp

exp

"

�
(� + � � � gx (� + � � ))2

4~Vx
+

(� � � � � gp(� � � � ))2

4~Vp

#

;

(9.40)
where ~Vx = Vx + 1

2 , ~Vp = Vp + 1
2 , and we usede.g. � = x̂ + i p̂p

2
. By di�eren tiating

G an appropriate number of times with respect to � and � � and subsequently
putting � = � � = 0 an arbitrary number of ây and â can be pulled down and
acting on the vacuum state from the left and the right respectively will generate
any Fock state of light as input. Similarly di�eren tiations with respect to � and
� � extract the overlap with the ideally stored state. To calculate the �delit y for
e.g. a qubit state j i = a j0i + bj1i the �delit y is given by:

Fq = h j U j i h j Uy j i

=
�
a� + b� @

@� � h0j e� � â
�

U
�
a + b

@
@�

e� ây
j0i

�

�
a� + b� @

@� � h0j e� � â
�

Uy
�
a + b

@
@�

e� ây

j0i
�

=
�

a� + b� @
@� �

� �
a + b

@
@�

� �
a� + b� @

@� �

� �
a + b

@
@� �

�
Gj � = � � = � = � � =0 :

(9.41)

Since the generating function does not depend on the qubit coe�cien ts the
averaging over the qubit Bloch sphere can be performed without specifying
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Figure 9.5: Qubit �delit y of retrieval using the two-pass proto col (solid) and the
�delit y of mapping or retrieval using the four-pas proto col (dashed) both with constant
interaction strength.

which protocol (and thereby which G) is involved. Writing the qubit as j i =
cos(� =2) j0i + sin(� =2)ei� j1i the Bloch sphereaveraging can be performed as:

Fq;aver =
1

4�

Z �

0
d� sin(� )

Z 2�

0
d�F q

=
1
6

�
2 +

@
@� �

@
@�

+
@

@�
@

@� �

+
@

@�

�
@

@� � (1 + 2
@

@�
@

@� � ) +
@

@� �

��
Gj � = � � = � = � � =0 :

(9.42)

Performing the di�eren tiation we get a fairly complicated expression:

F =
VpVx (g2

x + g2
p) + 8V 2

x V 2
p + 4(Vx Vp)5=2 +

P
V 2

i Vj (2gj � 3g2
j � 3) + 3V 2

i g2
j

12(Vx Vp)5=2
;

(9.43)
where the sum is over (i; j ) = f (x; p); (p;x)g. Thus the only non-trivial task that
remains for each protocol is to calculate the action of each on arbitrary coherent
states, i.e. calculate the gains and output variances. For a symmetric protocol
(gx = gp � g and Vx = Vp � V ) this expressionsimpli�es greatly:

F =
g2(4 � 3V) � 3V + 2gV + V 2 + 2V 3

6V 3 !
3 + g2 + g

6
; (V = 1) : (9.44)

Thus, for unit y variance in the output state of a symmetric protocol we re-
trieve exactly the expressionfor the �delit y derived in Sec. 9.3.1. Taking the
appropriate gains and variancestaken from table 9.3.1 the �delit y for a constant
interaction strength can be is calculated and plotted in Fig. 9.5 both for the two-
and the four-passprotocol. The �delit y for thesereach a maximum of F = 0:934
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at � 2 = 0:628 and F = 0:846 at � 2 = 1:17 respectively. Asymptotically they
decreasetowards �nal �delities of F = 1=2 and F = 1=3.
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CHAPTER 10

Polarization Squeezing by
Faraday Rotation

Highly squeezedstates of light are valuable for numerous quantum information
protocols and high precision metrology. Several techniques exist for the genera-
tion of squeezedstates. In [118] the non-linear phaseevolution due to the Kerr
e�ect in an optical �b er was used to produce 5.1 dB of polarization squeezing.
Cold atomic samplesin high-�nesse cavities causesimilar Kerr-lik e e�ects, and
1.5 dB of quadrature squeezing[119] and � 0:5 dB of polarization squeezing[120]
has beenobserved. The most well establishedtechnique to date, however, is to
use non-linear crystals in very good cavities (e.g. � 7 dB in [121]). Here we
show, however, that by re
ecting a light beam so that it interacts twice through
the o�-resonant Faraday-type interaction with an atomic sample, a simple, ro-
bust, and e�cien t sourceof strongly squeezedlight is obtained, which may well
outperform the above mentioned schemes.

Our proposedphysical set-up is identical to the two-passretrieval discussed
in Sec. 9.1 and is illustrated in Fig. 9.1 (without the optional mirror after the
secondpassage). As the retrieval, it can be implemented either using a single
atomic sample (part a) of Fig. 9.1) or using two oppositely oriented samplesas
shown in part b) of Fig. 9.1. As mentioned in the discussionfollowing equations
(9.8-9.11) the input light and atomic terms of x̂out

L are damped and in the case
of constant interaction strength Eq. (9.12) shows that Var(x̂out

L ) goes to zero as
� 2 ! 1 . This suggeststhat the interaction could in principle create arbitrary
degreesof squeezingmerely by increasing the number of photons and/or the
atomic density su�cien tly .
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This e�ect is inherently connected to the simultaneous passagedynamics.
This can be seenby noting that in the caseof complete passagein one direction
before the secondpassageis begun it is the initial unsqueezedP̂a which maps
onto the �eld variable in the �rst interaction, and xout will thus be even more
noisy than in the input state. This fact can easily be seenin Eq. (9.1). To check
the robustnessof our protocol we will in this chapter rederive the equations of
motion in the presenceof light losses,� � 1 � � 2, between the two passages
of the light through the atomic sample and continuous atomic damping due to
decoherence.(For compactnesswe will in the following use � to quantify light
lossrather than � as in previous chapters.) This modi�es Eq. (9.4) to:

x̂out
L (t) = � (x̂ in

L (t) + ~� P̂a(t)) +
p

1 � � 2Fx (t) ; (10.1a)

p̂out
L (t) = � p̂in

L (t) � � ~� X̂ a(t) +
p

1 � � 2Fp(t) ; (10.1b)

where Fx (p) (t) are Langevin noise terms obeying [Fx (t); Fp(t0)] = i� (t � t0) and
[Fx (t); Fx (t0)] = [Fp(t); Fp(t0)] = 0. The extra factor � in front of the atomic
and light terms in Eq. (10.1b) accounts for the reduced interaction strength in
the secondlight-atom interaction becauseof the reducedphoton 
ux (� ! � 2�)
between the passages.As discussedin chapter 9 ~� has the dimension 1=

p
time,

and ~� 2 will be the natural scalefor the frequency dependenceof our results.
The atomic dissipation can both be causedby the weak excitation by the

optical �elds, which causesa small spontaneousemissionrate 
 , and by the fact
that we may implement optical pumping with a rate 
 p to retain the atomic
macroscopicpolarization along the x-axis. The mean spin will thus obey dJ x

dt =
� 
 Jx + 
 p(N=2� Jx ) with a macroscopicsteady state value Jx = 
 p


 + 
 p
N=2. Here

we specializedto a spin 1/2 system but the extension to a higher spin system is
straight forward. The atomic variablesX̂ a and P̂a decay with the rate 
 1 = 
 + 
 p.
The decay is accompaniedby noiseterms

p
2
 2Gx (p) (t), where Gx (p) (t) have the

same commutator properties as the Fx (p) (t) operators intro duced for the �eld
losses.Due to the division by

p
Jx in the Holstein-Primako� approximation, we

obtain the value 
 2 = 
 1=( 
 p


 + 
 p
) = (
 + 
 p)2=
 p for the strength of the noise

term. If there are other decoherencemechanisms present, 
 1 and 
 2 of course
have to be modi�ed correspondingly. Altogether Eq. (9.5) is modi�ed to:

d
dt

X̂ a(t) = ~�p in (t) � 
 1X̂ a(t) +
p

2
 2Gx (t) ; (10.2a)

d
dt

P̂a(t) = � ~�� x0
i (t) � 
 1P̂a(t) +

p
2
 2Gp(t); (10.2b)

Again we seethe e�ect of the reducedinteraction strength in the secondinterac-
tion by the extra factor � on the light part of Eq. (10.2b).

10.1 CW Squeezing

To solve the equationsunder continuouswave (CW) operation, we changeto the
frequency domain, given that h(t) = 1p

2�

R
ei! t h(! )d! for all atomic and light
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operators. This approach assumessteady state operation so optical pumping is
essential. Otherwise the steady state would be a completely depolarized sample
producing no squeezing(
 2 ! 1 ). The Fourier transformation changes the
argument from time to frequencyin the �eld equations(10.1), and it changesthe
di�eren tial equations (10.2) into the algebraic equations

i! X̂ a(! ) = ~�p in (! ) � 
 1X̂ a(! ) +
p

2
 2Gx (! )

i! P̂a(! ) = � ~� � x0
i (! ) � 
 1P̂a(! ) +

p
2
 2Gp(! ): (10.3)

We can now systematically expressboth the atomic variables and the output
�eld variables in terms of the input �eld and noise operators, and we �nd by
elementary operations,

xout (! ) =
(
 1 + i! )( � x in + �F x (! )) + �

p
2
 2~�G p(! )


 1 + i! + � 2~� 2 : (10.4)

If we assumethe vacuum values for the noise power spectrum of the incident
classical �eld and the noise variables hh(t)h(t0)i = 1

2 � (t � t0) ) hh(! )h(! 0)i =
1
2 � (! + ! 0), the noisespectrum of squeezingof the �eld is givenby the expectation
value hxout (! )xout (! 0)i = Vx (! )� (! + ! 0), and we obtain directly from (10.4),

Vx (! ) =
1
2

�
1 �

2(
 1 � 
 2)~� 2� 2 + ~� 4� 4

(
 1 + ~� 2� 2)2 + ! 2

�
: (10.5)

The squeezingspectrum is a Lorentzian, with a width given by the atomic deco-
herencerate, the coupling strength to the atoms and the transmission e�ciency
of light between the two passagesof the gas. Interestingly, the e�ect of losses
between the two light passagesof the gas is merely to modify the value of the
interaction strength, ~� 0 = ~�� . This e�ect was also observed in the much simpler
caseof a single interaction in Sec. 3.4.

Assuming that the dominant atomic decoherencemechanism is light absorp-
tion, and writing ~� 2 = 
 � and parameterizing 
 p = � 
 , the maximum squeezing
(at ! = 0) is:

Vx (0) =
1
2

(1 + � )2(� + 2�� 2)
� (1 + � + �� 2)2 ; (10.6)

Optimizing Eq. (10.6), we get

Vopt =
1
2

(2�� 2 � 1)3

(�� 2 � 1)(1 + �� 2)3 !
4

�� 2 �� 2 � 1 (10.7)

for � = 1+ �� 2

�� 2 � 2 . In Fig. 10.1 we plot Eq. (10.7) along with the optimal value for
� . As can be seen,degreesof squeezingof the order of 10 dB should realistically
be achieved for optical depths � � 100which is routinely attained in cold atomic
samplesas in [122]. In a BEC optical densities of up to 103 can be achieved
potentially paving the way for unprecedented degreesof squeezing. The high
degreesof squeezingare attained while the mean spin Jx = � =(1 + � ) � N=2 is
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Figure 10.1: The optimal degreeof squeezingVopt , Eq. (10.7) (solid line) approached
asymptotically by the expression4=(�� 2) (dashed line) as functions of �� 2 . Both curves
assumethe optimal strength of the optical pumping, � = 
 p=
 , which is shown as the
upper dotted line.

reducedby a factor on order unit y comparedto its maximal value (strong optical
pumping). For �� 2 � � � 1 the meanspin is only reducedslightly and the non-
optimal degreeof squeezingapproaches� =(�� 2), which can still be signi�can t.

Optical transmission lossesafter the last atomic interaction can readily be
modeled with a transmission coe�cien t and a noiseterm as in equations (10.1),
and the relevant single mode or continuous wave variancesV are modi�ed ac-
cording to, V ! ~� 2V + ~� 2 1

2 .

10.2 Pulsed Squeezing

The atoms can alsobe optically pumped into the macroscopicallypolarized state
and interact only with a �nite duration pulse of light, so that the reduction in
the mean spin, with rate 
 , is small. The equations (10.1) and (10.2), with

 1 = 
 2 = 
 can be solved directly in the time domain, expressingthe time
dependent output �elds as integrals over the incident �eld and noise operators.
At this point, there are rich possibilities to vary the incident �eld envelope and
the mode function identi�ed with the output �eld with the purposeto optimize
the squeezing.For simplicit y, we shall hereassumean incident squarepulse, and
we shall consider the amount of squeezingin a mode de�ned by the samepulse
envelope, i.e., we consider the single mode �eld operators q̂T = 1p

T

RT
0 q̂out (t)dt,

where q̂ = x̂ or p̂, and where T is the duration of the light pulse. From our full
time dependent solution we obtain the output variances:

Var(qT ) =
1
2

 

1 �
~� 4� 2

q

2
 3
qT

�
2
 qT + 1 � (2 � e� 
 q T )2�

!

; (10.8)
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Figure 10.2: The variance Var(xT ) after passageof a square pulse through the single
cell set-up (see Fig. 9.1 a)) The variance is shown as a function of ~� 2 � 2T with �nite
damping 
 T = 0:1 (dotted line) and with no damping (solid line).

where q̂ = x̂ ; p̂, � x = � 2, � p = � , 
 x = 
 + ~� 2� 2, 
 p = 
 , and where the -(+) sign
apply to the x̂T (p̂T ) component. In Fig. 10.2 we plot the attainable degreeof
squeezingas a function of the dimensionlessquantit y ~� 2� 2T. The assumption of
this calculation is that the mean spin is preserved, and we show in the �gure the
results for �nite damping 
 T = 0:1 and for no damping 
 T = 0, which provide
quite equivalent results. The attainable degreeof squeezingis clearly sizable. In
the limit of no damping, Eq.(10.8) turns into the simple expressionsderived in
Eq. (9.12)

Var(x̂T ) =
3 + e� 2� 2

� 4e� � 2

4� 2 ; Var(p̂T ) =
1
2

+
� 4

6
; (10.9)

where � 2 = ~� 2T. We note that the product of the two variance is 1/4 for T = 0
but while the x̂ component is gets squeezedthe uncertainty product grows as
� 2=8 for � 2 � 1.

Our proposal can also be implemented with two oppositely oriented atomic
samplesand a homogeneousmagnetic �eld as illustrated in Fig. 9.1 b). To model
this we intro duce atomic variables p̂ai = Ĵz;i =

p
Jx , and x̂ai = � Ĵy ;i =

p
Jx , where

i = 1; 2 denotesthe cell number. This givesequations of motion very similar to
equations (10.1) and (10.2) and the Larmor precessioncausedby the constant
magnetic �eld is modeled by adding terms � 
 x̂ai and � 
 p̂ai to the di�eren tial
equations for p̂ai and x̂ai respectively. Note that as discussedin Sec. 2.8 the
rotation is e�ectiv ely in opposite directions for canonical description of the two
atomic samples.Solving the coupled equationswe get

Vx (! ) =
1
2

�
1 �

4~� 4(
 2
1 + ! 2) + 4~� 2(
 1 � 
 2)( 
 2

1 + ! 2 + 
 2)

 2

1A2 + 2A
 1(! 2 + 
 2) + (! 2 � 
 2)2 + 4~� 4! 2

�
; (10.10)
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Figure 10.3: Squeezingspectrum for contin uous wave �eld transmitted twice through
two atomic ensembles which are Larmor precessingat frequency 
. The parameters in
the �gure are 
 = 10~� 2 , 
 1 = 0:1~� 2 , and 
 2 = 0:2~� 2 (corresponding to 
 = 
 p ).

where ~� 0 = ~� � and A = 
 1 + 2~� 2. Again lossesbetweenthe two passagesmerely
modify the interaction strength by a factor as was also the casein the single cell
implementation (Eq. (10.5)). In the limit of fast rotations (
 � 
 ; ~� 2) we get
two well separatedpeaksin the squeezingspectrum centered around ! = � 
 as
shown in Fig. 10.3. In the experiments described in the previous chapters we
had ~� 2 � 1(ms)� 1 and 
 � 300kHz so the approximation of fast rotations is
extremely good and under theseconditions we would get a squeezingbandwidth
of the order of kHz. Intro ducing ! = � 
 + � and letting j
 j � � ; 
 1, Eq. (10.10)
reducesto a Lorentzian dependenceon the frequencyo�-set with respect to � 

with the sameparameters as Eq. (10.5) for a single sample without rotations.
Previously in this thesis it has been shown that the Faraday-QND interaction
of a single sample without a constant bias magnetic �eld is regained for two
oppositely oriented samples in the presenceof a bias �eld. Our result shows
that this correspondenceextends to this manifestly non-QND situation, where
in principle dynamics faster than the magnetic precessionfrequency is included.

In summary, we have shown that both light pulsesand cw light �elds passing
twice through an atomic gasor through two atomic samplesbecomesigni�can tly
squeezed. The width of the squeezingspectrum is governed by the coupling
strength � 2, and the optimum of squeezingis controlled by the resonant optical
depth. Realistic estimates for these parameters in a number of current experi-
ments suggestthat the attainable squeezingcompeteswell with the achievements
of other schemes.
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CHAPTER 11

Summary and Outlo ok

11.1 Summary

In this thesis we have presented three fundamental experimental advancesto-
wards the realization of a distributed quantum network. First of all, we have
demonstrated the �rst realization of entanglement between two atomic objects
in separate environments. This was two macroscopicatomic gas samplessitu-
ated 0.5m apart. We have demonstrated � 40%noisereduction comparedto the
boundary for separablestates.

Moreover, applying feedback to the atomic state based on a measurement
of the light carrying information about the atomic state we have realized an
unconditionally entangled state, i.e. a state that is entangled without requir-
ing knowledge of previous measurement results. It is important to distinguish
between unconditional and deterministic. Our entire light-atom interface is in-
herently deterministic in the sensethat the interaction can be turned on at a
user speci�ed time and it succeedsin every realization. This is in sharp contrast
to many other approachesto the light-atom interface and is de�nitely oneof the
main strengths of the approach.

The basisof all of this is a preciseknowledgeabout characteristicsof the coher-
ent spin state, which forms the boundary betweenpurely classicaland quantum
mechanical correlations. We can reliably create this state and have theoretical
predictions for the noise level which match the observed to within 10%. Based
on the simplicit y of the model including atomic motion this agreement is actually
quite good.

Using essentially the sameexperimental setup as in the unconditional entan-
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glement experiment we have demonstratedthe �rst mapping of an arbitrary light
state - in this caseweak coherent states - onto an atomic memory state with a
�delit y exceedingthe classicalbound. Achieving a reliable transfer betweenlight
- representing a communication medium - and an atomic system for long time
storageis one of the main challengesin the �eld of quantum communication.

We have alsoimplemented quantum mechanical storageusing light-atom tele-
portation, in which coherent states of light were transferred non-locally - i.e.
without ever having interacted physically with the target atomic state. Such
transfer pavesthe way for the realization of long distance quantum communica-
tion in distributed quantum networks.

Two factors should be pointed out as essential for the high �delit y transfer.
First of all the transfer has to work deterministically, since otherwise a large
vacuum component is intro duced into the target state. Secondly, the atom-light
interface has to be implemented with high e�ciency . Unlike e.g. approaches
basedon EIT our coupling e�ciency can approach unit y - limited primarily by
re
ection lossesof light and light induced decoherence.

Theoretically, we now understand the fundamental processof entanglement
generationin great detail including the e�ect of decoherence.We havealsosolved
the challenge of developing an experimentally feasibleprotocol for the retrieval
of states stored in a quantum memory Also, the protocol for the generation of
squeezedlight hints at potential applications of the approach outside the �eld of
quantum information.

Finally, we would like to comment on the question of discrete versus con-
tinuous states. Although our quantum memory is inherently basedon continu-
ous variables it can also facilitate the storage of discrete variable states such as
qubits. This wasillustrated by explicit calculations in the context of the proposed
retrieval protocol. One should however remember that for such states lossesof
light will play a much more dominant role than for coherent states of light.

11.2 Outlo ok

11.2.1 A tom-atom Teleportation

Although teleportation of the state of one atomic system onto another atomic
system has recently been achieved between two trapp ed ions [115, 114] it still
has not been implemented for an atomic continuous variable system. More im-
portantly however, atomic teleportation still has not beenachieved betweentwo
atomic systems in separateenvironments. This would constitute a major step
forward in the �eld of quantum information and therefore an extension of our
light-atom teleportation to two atomic systemswould be highly desirable.

In this section we will illustrate how the canonical formalism for the Faraday
interaction makes it signi�can tly easier to generate new variants of well know
quantum information protocolsby combining the singlecell interaction equations
(2.39) in various ways. Performing similar calculations basedon equations(2.26)
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and (2.27) quickly becomesintractable.

Three Cell Implemen tation

The most conventional way of performing atom-atom teleportation utilizing the
Faraday interaction with light is to implement a schemeas sketched in Fig. 8.1,
where each system consistsof a single atomic ensemble. The samplescontain-
ing the initial (U) and �nal (B) states should have the sameorientation of the
meanspin, whereasthe remaining sample(A) should be oriented in the opposite
direction. For this setup, sending a light pulse through samplesA and B and
subsequently measuring x̂s and x̂c will entangle the two as described theoretic-
ally and experimentally in chapters 3, 4, and 6. Next a new light pulse is sent
through samplesA and U and ~̂xs and ~̂xc are measured.The teleportation is then
completedby feedingback the four measurement results to the target sample(B)
with appropriate gains. The e�ect of the interactions is easily determined using
the single cell interactions Eq. (2.42). Doing this, it can be seenthat the gains
for the secondpulse are �xed to g( ~̂xc(s) ) = �

p
2

� if unit y gain is to be achieved.
After the application of this feedback the target state is:

x̂aB ! x̂aU +
�

1 � g
�

p
2

�
(x̂aB � x̂aA ) + p̂c

�
�

p
2

�
�

p
2

�
+ gx̂s �

�
p

2
~̂xs

p̂aB ! p̂aU +
�

1 � g
�

p
2

�
(p̂aB + p̂aA ) + p̂s

�
�

p
2

�
�

p
2

�
� gx̂c +

�
p

2
~̂xc ;

(11.1)

where g = g(x̂s) = � g(x̂c). As can be seenall the contributions from the light
p are canceledexactly in both quadratures. This is very important becauseit
meansthat the �delit y of the protocol can be improved by squeezingthe light
x quadratures of both pulses. From Eq. (11.1) the variance of the output state
can be calculated and the gain that minimizes it found. It turns out to be
gopt =

p
2�

1+ � 2 , which givesthe atomic variances:

Var(x̂aB ) = Var(p̂aB ) =
1
2

�
1 +

2
1 + � 2 +

2
� 2

�
: (11.2)

With the substitution � 2 ! 2� 2 this expressionis equivalent to the onederived in
[36] for three sampleteleportation without rotations. Sincethe variancesasymp-
totically tend towards 1=2 in the � 2 ! 1 limit we get unit y �delit y in this limit.
Squeezingthe variance of the x quadratures of both of the light beams by a
factor � Eq. (11.2) still holds but with the substitution � 2 ! �� 2 so the speedof
convergencetowards unit y �delit y is merely increased. In the actual experiment
we have substantial decoherence,which can in a simple fashion be added to the
theory as outlined in Sec. 3.4. In Fig. 11.1 the resulting �delities with atomic
decoherence� = 0:8 and light loss � = 0:1 can be compared to the �delities
calculated from Eq. (11.2) with and without 6dB of light squeezing. As can
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Figure 11.1: Atom-atom teleportation in the conventional three cell setup. Dotted: no
decoherence,no input light squeezing. Solid: � = 0:1, � = 0:8, no squeezing. Dashed:
no decoherence,6dB sq. Dash-dotted: � = 0:1, � = 0:8, 6dB squeezing

be seen,without decoherence�delities substantially above the classicalbound-
ary can be achieved with realistic values of the interaction strength (� 2 � 2),
whereassomewhathigher valuesare neededwhen decoherenceis included. With
decoherencethe achievable �delit y can be shown to be fundamentally limited to
F = 1=(2 � � 2).

Tw o Cell Implemen tation

We now want to investigatewhether atom-atom teleportation can be achievedus-
ing light as the auxiliary system (A). In other words, can teleportation between
two atomic systemsbe achieved by merely using a shifted state of one of the
samplesas the teleportation object (U), sending light through both samplesse-
quentially , measuring the light, and feeding back the result to the other sample
(B). If the two atomic samplesare oppositely oriented, this procedure is simply
the procedureusedin the generationof unconditional entanglement as discussed
in Sec. 6.2. After the feedback, the state of the secondsample is described by:

x̂aB ! x̂aU �

p
2

�
x̂s +

�
p

2
p̂c

p̂aB ! � p̂aU +

p
2

�
x̂c +

�
p

2
p̂s ;

(11.3)

sothe transfer canbedone. Unfortunately , analyzing the �delit y yields Fopt = 0:5
at � =

p
2 so atom-atom teleportation exceedingthe classicallimit is impossible

in the anti-parallel setting. Also, it caneasilybe seenthat squeezingthe incoming
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light beam will not help since all four light variables are present in the atomic
�nal state with equal weight.

The main reasonfor the failure is the fact that the light p quadrature remains
uncanceled after the feedback. For this purpose the mapping of the light p
quadratures onto itself during the single cell interaction would be a desirable
e�ect. Therefore we try the samecalculation with two parallel spin samples,in
which this back action noise is not canceled. Indeed, we get:

x̂aB ! � x̂aU �

p
2

�
x̂s +

�
p

6
p̂c;1

p̂aB ! � p̂aU �

p
2

�
x̂c +

�
p

6
p̂s;1 ;

(11.4)

which givesan optimum �delit y of Fopt = 0:63 at � 2 = 3:5. Again each atomic
quadrature contains an x and a p quadrature from the light and at the optimal
interaction strength they both contribute equally. As in the caseof atomic tele-
portation using three samplessqueezingthe input light e�ectiv ely rede�nes the
interaction strength. Given a � 2 a squeezingof � = 2

p
3

� 2 will give the optimum
�delit y. Thus to achieve the optimal �delit y for � 2 = 1 requires approxim-
ately 5dB of light squeezing.This discussionwas basedon the assumption of a
broadband squeezedsourcesuch that both the symmetric and the anti-symmetric
(Eq. (2.41)) are squeezedsimultaneously. If we had a sourceof squeezingwith a
squeezingbandwidth comparableto the reciprocal of the pulseduration onecould
envisage squeezingthe symmetric mode without simultaneously anti-squeezing
the anti-symmetric one. Then �delities approaching 0.92 could theoretically be
achieved. Note, that chapter 10 exactly describesthe generationof such squeezed
stateswith squeezingin a narrow band around a selectedRF-frequency. Although
this protocol may not quite be promising enough to warrant experimental im-
plementation at present I think that it servesto illustrate the point that armed
with the single cell interaction equations, a napkin, and e.g. a boring lecture or
dinner party novel protocols can fairly easily be derived.

11.2.2 In terfacing with Non-classical Ligh t States

Another high priorit y goal would be to demonstrate experimental mapping or
teleportation of a non-classicalstate. First, one might consider transferring a
squeezedstate of light into a squeezedatomic state. Looking at Eq. (7.1) de-
scribing the mapping protocol we seethat this cannot be done for squeezingin
the p̂ quadrature becauseof the uncanceledX̂ a . Transferring squeezinginto P̂a,
however, can be done. In fact, we know from Sec. 6.2 that a Faraday interaction
with coherent light followed by feedback of the detected light createsan uncon-
ditionally entangled state, corresponding to the squeezingof certain non-local
atomic variables. Of course,if the input light is squeezedthe subsequent atomic
squeezingcan be increasedcorrespondingly. Calculating the variance of P̂a after
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the storagewith a squeezedinput Var(x̂L ) = 1
2" (" > 1) we get:

Var(P̂out
a ) =

1
2

�
(1 � �g )2 + g2="

�
!

1
2

1
1 + "� 2 : (11.5)

Here the varianceobtained by applying the optimum gain of gopt = "�= (1 + "� 2)
is also given. As can be seenthe attainable degreeof atomic squeezingcan be
greatly increasedusing squeezedlight as an input.

It would also be very interesting to store one of two entangled beams and
subsequently verifying entanglement betweenthe atomic systemand the reman-
ing light beam. Imagine that we have two light beamsdescribed by (x̂L1 ; p̂L1 )
and (x̂L2 ; p̂L2 ) with an EPR variance of Var(x̂L1 � x̂L1 ) = Var(p̂L1 + p̂L1 ) = 1="
(" > 1). the entanglement condition is Var(p̂L1 + p̂L1 )+ Var(x̂L1 � x̂L1 ) < 2. With
e.g. 6dB of entanglement (" = 4) we seethat we can tolerate up to three units
of vacuum noise combined in the two atomic quadratures. In the experimental
realization described in Sec. 7 the added noise in each quadrature was slightly
below one unit so this may indeed be feasible.

Sofar all of the statesthat wehavediscussedareGaussianstates. The demon-
stration that Gaussianstates cannot be distilled [79, 85] has spurred an intense
interest in leaving the Gaussianregime. In our group [123] and elsewhere[124]
a non-classicallight state very reminiscent of the superposition of two weak co-
herent states (Scr•odinger Kitten) has been created via subtraction of a photon
from a squeezedvacuum beam. Storageof such states or single photon states in
an atomic memory would constitute a major step towards the implementation of
linear optics quantum computing [125, 52]. Such states have been generatedto
be compatible with an atomic quantum memory [123] by having a high purit y of
the spatial and temporal modesof the �eld. However, in order to be applicable
for our room temperature based quantum memory the temporal pro�le of the
light stateshave to be matched to our probe durations, which in order to achieve
su�cien t coupling strength have to be � 1ms. This is several orders of mag-
nitude from the width of e.g. � 100nsdemonstrated in [123]. Thus, it would be
extremely interesting to implement the Faraday basedquantum memory in cold
denseatomic sample, where the increasedoptical depth allow for much shorter
pulse durations. This is currently being pursued in our group.
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APPENDIX A

E�ect of A tomic Motion

Since in our experiments the atoms are at room temperature and, for exper-
imental reasons,the light beam does not cover the entire cross section of the
atomic sample,the atoms move acrossthe beam several times (� 10) during the
time of a pulse. This averaging e�ect insures that all atoms spend roughly the
sameamount of time inside the beam but, as we shall see, it still has import-
ant implications for the noise properties. In brief, the atomic motion modi�es
the projection noise level and acts as an additional sourceof decoherencesince
two subsequent probe pulses interact with the individual atoms with di�eren t
weights. The results are related to the work of [126].

A.1 Mo deling A tomic Motion

To be more quantitativ e, we intro ducenew pseudo-angularmomentum operators
Jq !

P
j pj F ( j )

q , wherepj is the fraction of time the j 'th atom spendsinteracting
with the laser beam and q = x; y; z. Thesehave the commutator:

2

4
N atX

j =1

pj F ( j )
y ;

N atX

j =1

pj F ( j )
z

3

5 =
N atX

j =1

p2
j

h
F ( j )

y ; F ( j )
z

i
= i

N atX

j =1

p2
j F ( j )

x : (A.1)



148 Appendix A - Effect of Atomic Motion

This leads to the Heisenberg uncertainty relation (for a highly polarized sample
with Fx � F )

Var

0

@
N atX

j =1

pj F ( j )
y

1

A Var

0

@
N atX

j =1

pj F ( j )
z

1

A �
�

J
2

p2(1 + � 2)
� 2

(A.2)

where we have intro duced the mean p = hpj i and variance Var(pi ) = � 2 � p2 of
pj . With this de�nition, � is the relative standard deviation of p. Since, for the
coherent spin state,

Var

0

@
N atX

j =1

pj F ( j )
z

1

A =
J
2

p2(1 + � 2) = Var(CSS); (A.3)

this highly polarized state corresponds to a minimum uncertainty state. The
measurednoise is then limited by the Heisenberg uncertainty principle and we
con�dently call this projection noise. To maintain the correct commutation re-
lation [X ; P] = i we experimentally normalize the atomic operators to the meas-
ured projection noise, i.e. instead of de�ning X = Jy =

p
J we e�ectiv ely have

X =
P

j pj F ( j )
y =

p
J p2(1 + � 2).

The averagefraction of time p each atom spends inside the beam is clearly
p = Abeam=Acell . Let us now discuss the scaling of � 2 with simple physical
parameters. The fact that the variance may be non-zero arises from the �nite
time available for the averaging processcarried out by the atomic motion. A
typical traversing time across the vapor cell is � = L=v0 where L is the cell
dimension and v0 is e.g. the one-dimensionalrms speed of the atoms. We may
think of this atomic motion as n independent journeys across the vapor cell
volume, where n � T=� = Tv0=L. We then model the motion through the beam
with mean occupancy p by assuming in each walk acrossthe cell volume that
either (1) the atom spendsall the time � inside the beam, which should happen
with probabilit y p, or (2) the atom spendsall the time � outside the beamwhich
should happen with probabilit y 1 � p.

We then count the number of times n inside that an atom was inside the beam
out of the possiblen journeys. In this simple model n inside is a stochastic variable
which is binomially distributed with mean np and variance np(1 � p). We are
interested in the fraction of time (� n inside =n) spent inside the beam. It follows
hn inside =ni = p and � 2 = Var([n inside =n]=p) = (1 � p)=np. Hence the simple
model leadsto

p =
Abeam

Acell
and � 2 =

(Acell � Abeam)L
AbeamTv0

� ; (A.4)

where we have inserted a factor � to take into account deviations from the very
simple estimate. Numerical simulations performed for a cubic cell have shown
that the relative variance � 2 is roughly four times smaller than the estimate
above. Note the characteristic scalingwith T � 1 and with the area(Acell � Abeam)
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not coveredby the light beam(when Abeam is closeto its maximum value Acell ).
We also expect a slightly increased� 2 due to the di�erence in e�ectiv e detuning
from atom to atom causedby Doppler broadening.

A.2 A tomic Motion as a Source of Decoherence

To seehow atomic motion acts as an e�ectiv e source of decoherence,imagine
that we perform some manipulations of atoms using one laser pulse and sub-
sequently probe thesemanipulations with another laser pulse. Sinceatoms move
during interactions the probed quantum operator changesin time. Comparing
the operator at the 1st and 2nd times we get

Var

 
N atX

i =1

pi; 2nd F ( i )
z;2nd �

N atX

i =1

pi; 1st F
( i )
z;1st

!

=
N atX

i =1

Var(F ( i )
z;1st )



(pi; 2nd � pi; 1st )2�

=
J
2

� 2p2� 2 = 2Var(CSS)(1� � ) with � =
1

1 + � 2 :

(A.5)

We assumedpi; 1st and pi; 2nd to be uncorrelated, which is reasonablesince a
collision with the cell wall randomizesthe velocity of the atoms. Also, we took
F ( i )

z;1st = F ( i )
z;2nd . This corresponds to having no decoherenceat all apart from the

e�ect of atomic motion which is the only e�ect studied in this calculation. To
interpret the above calculations we considera standard decoherencecalculation.
Consider a true spin operator Jz subject to decoherenceparametrized by the
number � such that

Jz;1st ! Jz;2nd = � Jz;1st +
p

1 � � 2Jvac with Var(Jvac) =
J
2

= Var(CSS):

(A.6)
Then the operator changesby an amount characterized by the variance

Var
�
J 2nd

z � J 1st
z

�
= Var

�
J 1st

z (1 � � ) �
p

1 � � 2Jvac

�

= J (1 � � ) = 2Var(CSS)(1� � )
(A.7)

which is exactly the sameas in (A.5). We are led to the conclusion that atomic
motion inevitably givesrise to an e�ectiv edecoherence.Wethusseethat, whereas
the increasedcoherent spin state noisewith increased� 2 might seemto suggest
that non-classicalstates are more easily created (by producing states with noise
lower than the CSS), this is compensatedfor by an increaseddecoherenceof the
state. Therefore, higher � 2 doesnot lead to higher �delit y protocols.
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APPENDIX B

Covariance Matrix Up date with
Decoherence

We now derive an expressionfor the time evolution of the covariancematrix due
to photon loss and atomic decay. For a coherent state this is trivial - it merely
transforms into another coherent state with a reduced displacement. Highly
correlated states such as squeezedor entangled states, however, are much more
sensitive to lossesand decoherence.To quantify this, we write the collective spin
operator for N spin-J particles as J � =

P N
i =1 j i� , where � = x; y; x. The mean

valuesand correlations of this collective operator can be written as:

hJ � i =
NX

i =1

hj i� i = J N hj i� i ;



J 2

�

�
=

NX

i;k

hj i� j k � i =
J N
2

+ N (N � 1) hj i� j k � i ;

(B.1)

where we used the symmetry of the state under exchange of particles and the
�rst term in the last expressionrepresents the coherent state variance. In terms
of mean valueswe will primarily be interested in the direction of the mean spin,
� = x, and in terms of correlations the transversecomponents � = y; z will be
interesting. From Eq. B.1 we get an expressionfor the two-particle correlations
as a function of the secondmoment of the collective spin operator:

hj i� j k � i =



J 2

�

�
� J N=2

N (N � 1)
: (B.2)
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We will now assumethat N � N 0 of the atoms are excited, undergo spontaneous
emission,and end up in an uncorrelated thermal state:



(J 0

� )2�
=



J 2

�

� N 0(N 0 � 1)
N (N � 1)

+
N 0(N � N 0)

N � 1
J
2

+ (N � N 0)Vtherm ; (B.3)

where as discussedin Sec.5.6.4 Vtherm = J (J +1)
3 � . Here � allows for a fraction

of the atoms going into non-interacting states. Note that for a spin 1
2 system

Vtherm coincideswith the coherent state variance VCSS = J=2. For probing the
F = 4 hyper�ne level of cesiumand completerethermalization after spontaneous
emission� = 2 � 4+1

(2 � 4+1)+(2 � 3+1) = 9
16 becauseof the presenceof the F = 3 hyper�ne

level.
De�ning the fraction � � = (N � N 0)=N of the atoms which decay into a

random mixture of the ground states during a time interval � and taking N � 1
we get:

< J 02
� > = (1 � � � )2 < J 2

� > + � � (1 � � � )
J N
2

+ � �
J N (J + 1)

3
�

� (1 � � � )2 < J 2
� > + � �

J N
2
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J N (J + 1)

3
� :

(B.4)

The atomic decay leadsto a corresponding reduction of the meanspin J 0
x = (1 �

� � )Jx . Taking into account that the covariancematrix is two times the covariance
of the transversespin components scaledby the macroscopiclongitudinal mean
spin, we obtain for the corresponding diagonal covariance matrix element:


 out
a;ii = (1 � � � )
 in

a;ii + � �

�
1 + �

2(J + 1)
3

�
J N
Jx

� (1 � � � )
 in
a;ii + � � � : (B.5)

For J = 1=2 and � = 1 and a continuous interaction (Jx (t) = Jx (0)e� � t ) we
obtain � (t) = 2e� t . For o�-diagonal elements only the �rst term of Eq. (B.5) is
present.

If instead of decaying towards a thermal state the atoms are driven towards
the CSSby the decoherencemechanism, the meanspin will beuna�ected, whereas
the meanvalue of the transversespin components are reducedby a factor 1� � � .
In this caseEq. (B.5) translates into:


 out
a;ii = (1 � � � )2
 in

a;ii + � � (2 � � � ) � (1 � 2� � )
 in
a;ii + 2� � : (B.6)

We seethat, unlike in Eq. (B.5), if 
 in
a;ii = 1 this will also be the caseafter the

decoherence,thus showing that the CSSis a stationary state with respect to this
type of decoherence.This type is important sincesuch a processis our dominant
experimental decoherencemechanism as discussedin Sec. 5.4.

Getting back to the caseof spontaneousemission,the gas now contains two
components: the atoms which have not decayed, described by the �rst two terms
in Eq. (B.4) and the oneswhich have decayed, described by the last term. The
question now arises,what is the atomic state after a number of such interactions.
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Physically, if nothing elsehappensto the atoms, subsequent interaction with the
light can have no further e�ect on the random component, but a new fraction of
atoms will be randomized. Thus, in each iteration only the terms coming from
the coherent component of atoms should be damped by (1 � � � )2:

< J 2
�; 1 > = (1 � � � )2 < J 2

�; 0 > + � �
J N
2

+ � � � J N

< J 2
�; 2 > = (1 � � � )2[(1 � � � )2 < J 2

�; 0 > + � �
J N
2

]

+ � �
J N (1 � � � )

2
+ � � [1 + (1 � � � )]� J N

::: = :::

< J 2
�;n > = (1 � � )2n < J 2

�; 0 >

+ � �

2

4(1 � � � )n � 1 +
2(n � 1)X

j = n

(1 � � � ) j

3

5 J N
2

+ � �

n � 1X

j =0

(1 � � � ) j � J N ; (B.7)

where for convenience� = (J + 1)�= 3. In the limit n ! 1 only the last term,
representing the fully random component of the gas, will contribute. The geo-
metrical seriesgives1=� � , sowe seethat the initial squeezingwill decay exponen-
tially asexpectedand we will end up with N unpolarized atoms each contributing
Vtherm = � J to the variance as expected.

Remembering that the mean spin after n iterations is Jx;n = (1 � � � )n Jx; 0 =
(1 � � � )n J N , Eq. (B.7) can be transformed into an expressionfor the diagonal
entries in the covariance matrix:


 n
a;ii = (1 � � � )n 
 0

a;ii + � �

2

4 1
1 � � �

+
n � 2X

j =0

(1 � � � ) j + 2�
� 1X

j = � n

(1 � � � ) j

3

5 : (B.8)

This analysis treats the atoms that have decayed and the onesthat have not
decayed on unequal footing, and it hencebreakswith the Gaussianstate Ansatz,
which assumesthat all information is in the collective variance and mean values
for the entire atomic ensemble. The analysis does not make it easy to treat
the coherent part of the interactions and the measurement back action, that
we are interested in, and we hence wish to investigate, whether restoration to
the Gaussianstate Ansatz will yield a large discrepancywith the exact results.
To this end, we go back to the update formula, Eq. (B.4), and insist that the
variance obtained here should be treated as the variance describing a Gaussian
state ensemble, i.e., we do not discriminate between the two kinds of atoms. In
subsequent time steps,we thus simply iterate Eq. (B.5), asif all atoms contribute
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evenly to the joint variance. The result of this iteration is readily obtained:


 n
a;ii = (1 � � � )n 
 0

a;ii + � � �
nX

j =1

(1 � � � )n � 2j : (B.9)

Note that every other term is missingascomparedto Eq. (B.8). Calculating the
di�erence betweenEq. (B.8) Eq. (B.9) we obtain the error in using the latter:

error = � �

0

@�
nX

j =1

(1 � � � )n � 2j �
n � 2X

j =0

(1 � � � ) j � 2�
� 1X

j = � n

(1 � � � ) j

1

A

= � �

0

@2� � 1
2

nX

j =0

(1 � � � ) j +
1 � 2�

2

� 1X

j = � n

(1 � � � ) j

1

A

= � �

�
2� � 1

2

�
1 � (1 � � � )n +1

1 � (1 � � � )

�
+

1 � 2�
2

�
1 � (1 � � � )� n +1

1 � 1=(1 � � � )
� 1

��

!
�

2� � 1
2

�
1 � e� � t � +

1 � 2�
2

�
1 � e� t �

�
;

(B.10)

where in the end the continuous limit t = n� with � � ! 0 and n ! 1 was
taken and terms obviously disappearing in this limit were ignored in the entire
calculation. Remembering that � = (J + 1)�= 3 we seethat the error vanishesfor
a spin 1/2 system,thus o�ering ample support for the useof the update formula,
Eq. (B.5), with the underlying assumption of a Gaussian state, together with
the evolution of 
 due to interaction and measurements. This is certainly not
the casefor other spin systemswhereoneshould apply the update equation with
caution - expecting errors of the order of 1 � e� t . Note that the error only arises
whenEq. (B.5) is usediterativ ely. It can be applied onceto any spin systemwith
equal validit y. Pleasenote that the validit y is primarily limited by the require-
ment that the accumulated decoherenceduring the entire interaction time should
be su�cien tly small. This requirement arisesbecausethe physical decoherence
occursasa random processcontinuously in time. This givesan exponential decay
of mean values,whereasEq. (B.5) represents a linear approximation to this.

The derivation of the update equation for the light part of the covariance
matrix follows the samelogic as in the atomic caseexcept that it is much simpler
sinceno thermal component is added. In this casewe get:


 L (t + � ) = (1 � � )
 L (t) + � I ; (B.11)

where � is the fraction of the light lost and I is an identit y matrix ensuring that
the last term is only added to the diagonal elements.
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APPENDIX C

High Order Stark Shift

Let us calculate the Stark e�ect from the probe laser on the magnetic sub levels
jF; mi . We let the light be strong and linearly polarized along the vector

e1 = ex cos� + ey sin �; (C.1)

i.e. � is the angle between the macroscopicspin direction (the x-axis) and the
probe polarization direction. Light is propagating in the z-direction. The Stark
e�ect on magnetic sublevels is much weaker than the splitting causedby the
constant biasmagnetic �eld and canbecalculatedin non-degenerateperturbation
theory from the interaction Hamiltonian (2.20). The a0 term is common to all

levels, the a1 term is zero on averagesince
D

Ŝz

E
= 0, and we are left with the

higher order components proportional to a2.
With â1 the creation operator alongthe strong direction wehaveâx = â1 cos�

and ây = â1 sin � (neglecting the direction orthogonal to â1 which is in the
vacuum state for linear polarization). With Ŝ� = Ŝx � i Ŝy we derive from (2.5)
that

D
Ŝ+ (t)

E
=

� (t)
2

e2i� and
D

Ŝ� (t)
E

=
� (t)

2
e� 2i� ; (C.2)

where� (t) is the photon 
ux and Stokesoperators are normalized to photons per
second. In order to calculate the higher order terms of the interaction Hamilto-
nian for a single atom we leave out the integral

R
: : : �Adz in (2.20) and renor-

malize light operators (by absorbing the speedof light c) to photons per second
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and �nd

Ĥ e�
in t = �

�h

8A�

� 2

2�
a2 � � (t) �

�
|̂ 2
z � [|̂ 2

x � |̂ 2
y ] cos(2� ) � [|̂ x |̂ y + |̂ y |̂ x ] sin(2� )

�
:

(C.3)

We also replaced |̂ � by |̂ x � i |̂ y . We need to calculate the expectation value
of this Hamiltonian for the di�eren t energy eigenstatesjmi quantized along the
x-direction. We have

hmj |̂ 2
x jmi = m2;

hmj |̂ 2
y jmi =

F (F + 1) � m2

2
;

hmj |̂ 2
z jmi =

F (F + 1) � m2

2
;

hmj |̂ x |̂ y + |̂ y |̂ x jmi = 0:

(C.4)

The �rst of these is obvious since jmi is quantized along the x-axis. We have

|̂ 2
y

�
=



|̂ 2
z

�
by symmetry and the value is found from the fact that |̂ 2

x + |̂ 2
y + |̂ 2

z =
F (F + 1). Also, by symmetry we have in an eigenstateof |̂ x that hmj |̂ y |̂ x jmi =
m � hmj |̂ y jmi = 0 which leadsto the �nal line. Calculating the expectation value
of (C.3) we get

E Stark
m =

�h

8A�

� 2

2�
a2 � � (t) �

�
1 + 3cos(2� )

2
� m2 �

1 + cos(2� )
2

F (F + 1)
�

: (C.5)

What is important for us is the shift � � m +1 ;m = (E Stark
m +1 � E Stark

m )=h of a magnetic
resonanceline which then becomes

� � Stark
m +1 ;m [Hz] =


 � 2a2

64� 2A�
� � (t) � [1 + 3cos(2� )] � [2m + 1]: (C.6)

This Stark shift is problematic for several protocols, especially the setup with
two oppositely oriented samples. Note, that for atoms polarized in the mF = 4
state the relevant transition mF = 4 $ mF = 3 hasa Stark shift proportional to
2 � 3+ 1 = 7. An oppositely oriented samplewith mF = � 4 has for the transition
mF = � 3 $ mF = � 4 a Stark shift proportional to 2 � (� 4) + 1 = � 7. Hence,
these two transition frequenciescannot be overlapped both in the presenceand
absenceof light (seeFig. C.1 for an illustration).

One remedy for this is to choosethe light to be linearly polarized at an angle
� = 54:7� corresponding to 3cos(2� ) = � 1, and the Stark term disappears. For
this polarization, however, amplitude noiseof the laser contributes to the noise
of Ŝy . This noisecan be signi�can t and through Eq. (C.3) coupleinto the atomic
|̂ z (see[1] for a detailed treatment of this e�ect). For this reasonwe minimize
this e�ect by choosing a light polarization along or perpendicular to the mean
spin.

Another remedy is to add an extra bias magnetic �eld along the x-direction
when the laser light is on. In this way the frequencyof the desiredtransitions can



157

n L

n LO=322kHz

F=4 F=3
Coherence

F=-4 F=-3
Coherence

Without light

n LO=322kHz
n L

dnStark

With  light

(a)

(b)

Atomic
sample A

Atomic
sample B

Figure C.1: An illustration of the problem with the light induced Stark shift of the
Zeeman sub levels. Without applying additional �elds the two important Zeeman res-
onancescannot be overlapped both without light (a) and with light (b).

be kept stable. This is the approach we have taken and it works well. One should
note though, that with our laser pulse timing in the vicinit y of one millisecond,
it is not completely trivial to make a magnetic pulse following the laser intensity
sinceeddy currents in metallic parts and induced electric �elds in other current
loops for magnetic �elds should be taken into account. A convenient diagnostic
method is to apply a classicalshift to the spin states along the lines of Eq. (5.6)
prior to the application of two laser pulses. An Ŝy detection of the light will
show in real time the meanvalue of the spin state components Ĵ 0

y and Ĵ 0
z . These

should be constant through each laser pulse and conserved in the dark time in
between(apart from a possibledecay) if all frequenciesare well adjusted. In Fig.
5.12the phasebetweenĴ 0

y and Ĵ 0
z with and without the Stark shift compensation

is shown.
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APPENDIX D

Imp ortan t Abbreviations

A OM In an acusto-optic modulator a crystal acts as an e�ectiv e di�raction grat-
ing for light via a spatial modulation of the refractive index created by a
piezoelectric transducer oscillating at a frequency of 125MHz. A di�rac-
ted beam emergesat angles given by sin(� ) = m�= (2�), where � is the
wavelength of the soundwave and m is the di�raction order. Alternativ ely,
the processcan be thought of as absorption of a phonon, which shifts the
frequency of the light in e.g. the �rst order beam by 125MHz. We use
AOM's to shape the intensity pro�le of the probe beams.

CSS The coherent spin state is a Gaussianstate, which ful�lls the Heisenberg
uncertainty relation with symmetric uncertainties in Ĵy and Ĵz . It consists
of the collectivestate of N independent atoms all in the outermost magnetic
sublevel (in our casemF = � 4).

EOM In an electro-optic modulator the di�erence betweenthe indicesof refraction
along the optical axes depends linearly on a high-voltage applied trans-
versely to the direction of light propagation through the crystal. As de-
scribed in Sec. 5.2.2 we use the EOM to shape the temporal intensity
pro�le of the probe pulses. In addition, as described in Sec. 7.3 the EOM
is usedto generateweak displacedvacuum states,which act as input states
in the quanum mapping and teleportation experiments of this thesis.

MORS The magneto-optical resonance signal is the signal obtained when scanning
an RF-magnetic �eld transverseto the mean spin acrossthe Zemann res-
onancesin a particular ground state hyper�ne multiplet. The spin state
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is monitored continuously via the Faraday interaction and a subsequent
Ŝy measurement (seeSec. 5.3.1). We usethe signal to obtain information
about the degreeof optical pumping and to investigatethe e�ect of di�eren t
decoherencemechanisms(seeSec. 5.4)

PN Projection noise refersto the contribution of the light noisecoming from an
atomic sample in the CSS.The determination of this noise level is crucial
to our experiments. The experimental investigation of PN is described in
Sec. 5.6.

SN Shot noise of light is the minimum noisea classicallight sourcecan exhibit.
It arisesdue to the Poisonianphoton statistics. In this thesiswe will always
mean the variance of Ŝy or Ŝz for light in a coherent state when referring
to SN. As can be seenfrom Eq. (2.9) this noise depends linearly on the
number of photons - a property that was veri�ed experimentally in Fig.
5.7.
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