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CHAPTER 1

In tro duction

The eld of quantum information, although being quite young, hasits foundations
from the early days of quantum medanics. In 1935 Einstein, Podolsky and
Rosen(EPR) put forth what they believed was a proof that quantum mecanics
was an incomplete theory [2]. Their argumert, which was basedon the basic
assumption that two systems cannot in uence ead other when they are not
interacting (locality), briey told goesasfollows. Let two patrticles characterized
by position operators®; and ®, and momertum operators p; and P, respectively,
interact for sometime sudh that P, + P = Oand ®1  R2 = X, and then separate
the two systemsin space.A measuremen of ; yielding x meansthat the position
of the secondparticle is x X, Which is an eigenstate of the position operator.
If on the other hand we had chosento measurep; and got p the momertum
of the second particle would be given by p, this time an eigervalue of the
momertum operator. Basedon the assumptionthat a measuremetn of the rst

particle cannot change the state of the secondparticle, the authors conclude
that the second particle is in an eigenstate of both position and momertum
simultaneously. This givesa contradiction becauseposition and momertum do
not commute and therefore according to the Heiserberg uncertainty principle
cannot be known simultaneously. From this so-calledEPR-paradox, the authors
concludethat quantum medanicsis incomplete and that the universeis described
by a more fundamertal, so far undiscovered, theory (hidden variables theory).

In the sameyear Schrodinger published a responsein three parts [3] where he
claims that instead of giving up quantum medanics one should give up the
assumption of locality: the two particles can indeed in uence eadt other non-
locally becausetheir combined state is described by a single wave function. He



2 Chapter 1 - Intr oduction

intro duced the word Verschrankung or entanglementto describe the non-local
correlations betweenthe two systems.

Entanglemert comesin two distinct forms. The form of erntanglemert intro-
duced by EPR dealswith the combined state of two systemsead described by
position and momertum variables that form a contin uous spectrum of eigerval-
ues. Another type of entanglemert occursin systemswith a discrete spectrum.
A famous example is the spin singlet state formed by two spin 1/2 particles,

= j"#i  j#"i. If one of the two spinsis measuredto be in the spin-up state
the other oneis certain to be in the spin-down state. It turns out that an equi-
valent formulation of the EPR-paradox can be done in terms of this discrete
entanglemert.

The paradox remained an unresolved curiosity until John Bell in 1964 de-
rived correlation inequalities [4] that must be satis ed within all hidden variable
theories but can be violated in quantum medanics. In the 70'iesand the 80'ies
entanglemert was primarily usedasa meansof testing theseinequalities. All ex-
periments such ase.g. [5, 6, 7, 8] gave strong support for the quantum mechanical
foundations.!

In later years, howewver, entanglemert has instead come to be viewed as a
potentially revolutionizing resourcein future technological applications. This
shift wasdriven by the realization primarily in the early 90'iesthat entanglemert
could be used as a resourcein protocols that could improve existing classical
information processing,but also in purely quantum medanical protocols with
no classicalanalogue.

In 1984 Bennett and Brassard proposeda quantum cryptographic scheme for
the transmissionof encrypted message$§l0], wherethe security wasguaranteed by
the fact that unknown quantum statescannot be cloned[11] and the implicit use
of entanglemert [12], and in 1991a protocol baseddirectly on the distribution of
entanglemert wasproposed[13]. The absolutesecurity constitutes a fundamertal
improvemert comparedto convertional classicalencryption schemessuc ase.g.
RSA [14], where no formal proof of security exists but but breaching it requires
such enormouscomputational power that it is consideredpractically secure. As
we shall seeshortly, sciertic and technological advancesin the eld of quantum
information processingcould o er o er unprecederted computational power and
henceendangerthe security of classicalencryption schemes.

A year later a quantum densecoding protocol showing that 2 bits of informa-
tion could be sert with a single spin 1/2 particle by the useof entanglemert [15].
This and a similar protocol for cortinuous variables [16] o er the possibility of
increasingthe capacity of the existing classicalcommunication channels.

Furthermore, in a 1993 complete departure from the paradigm of classical
communication it was shown [17] that an unknown quantum state can be trans-
ferred from one location to another without physically having to crossthe inter-

INote however, that to date all of the experiments showing violations have su ered from
loopholes allowing for a local-realistic explanation such as low detection e ciency or time-lik e
interval between the detection events. Recertly an experimentally feasible setup for a loop-hole
free Bell test was proposed [9], soa nal conrmation may come in the near future.



mediate distance. This processknown as quantum teleprtation requiresdistrib-
uted entanglemert as a fundamental resource. From these proposalsthe eld of
guantum communication emerged.

In a parallel developmert it wasshown that the fact that quantum statescan
exist simultaneously in a superposition of seeral eigenstatescan be employed to
speedup certain computational task dramatically. Most notably, Peter Shor [18]
showed that the problem of factorizing the product of two primes, upon which
much of presert day data encryption is based(RSA) [14], could be performedwith
a number of operations scaling polynomially with the number of bits required
to represen the product instead of exponertially by taking advantage of the
qguantum parallelism arising when se\eral particles existing in superpositions are
erntangled. It was also shown that using sudh a quantum computer g,speci ed
elemen in an unsorted list cortaining N elemeris could be found in N trials
instead of the  N=2 trial required by a classicalcomputer. These and similar
algorithms spurred an intenseinterestin the developmert of a quantum computer,
wherelogical operations are performedan a number of two level systems(qubits),
ead existing in a superposition of the two levelsjOi and j1i

Following the proposedtechnological applications for entanglemert the exper-
imental e ort being put into producing such states was dramatically increased.
Entanglemert occurs everywhere in nature: in a spin singlet of helium the two
electronsare entangled and every time a systeminteracts with the surroundings
it becomesentangled with these. The hard part is to create entanglemert in pro-
tected and cortrollable surroundings. There are roughly speaking two di erent
methods for generating entanglemert. One can let a system emit or decay into
other particles, which becauseof energyand momertum consenation will be en-
tangled. Alternativ ely one can let two systemsinteract for a cortrolled amourt
of time and subsequetly move them apart.

In the 90'iesthe eld was dominated by entangled states of light produced
in the former way via parametric down corversion in non-linear crystals. Here
erntanglemert betweentwo [19, 20] and subsequetly three [21], four [22], and v e
photons [23] was achieved. The method relies on coincidencedetections, which
meansthat the entanglemert cannot be created on demand and the resources
and time required increasesrapidly with the number of photons. In a parallel
developmert the cortin uousvariable quadratures® and p (analoguesof amplitude
and phase) of two beams were entangled [24]. This type of erntanglemert is
exactly the type discussedin the original EPR paper.

Although many quantum information protocols can be implemented using
light states only, an atomic implementation would be highly desirable because
of the potential for extremely long storage times. At the end of the 90'ies and
onwards more and more experimerntal veri cations of atomic entanglemert ap-
peared. These mostly utilize the secondapproad to entanglemert generation -
letting two systemsinteract. In ion traps two [25] and subsequetly four ions
[26] were entangled. The ions are separatedby a few m and hencecannot be
addressedindividually but they interact through the Coulomb interaction and
form collective motional degreesof freedom. Using the excited states of theseas
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intermediate states the ions can be entangled. In parallel experiments rst two
thermal Rydberg atoms [27] and then two atoms and a photon where erntangled.
This was done by sendinga su cien tly weak thermal beam of Rydberg excited
atoms acrossan initially empty high Q microwave cavity, which was exactly res-
onant with the microwave transition betweentwo Rydberg states. When the rst

atom crossedthe cavity the ensuingRabi oscillations were timed sud that with

50% likelihood the atom would emit a photon into the otherwise empty cavity.
At the passageof the secondatom, which wasinitialized in the ground state, the
Rabi oscillation was cortrolled sudh that if a photon was presert in the cavity it
would be absorbed with unity probability. This procedureleavesthe two atoms
in a near maximally erntangled state separatedby a few cm.

Having demonstrated entangled states the next main challengeis to create
entanglemernt betweentwo atomic systemsin separate environments. This will
enable the implementation of distant quantum information processingsuc as
quantum cryptography and quantum networks basedon quantum teleportation.

A natural rst stepisto entangle the atomic state with alight state. This has
been achieved for a single ion [28] and for a single neutral atom [29] via pulsed
excitation and subsequeh spontaneousemissionof a single photon into either one
of two well de ned polarization modescorresponding to decay into two di erent
ground states. The collection e ciency is extremely low so, as in the case of
photon pair production via spontaneousoptical parametric down corversion, the
presenceof the entanglemert is inferred only after a photon has been detected.
In order to transfer this into entanglemen betweentwo atomic particles strong
coupling betweenthe secondparticle and the photon hasto be achieved. At a
single particle level this can only be achieved using ultra high- nesse cavities. As
discussedabove this has been achieved in the microwave region. The coupling
between the atoms and the cavity is cortrolled by the atomic dipole momert,
which for Rydberg statesis huge comparedto that of atomsin the ground state.
To achieve that samecoupling with ground state atoms and an optical transition,
the eld in the cavity has to be increased correspondingly. This is done by
increasingthe nesse of the cavity, which quickly becomesextremely challenging
experimentally. Despite this, very encouragingresults have recertly also been
achievedin the optical domain [30, 31]. Here single photons have beengenerated
deterministically from a single atom in a cavity. Unlike in [28, 29] the processis
unitary and hencereversible, which is essetial for the realization of a distributed
quantum network [32].

The substartial technical diculties involved in achieving the control and
strong coupling at the level of singleatoms and single photons motivated a seart
for alternativ e routes to achieve atomic entanglemert. One of the most success
ful involvesthe use of atomic ensenbles consisting of macroscopicnumbers of
particles. The dipole momernt of collective variables describing theseis dramat-
ically increasedcomparedto a single atom and hencestrong coupling with light
can be achieved without the use of cavities.

Initial approadcesfocusedpredominantly on atom-light coupling via resonarn
absorption. In [33] it was proposedto create an entangled atomic ensenble by



the complete absorption of entangled light. The initial light and the nal atomic
erntanglemert camein the form of "squeezedstates”. In theseweak two particle
correlations in a macroscopicensenble of light or atoms are arranged such state
the uctuations in one of the collective properties (x or p) are reduced at the
expenseof increased uctuations in the other. Following this proposal the rst
macroscopic(10° atoms) entangled state was generated[34]. The ertanglemert,
however, existed in the excited states and hencethe life time and the degreeof
erntanglemernt were fundamertally limited by spontaneousemission.

To circumvernt this, it was proposed[35, 36] to usean o -resonant interaction
to perform a Quantum-Non-Demolition (QND) measuremenm of certain collective
atomic ground state properties, which would project the atomic state into an
entangled state. Using ground state properties increasesthe life time drastically
and furthermore makes the atoms indistinguishable over radio- or microwave
length scales(corresponding to the frequency separationsin the ground state).
This signi cantly simpli es the coupling of light to the atomic sample. Another
nice feature of this approac is that the technical implementation is relatively
simple becauseit merely requires coherent light (output of a reasonably quiet
laser). In this way spin squeezing37] and erntanglemert of the form discussedby
EPR betweentwo atomic sampleswasachieved. The latter experiment forms the
basis of all results in this thesis and will be discussedin detail in the following
chapters.

In aparallel e ort the ideasof resonart transfer werefurther developed. Using
the processof electromagnetically-induced transparency (EIT) [38, 39] in mac-
roscopic atomic ensenbles light was slowed [40] and in subsequeh experiments
stopped and retrieved [41, 42]. The transfer was completely classical- no entan-
glemert was employed or induced - but recertly quantum correlations have been
veri ed [43, 44, 45, 46, 47, 48, 49, 50]. In Sec. 7.4.6 theseresults are compared
to ours in somedetail.

The reasonthat both approacesyield coherert dynamicsthat is not washed
out completely by noisefrom spontaneousemissionis actually highly non-trivial.
As will be discussedin Sec.2.3.1this is not the casefor a single particle. When
generalizingto an ensenble of atoms, however, the interaction is coherently en-
hanced [51, 36] in oneatomic mode (the onedealingwith all atoms symmetrically
and causing coherent forward scattering) whereasspontaneous emissionis dis-
tributed isotropically over all modes. This meansthat the relative importance of
spontaneous emissiondecreaseswith increasingnumber of atoms.

In summary, the eld of quantum information is basedon three fundamental
pillars:

Entanglemen t: two systemscan be connectednon-locally to give correl-
ated results of measuremeis

Superp osition : quantum mechanical states can exist in multiple eigen-
states simultaneously (quantum parallelism).

No-cloning theorem : using only the linearity of quantum medanics it
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was provenin 1982[11] that an unknown quantum state cannot be copied
or cloned.

The fundamertal challengein the eld of quantum communication is to estab-
lish a quantum network betweendistant siteslinked by an entanglemert connec-
tion. With this establishedthe two remaining pillars enabledistributed quantum
computing [52], secretexchangeof classicalinformation [13], and faithful transfer
of quantum states through the processof quantum teleportation [17, 53] can be
achieved. Practically, the di cult y in establishingan entanglemert link increases
exponertially with the distance becauseof inevitable signal loss. To circumvent
this, the useof quantum repeaters[54, 55, 51, 56] was proposed(seeSec.7.4.6).
In a quantum repeater station A entanglemert is establishedbetweena system
at location B and a systemat A and betweenanother systemat A and a system
located at C. Through entanglement swapping [17, 57, 58, 59] and subsequen
puri cation [60, 61] high quality entanglemert between positions B and C can
be achieved, thereby doubling the entanglemert distance. If this is usedsuccess-
ively, entanglemert over arbitrary distancescan be realized. Since, however, the
puri cation scemesare probabilistic it is essetial to have a quantum memory
at ead station to store the successfullygeneratedentangled states. Otherwise all
puri cation schemeswould haveto succeedsimultaneously and the time required
would scaleexponertially with distance.

During the time of my Ph.D. studieswe have demonstrated sewveral important
elemerts of a working quantum network. First of all by modifying the experi-
merntal setup of the initial entanglemert experiment [62] we have demonstrated
the rst entanglemert betweentwo atomic objects in separateenvironments (see
chapter 6). Using such entanglemert as a resourcewe have furthermore per-
formed the rst mapping of an unknown quantum state into an atomic memory
with a quality exceedingthe best classicalstrategy (seechapter 7). Finally we
have demonstrated the applicability of such quantum networks by performing
the rst quantum teleportation betweena light state and an atomic state (see
chapter 8).

Outline of the Thesis

Chapter 2 Quantum medanical description of the macroscopicatomic en-
senble and light system and the interaction betweenthe two. Canonical
variables for the atomic and light systemswill be de ned, which will form
the basisfor all subsequeh chapter.

Chapter 3 Here the entanglemert is de ned and the basic entanglemert
experimert is introduced. An experimental criterion for the veri cation of
entanglemert is also intro duced and simple theoretical predictions for the
erntanglemert are derived.

Chapter 4 In this chapter atomic and light decoherenceis discussedin
detail basedon the Gaussiancovariance matrix formalism. Results valid



for high degreesof decoherenceand for light lossbetweenthe two samples
are derived.

Chapter 5 In this chapter various experimental details are discussedsuc
as the atomic environment and the speci ¢ laser systemsused. The main
sourcesof decoherenceare alsodiscussed.Finally, the experimental demon-
stration of projection noise limited performance as well as a comparison
with the theoretical predictions are treated.

Chapter 6 Herethe rst of the three main experiments of this thesis - the
erntanglemert generation - is discussed. It is divided into two parts. The
rst, describesthe generation of entanglemert similar to that of [62] but
herethe two samplesare in separateervironments. This represerts the rst
demonstration of "distant" entanglemert betweentwo atomic systems. The
secondpart is certered on the experimental generation of an uncondition-
ally entangled state created by feeding badk the measuremen result onto
the spin system. In this way an atomic state is created that is entangled
without requiring any knowledgeof prior measuremehn results.

Chapter 7 Herewereport onthe rst experimental demonstration of storage
of an unknown quantum state with a quality exceedingthe classicalbound.
The so-calleddirect mapping protocol involvesa single Faraday interaction
followed by a feedbak to the atoms. The stored state was measuredto
have a life time of 5ms.

Chapter 8 In this chapter the last of the main experiments of this thesis
is described. Using light-atom entanglemert generated by the Faraday
interaction betweenan auxiliary light pulse and a single atomic sample,an
unknown light state was teleported onto the atomic state.

Chapter 9 In this chapter we derive an experimentally feasibleprotocol for
the retrieval of a state from a quantum memory. Becauseof the long ( 1ms)
optical pulsescorvertional retrieval protocols are inapplicable. The best
protocol preserted in this chapter involves four simultaneous passagef
the light through the atomic sample and can approach perfect storage or
retrieval by merely increasingthe interaction strength su cien tly.

Chapter 10 In this chapter we preseri a proposal for the generation of
squeezedight basedon the simultaneous passagelynamicsdiscussedn the
previous chapter. It only works in the caseof two simultaneous passages.
The dynamicsis derived both in the pulsedand in the cw regimeand atomic
decoherenceand re ection lossesof light are included.

Chapter 11 In this chapter we summarizethe main resultsin this thesisand
give an outlook where we discussthe possibilities of implementing atom-
atom teleportation and interfacing with non-classicallight sources.
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Appendix A E ects arising from atomic motion in and out of the probing
beamare discussedn the appendix. We show that with such an asymmetric
coupling to the atoms the a new set of collective variables can be formed
with a correspondingly modi ed projection noiselevel. We also show that
atomic motion acts asan e ectiv e sourceof decoherencéetweentwo probe
pulses.

Appendix B Herewe discussthe inclusion of decoherenceénto the covariance
matrix formalism preserted in chapter 4. We show that - becausefor a
spin system higher than 1/2 the thermal noise is no longer identical to
the coheren state noise- errors accunulate when applying the covariance
matrix update equation iterativ ely for suc systems.

Appendix C In this appendix we derive the Stark shift betweenthe di erent
magnetic sublewels and discussthe implications on the experimerts.

Appendix D In this appendix we explain some of the abbreviations com-
monly usedin this thesis.



CHAPTER 2

Atom-Ligh t Interaction

All experimernts preseried in this thesiswill revolve around sendinga narrowband
laser source through glass cells cortaining a macroscopicnumber ( 10%?) of
cesiumatoms.

In this section we introduce the quantum variables for light and atoms and
describe the o -resonant dipole atom-light interaction utilizing the ground state
6S,-, to the excited state 6P3-, transition in cesium. We use collective spin op-
erators for atoms and Stokesoperators for light asa conveniert way to describe
the interaction. The interaction has been investigated semi classically in [63]
and the quantum mechanical interaction Hamiltonian was derived for a spin 1/2
systemin [36]. The interaction Hamiltonian for the realistic F = 4 systemtaking
the complete level structure into accourt was derived in [1]. Here we will rst
discussthe e ect of the interaction classically and then illustrate the quantum
medanical derivation for the spin 1/2 system. Finally we will preser the result
of the generale ectiv e Hamiltonian which describesthe dynamics of the ground
state spin and the light. For simplicity the Hamiltonian is speci ¢ to the cesium
ground state, although, the same procedure can be applied for any other atom
with a ground state corntaining multiple Zeemansublewels. With this as a start-
ing point we derive equations of motion for the light operators and the atomic
operators describing a single atomic ensenble. In this way we show that the
spin componert along the direction of light propagation is mapped onto the light
without being perturbed by the light. Such a Quantum-Non-Demolition (QND)
measuremen will thus increaseour knowledge of that particular spin compon-
ent, which amounts to squeezing(decreasingthe width of) the corresponding
probability distribution of that variable.



10 Chapter 2 - Atom-Light Intera ction

For technical reasonswe then introduce a constart magnetic eld along the
direction of the mean spin. This complicates the equations of motion signi c-
antly becausethe spin componerts transverseto the applied magnetic eld start
to mix through Larmor precession.The simple QND interaction is regained by
the intro duction of two oppositely oriented ensenbles. In this setting entangle-
ment between the two ensenbles can be realized by sending a single pulse of
light through the atoms instead of the two pulsesrequired in the absenceof the
magnetic bias eld. An even more important advantage is brought about by the
possibility of performing measuremets at a rather high Zeemanfrequency thus
achieving quantum limits of sensitivity with macroscopicnumbers of atoms via
spectral ltering of classicalnoise.

In the nal parts of this chapter we will rescalethe atomic and light variables
to obtain a common mathematical framework for the description of the two sys-
tems. These canonical operators will form the basisof all further discussionsof
the interaction in the remaining part of the thesis.

2.1 Atomic Spin Operators

The ground states of cesium are characterized by its outermost electron which
is in the 6S,-, state, i.e. the orbital angular momertum L is zero. The electron
spin S and consequetly the total electronic angular momertum J has quantum
number S = J = 1=2. The nuclear spin | of cesium-133has| = 7=2, and the
coupling between the nucleus and the electron givesrise to the total angular
momertum F = | + J with quantum numbersF = 3and F = 4.

It is indeed the total angular momertum F which is of interest in this work
sinceF and the magnetic quantum numbers mg de ne the energylevels of the
ground statesin the limit of low magnetic eld applicable here. Furthermore, we
restrict ourselvesto one hyper ne level, F = 4, which is possibleexperimentally
sincethe hyper ne splitting s = 9:1926GHzis large comparedto typical res-
olutions of our laser systems. We chooseto denote the total angular momertum
of a single atom by j and for a collection of atoms (in the F = 4 state) we refer
to the collective total angular momertum asJ, i.e.

X
J= o (2.1)
i=1

where N is the number of atoms in the F = 4 state and j{) is the total angular
momertum of the i'th atom. The reasonfor using J and not F is conventional.
In our experiments the number of atoms N is of order 10'? and hencethe
eigervalueslie extremely closecomparedto the length of the vector. We therefore
call J"y and J; continuous variable operators. Experimertally will always aim at
having all atoms polarized along one direction which we denote as the x-axis.
With the x-axis as quantization axis we have mg = 4 for all atoms to a high
degreeof accuracy and the collective spin J, is really a macroscopicertit y. As we
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P(m)* 256

Figure 2.1: [\ and [} probabilit y distribution for a single atom in the jF = 4;m = 4i
state along x.

shall seein the chaptersto come,this state called the coheren spin state (CSS)
is extremely important for our experiments. (See chapter 5 for experimental
details concerningthe atomic state preparation.) With this experimental choice,
we may treat the x-componert of the collective spin asa c-number, i.e. we replace
the operator Jy by the number J,. The transversespin componerts J‘y and J;
maintain their quantum nature. They typically have zeroor a small meanvalue.
Via the commutation relation the Heiserberg uncertainty relation sets a lower
bound for the quantum uctuations (with h = 1)

h i
NS =ik (2.2)
JZ
) Var(dy) Var(Jy) TX: (2.3)
DE DE,
Here Var(Jy) = J2 Jy  represers the variance in the usual sense,i.e.

the square of the width of the probability distribution for the operator J\q. In
this thesis we will refer to this as the variance and the noise of the variable
interchangeably

We wish to determine the statistics of the state consistingof N, atoms all in
the mg = 4 state (CSS). Todo this, we nd the probability distribution of a single
atom alongthey andz directions. This canbedoneby argplying a90 rotation
matrix to the statej i = jF = 4;m= 4i giving j i ! o IF = 4mi df:)m.
This givesthe probabilities P (m) = (1; 8; 28; 56; 70; 56; 28; 8; 1)=256for measuring
m=( 4 3 2, 1,0;1;2;3;4). This distribution is illustrated in Fig. 2.1.
Given the probability distribution we can easily calculate the rst and second
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momerts for a single atom

X X4
i = P(m)m=0; 5 = P(m)m2=2 (2.4)

m= 4 m= 4

Alternativ ely wecouldhaveused [? = [+ 7+ 15 = F(F+1)and [§¥ = F?
to seethat 2 = f2=F5 . The certral limit theorem then tells us that J,

and J will be distributed according to a Gaussianwith mean N4 Hyi = 0 and
variance N g f‘g = 2Ng = Jx=2. Comparing this to Eq. (2.3) we seethat
the CSSis a minimum uncertainty state. In our experiments we will typically
have 10*? atoms giving a quantum uncertainty of the angle of the collective spin
direction of order 10 ©.

With a 3D represenation of the spin statespon a sphere, The CSSwill be
characterized by an uncertainty disk of width Jx within which the direction
of the spin vector is not de ned. Becauseof the non-comnutativit y of J; and
J; it is impossibleto localize the spin state to a single point on the sphere. Any
localization in onedirection will invariably be followed by a delocalization in the
other.

2.2 Polarization States of Light

All our experimerts involve narrow-band light interacting with atomic spin states,
and it turns out that the polarization states of the light form a corveniert lan-
guageto describe the degreesof freedom of the light.

Consider a pulse of light, or a collection of photons, propagating in the z-
direction. The polarization state is well described by the Stokesoperators

S=3(0m() M) = 5 Bl &8,
§ = %(nph(+4s ) fpn( 45)) = % aja, + ayay ; (2.5)

&= 200m(+) (D=5 ala, &a

where fAp, (X) is the number of photons in the pulse with x-polarization, and so
on. In the last equality we used

m:%%?ﬁ :%%ﬂ;
(2.6)

a + 4 8 &

a45:—p—xiy; 945:—p—xiyi

The Stokesoperators are dimensionlessas written here, they count photons. At
our corveniencewe later break theseup into temporal or spatial slices.
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A crucial assumptionin all our experiments is that light consistsof a strong
componert linearly polarized alongthe x-direction and a much weaker componert
polarized in the y-plane. This meansthat we can treat the x-mode operators &y,
&Y, and henceS, ! S, asac-number. Note, the similarity to the approximation
of a well polarized sample of spins in the previous section. Speci cally we nd
(with &% = &, = A, being real) that

S=A (+a)=2; S =A (& &)=2: (2.7)

Thus, in our approximation the quantum properties of éy and §, are solely
encaled in the y-polarized part of the light.

It canbe shown that the Stokesvector satis es angular momertum commut-
ation relations

h i
§:8, =is, (2.8)
) Var(§) var($,) SZXZ (pulse of light): (2.9)

As in the atomic casewe can easily calculate the variance of the coheren state
of light in which all photons are polarized along x. For a single photon we get
ai= 0 and 85 = 1=4, which meansthat the variance for Nyn photons is

éq = NT"“ = STX Comparing this to Eqg. (2.9) we again seethat the coherert

state is a minimum uncertainty state.

In generalwe will usea formalism which allows for variations of the instant-
aneousStokesoperators acrossthe pulse. In the following we will restate someof
the important results concerningthe correlation properties of the Stokesoperat-
ors from the appendicesof [1]. Taking the spatial Fourier transform of the light
eld described by the operators [a(k); &' (k9] = (k k% we get a description in
terms of [&(z;t);&(z%1)] = (z z9. Analogously to Eq. (2.5) this givesrise
to the Stokesoperators Si(z;t) which have dimension 1=length and can be inter-
preted in terms of the number of photons per unit length in appropriate bases.
They obey the comgutation relatiop [Sy (z;1); S, (2% 1)] = i5«(z;t) (z 29 andin
the coheren state §(z;1)&(z%t) = STX (z 29, wherei = y;z. For propaga-
tion in free spacethe time and spaceargumerts are trivially connectedthrough
Si(z;t) = §(0;t z=0 and we therefore dene §"(t) = ¢ $i(z = 0;t) and
Sout(t) = ¢ Si(z = L; t), whereL is the length of the sample. These operators
are connectedto the number of photons per unit time in di erent basesand have
the samecommutation and correlation functions as $; (z;t) with t substituted for
z.

2.3 0O-Resonan t Coupling

In our experimernts linearly polarizedlight propagatesalongthe z-direction through
an atomic sample polarized transversely to the direction of propagation. The
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questionis now how the properties of the spin a ect the light. The full Hamilto-
nian for the realistic multi-lev el interaction hasbeenderived elsewherd1, 64, 65,
so here we will merely give a semi-classicalpicture of the interaction followed by
a derivation of the equations of motion for a two level atom to illustrate the
generalprocedure.

Classically when o -resonant light propagatesthrough a polarizable medium,
it experiencesa phaseshift becauseof the index of refraction of the dispersive
medium. Now, from Eqg. (2.6) we seethat light linearly polarized along e.g.
the x-axis can be decompsedinto equal parts of . and polarized light.
With the z-axis as quantization axis this light will drive m=1land m= 1
transitions respectively. For a dispersive interaction with a two level system (see
Fig. 2.2) this meansthat the . componert will acquireaphaseshift . = (N
proportional to the population in m = 1=2, N and correspondingly the
componert acquires a phase = oN.. Rearranging Eq. (2.6) we can now
determine the e ect of this phaseshift on the linear polarization

1 ¢ oN, +¢' oN

a a+ i =
&= —ps—= PPz =€ TN Feo (N NL)

+ 1 g oNe & " - =2 o
3y = Ia—pz—a*- PPy =€ M N 0Zsin( (N NL)) ;
(2.10)
_— P~ p_
where initially we took a, = 1,ay = 0,a. = 1= 2, anda = 1= 2. We

seethat the e ect of the dispersive medium is to rotate the light polarization
by an angle proportional to the population di erence in the two ground state
level, which apart from a factor 1=2 is exactly J,. This e ect is known as the
Faraday rotation. Sincethe interaction is dispersiven, at n are both consened
individually and therefore by angular momertum consenation so is the spin
projection in the z-direction. This meansthat sending linearly polarized light
through through an atomic sampleand subsequetly measuringthe polarization
rotation a measuremen of J, can be implemented that does not change the
value of value of J;. This is the essenceof a QND measuremet and is the main
ingredient in experimental generationof atomic entanglemert. To determine the
e ect of the interaction on the light a quantum mechanical treatment is necessary

2.3.1 Two Level Interaction

Next we will illustrate quantum mechanical treatment by solving the dynamics
for atwo level model [36] (seeFig. 2.2). A , anda  polarized eld componert
interacts o resonartly with the m = 1=2to m®= 1=2 and the m = 1=2to
m® = 1=2 atomic transitions respectively. In terms of the light operators &

and the atomic operators #; = jii ij j the Hamiltonian for the interaction is given
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jii 2i

m= 1=2 m=1=2

Figure 2.2: Two-level atom illustration of the o -resonant Faraday interaction.

by

B =hl & & +hl g+ hg Mple "tiealdting
. . (2.11)
h!Laya + h! 4733 + hg Np8 € ”Lt+aye”“"23 X

where ead line represerts a singl?two level atom interacting with a single light
eld [39, 66]. We haveg = d ;'% where d is the dipole matrix elemen
hjerjji, ! L isthe laserfrequency and V is the quantization volume. The light-
atom interaction is here treated in a one dimensional theory. (For a discussion
of somee ects of the three dimensional nature of the interaction see[67, 68])
We wish to determine the atomic ground state populations ;7 and ~,, and the

ground state coherence®;»

dl\ i . B

d;l = i aléttny, rpae

N . .

ddfz = oA tin, Ana e it (2.12)
d;:z = e tia, Apae it

To do this we de ne slowly varying operators and adiabatically eliminate [39]
the coherencesbetween the ground and excited levels. We will illustrate the
procedurewith oneofthem and state the results for the rest. From the Heiserberg
equation, the equations of motion can be derived

dl\14 _ 1

dt  ih
De ning the slowly rotating operator ~4 = "14€' +! and the detuning =
s !L wegetthe newdierential equation

MaH = 0 T gt gaee T (M M) (2.13)

d~ . .
d:4 = 0i( ~atga (M M) 0( ~at g8 M) (2.14)
where the latter expressionis valid becausethe detuning is very large and hence

the excited state population small. Sincethe detuning is large the dynamics of
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~14 is much faster than the ewolution of the ground state population. This means
that ~14 quickly reachesa steady state whenewer "1; is changed. Becauseof this
adiakatic following we can always use the steady state solution of Eq. (2.14)
obtained by setting the derivative to zero. In this way we obtain

94" %412
= —; = —

. _ o9& Mp o ga ",
13 = ; 23 = :

(2.15)

Using the de nition of the slowly rotating variables, these solutions can be used
to solve for the ground state operators Eq. (2.12). The diagonal variables "1,
and "2, turn out to be zerosoall the dynamicsis contained in the ground state
coherence

d;tlz = E(aya ala, ) (2.16)
Note that this dynamics is reproduced by the e ectiv e Hamiltonian
He = h—gz("na{ a. + "pala)
:2—92(["22 ra] [alae @A) [la+a'a] [fu+ M) (217)
29 1 Ting 258 I

wherein the last equation we gave the generalizationto a spin sample cortaining
multiple atoms. We used the spin de nitions for a single and N, atoms {}, =
3022 "] and 5 = Na3["22  "11], the Stokesde nition in Eq. (2.5), and the
number of photons Ny = & &, + &’ a .

The last term in the Hamiltonian is merely an overall Stark shift of the energy
levels and can safely be neglected. The remaining part rotates the atomic spin
vector around the z-axis by an angle determined by $, and simultaneously the
Stokes vector is rotated by an angle determined by J,. This meansthat, asin
the classicalcasetreated above, information about J; is transferred to the light
but we seethat through the quantum medanical back-action a similar process
occursin the atomic state.

We will discussthe equations of motion in a lot more detail later in this
chapter but at this point we would like to commernt on the importance of spon-
taneousemission. All coherencesnvolving the excited state will decoherebecause
of spontaneous emission. This can be added phenomenologicallyby including a
term % in the dierential equations for % involving the excited states. *

1To preserve the correct statistical prop erties we should really also add a Langevin noise
term [39] but we will ignore those for now, focusing on the decreasein the signal caused
by spontaneous emission. We will treat dissipation more properly in chapters 4 and 10 and
appendix B.
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Incorporating this in the calculations above we obtain
d"io
dt
The rst part is the one giving the coherent ewolution and the secondpart de-
scribesthe e ect of spontaneous emission. Here we clearly seethe di erence in
the scaling of the two with detuning. As expected the dispersive part falls o
as 1=, whereasthe part coming from absorption e ects falls of as1= 2. The
extra factor = in front of the spontaneous emissionterm will be very small
becauseof the large detuning but this does not meanthat it is negligible for a
singleatom. This is becausethe damping term involvesthe sum of the number of
photons in the two circular polarization, whereasthe signal term is proportional
to the dierence. Sincein the experiments these photon numbers are almost
identical (by having a clean linear polarization), we seethat for a single atom
spontaneousemissionwill dominate completely if the total number of photons is
large.
For an ensenble of atoms we will be interestedin the dynamics of the operator
Jy = Na£[*12  "21]. Solving Eq. (2.18) and inserting into the de nition of J)
we obtain

ig? g
= =@'a aa), =—(@a +ala)p (2.18)

= J,0)+ a8 e ¥2; (2.19)

wherefor we alsousedJy = Ny %[’\12 + ",1] and for compactnessand consistency

with coming results de ne a = 2 and = 2922 , Where is the photon ux

per unit time. In Sec. 2.7 we will show that the size of the desired interaction
relative to the e ect of spontaneousemissioncan be written as = ’\'2‘—92 which
is called the optical depth of the sample (typically 30 in our experimental
settings). We seethat whereasat a single atom level spontaneous emissionen-
tirely dominated the coherert processedor a large number of photons, this is
not the casefor an ensenble of atoms. The remarkable property is called col-
lective enhan@ment [51] and is crucial for achieving a strong coupling between
that atomic and light systems. Another way to understand this processis that
the coherer interaction occurs only betweena single well de ned atomic mode
(symmetrized over all atoms) and a single light mode. Spontaneousemission,on
the other hand, is distributed uniformly over all modes. This meansthat for a
large number of atoms the e ect of spontaneousemissionon the mode of interest
becomesnegligible.

2.3.2 Full Multi-lev el Coupling

We now considerthe caseof a propagating beam of light coupled o -resonantly
to the 6S;—5.r =4 ! 6P3=p.F0=3.4.5 transitions in cesium (seeFig. 5.1). Neglect-
ing absorption e ects and adiabatically eliminating the optically excited states
an e ectiv e Hamiltonian describing the light interacting with only ground state
degreesof freedomis obtained [1, 64, 652.

2[1] contains a factor of two error which has been corrected in Eq. (2.20).
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lq hc 2 z L N é
i(; = R — )+ 2 (2 0% (z;t
. 8Ah 7, a (z:t)+ar Sz 0 (z;t) i (2.20)

+a "Rz S @@t S @yP(zt)  Adz:

Again we have assumeda one-dimensionaltheory for the light which is su cien t
for a beam crosssection A that is much larger than the squaredwavelength 2.
The small letter spin operators {Y(z;t) are dimensionlessand refer to single atoms
at position z at time t. The integration then runs over the ertire sampleof length
L with atomic density . The factor in front of Eq. (2.20) is the natural FWHM
line width of the optical transition 6S;-, ! 6P3-, and s the detuning from
the F = 4to F°= 5 transition with red being positive.

As for the operators, "(z;t) is the photon ux per unit length, 8, = &, +
iS= ala and$ =& i§ = &4 areraising and lowering operators
corverting +-photonsinto  -photons or vice versa,and {* = [\ i{y arethe
usual raising and lowering operators for the spin.

The parametersag, a;, and a, for the F = 4 ground state in cesiumare given
by

1 1 7

ag = - + +8 I 4 F=4
4 1 35= 1 45= ( )
1 35 21

= _— +176 | 1 .

BT0 T = 1 e 61 & (2.21)
1 5 21

ay= — +16 | O

27240 1 a= 1 4=

wherethe limit for very large valuesof the detuning is also given. The detunings

35=2 = 4522 MHz and 45=2 = 2510 MHz are given by the splitting in the
excited state. Let us commert on the dierent terms in the Hamiltonian (2.20).
The rst term containing ap just givesa Stark shift to all atoms independen
of the internal state but proportional to the photon density “(z;t). The second
term containing a; rotates the Stokesvector S and the spin vector J around the
z-axis, known as Faraday rotation - we look more closely into this below. The
last terms proportional to a, are higher order couplingsbetweenthe light and the
atoms and since a, is small for a su cien tly large detuning these can normally
be neglected.

All these terms consene individually the z-projection of the total angular
momertum of light and atoms, e.g. the § [2 term can changea . photon
into a photon (changing the light angular momertum alongz by 2h) while
the atoms receive 2h mediated by the atomic raising operator [2. The total
angular momertum must haveits z-projection invariant sincethe physical system
is axially symmetric around the direction of light propagation (the z-axis).

The term proportional to a; is of main relevance. This term represerts the
QND interaction, which will form the basis of all our experiments. The higher
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order terms proportional to a, create someminor problems which can be min-
imized with large detuning. For a detailed treatment of the higher order (atomic
alignment) e ects we refer to [1, 64]. The zero order term proportional to ag
producesan overall phaseshift and can be omitted.

2.4 Propagation Equations

The Hamiltonian (2.20) is a very cornveniert starting point for many calculations
and we now show the procedureto derive equationsgf motion. For the spin oper-

ators we needthe Heiserberg evolution @\=@ = % N:HB and forrt1he Stokesop-
i
erators the Maxwell-Bloch equations(@@+ ¢ @@)Si(z;t) = = Si(z;1); Rine

(see[1]), we the z-di eren tiation comesfrom the commutator of §; (z;t) with the
pure light part of the Hamiltonian. For the latter we neglectretardation e ects,
i.e. we do not calculate dynamics on the time scale L=c of propagation of the
light acrossthe sample. This is equivalert to setting the speedof light to in nit y
and henceleaving out the @@ term. If we consideronly the term proportional
to a; and neglectthe rest we nd

. 2
DD - 4 e ad @), @
@yg;t) _ 8; Z—Zaléz(z;t)jx(z;t); (2.22)
@;(z;t) =0
@ :

and
@ 2
@éx(Z;t) =+ 8—2—a1§y(z;t)f‘z(z;t);
2
géy(Z;t) = 8—2—a1§x(z;t)f‘z(z;t); (2.23)
géz(z;t) =0:

We obsene that % (z;t) and $,(z;t) are individually consened during the inter-
action which is also apparent from the Hamiltonian (2.20) since these operators
commute with the a;-term. The e ect of the interaction is that the spin rotates
around the z-axis with an amourt proportional to S,, and the Stokes vector
rotates around the z-axis proportionally to {%.

Below we assumethat theserotations are small and that the dominant clas-
sical (mean) polarization vector of light and the orientation vector of the collective
atomic spin stay oriented along the x-direction after the interaction. This turns
out to be a very good approximation for experimentally attainable valuesof the
interaction strength. Under this assumption the rst line of the systems(2.22)
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and (2.23), respectively, can be omitted. Furthermore, given the QND structure
of the remaining equations, we can sum over the individual atomic spinsand ob-
tain the sameequation fohthe collective spin variables (2.1). In our continuous
notation we have J; (t) = OL N(z;t) Adz . As for the light operators we concen-
trate on the in- and out-going parts only. Hencewe de ne 8" (t) = ¢§i(z = 0;t)
and 8 (t) = ¢&i(z = L; t). The multiplication by the speedof light c turns the
normalization into photons per unit time instead of per unit length. With the
assumption of small rotation angles,integrating equations (2.22) and (2.23) over
spacefrom z = 0to z = L leadsto the following very important equations:

&t (t) = &N (1) + aSc Iy (b); (2.24a)
S (t) = S(v); (2.24b)
%j\y(t) = a8 (v); (2.24c¢)
d5m=0 (2.24d)
dt

where a = WZ—Zal. In and out refer to light before and after passingthe

atomic sample, respectively.

We note from equations (2.24a) and (2.24d) that in the caseof a large inter-
action strength (i.e. if aS,J; dominatesSin) a measuremen on $¢* amourts to

a QND measuremen of J. Using o -resonant light for QND measuremets of
spins has also beendiscussedin [35, 69]. Equation (2.24c) implies that a part of
the state of light is also mapped onto the atoms - we denote this as badk action.
This opens up the possibility of using this sort of system for quantum memory
which will be the topic of Sec. 7.

2.5 The Rotating Frame

In the experiment a constart and homogeneousnagnetic eld is addedin the x-
direction. We discussthe experimental reasonfor this below. For our modeling,
the magnetic eld addsaterm Hg = | J) to the Hamiltonian, where | =
o= sB=h. For the ground state of cesiumwe have g- (F = 4) 0:2504 and
o (F = 3) 0:2512. This makesthe transverse spin componerts precessat
the Larmor frequency | dependingon the strength of the eld. Introducing the
rotating frame coordinates:

Jo _ cog Lt) sin( .t) Jy

07 sin( ) cof ) & (2.25)
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we can easily shav that equations (2.24a)-(2.24d) transform into:

S (1) = §'(t) + aS, JP() sin( Lt) + JXt) cog (1) ; (2.26a)
S (1) = S (1); (2.26b)
%Jy(t) = al, 8" (t) cog L1); (2.26¢)
%j‘;(t) = al, 8" (t) sin( Lt): (2.26d)

Thus, the atomic imprint on the light is encaded at the | -sidebandinstead of
at the carrier frequency The primary motivation for adding the magnetic eld is
the fact that lasersare generally much more quiet at high sideband frequencies
than at the carrier frequency A measuremen without a magnetic eld is a DC

measuremen for which the technical noise easily dominates the subtle quantum

signal. Also, asthe measuremenm time is longer than 1= |, Eq. (2.26a) enables
us to accessboth J)E’ and J? at the sametime. We are of course not allowed
to perform non-destructive measuremets on thesetwo operators simultaneously
sincethey are non-comnuting. This is preciselyre ected in the fact that neither
J\y nor J, are constart in equations(2.26c)and (2.26d). This makesthe dynamics
quite complex: the light is being fed into both atomic quadratures

Z
P = Koy + taaxé‘z“(t“’)cos( L9t
z° (2.27)
Py = 320+ al SN (t9sin( (t9dt°;
0

while at the sametime the atomic state is being transferred badk onto the light,

thus transferring a part of é‘zn for all earlier times onto é;’”‘ (t). This is generally
an unwanted sourceof noise,which we usually call the badk action noiseof light.

Later in this chapter we shall seethat equations(2.26) can be solved and written

in a much more transparent form, which as described in Chapter 8 will enable
the implementation of quantum teleportation using this interaction. For now,
however, we will start by shawing that the simple QND-type interaction can be
regainedby adding another atomic sample.

2.6 Two Oppositely Oriented Spin Samples

Inspired by the above we now assumethat we have two atomic sampleswith
oriented spins sud that Jx; = Jx2 Jx. In this setting the equations of
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motion (2.26a)-(2.26d) translate into:;
SpUt(t) = S (1) + aSe [Iyu(t) + I, (D] sin( 1) (2.282)
I + o] cos( Lt)

%(J&(t) + 332 (1) = a@3x1 + Ix2)S) (t) cof Lt) = O; (2.28b)
%(J?l(t) + 3%(1) = a1 + Ix2) 8N (t) sin( Lt) = O (2.28¢)

The fact that the sumsJ?; (t)+ 32 (t) and J2, (t) + 32, (t) have zerotime derivative

relies on the assumption of opposite spins of equal magnitude. The constancy of

theseterms together with Eq. (2.28a) allows us to perform QND measuremeis

on the two sums. We note that ead of the sumscan be accessedy considering
the two operators

" cog (t)dt= S cog Lt)dt+

2 Z aST

i S sin( Lt)dt = i & sin( Lt)dt+ T(J“y)l(t) + 3%(t):  (2.29b)

aScT

——(Jam+ %0 (2.29)

Rt Rr
e have used the fact that cog( t)dt o Sin°( Lt)dt  T=2 and that

OT cog t)sin( L t)dt 0. As will be discussedin Sec. 5.2.3 eac of the op-
erators on the left hand side can be measured simultaneously by making an
§y-measuremen and multiplying the instantaneous photo-current by coq t)
or sin( t) followed by integration over the duration T. The possibility to gain
information about J?,(t) + J%(t) and J?,(t) + J%(t) enablesus to generateen-
tangled states, the topic of chapters 3 and 6. At the sametime we must lose
information about someother physical variable. This is indeed true, the conjug-
ate variables to thesesumsare J%(t)  J2(t) and J0;(t)  J2(t), respectively.
These have the time ewolution

S0 30000 = 223,87 (1) cos( 1) (2.30a)
%(J?l(t) J%, 1) = 2a3,8"(t) sin( L t): (2.30b)

We seehow noise from the input $,-variable is piling up in the di erence com-
ponerts while we are allowed to learn about the sum componerts via $, meas-
uremerts.

2.7 Intro ducing Canonical Op erators

Sections2.1and 2.2 show that there is a striking similarity in the basic structure
of the light and atomic systems. They both obey angular momertum commuta-
tion relations and are both preparedsud that oneof the componerts is e ectiv ely



2.7.Intr oducing Canonical Opera tors 23

nothing but a classicalnumber. This meansthat both systemsare e ectiv ely two
dimensional systemswith extremely close-lying eigervalues. Implementing the
Holstein-Primako approximation [70] by rescalingthe two remaining quantum
variables of eath system with the classicalthird componen, both systemscan
be mapped into canonical harmonic oscillator variables. In simple terms this
approximation merely state that if the uncertainty disk assaiated with the spin
systemis su cien tly small comparedthe length of the spin vector spacein the
vicinity of the uncertainty disc is essetially at and we can transform from a
three dimensional theory to a two dimensional one. For a single atomic sample
without a magnetic eld we de ne:

)eass: pj}]/:; Isass: pj\z=;

'Ry I 'Ry (2.31)

Ras = % 0 éy(t)dt; Pas = % 0 éz(t)dt:
For two sampleswe get two sets of canonical variables by de ning the atomic
operators:

Rac = % 23?)2; (2.32a)
Pac = % ;sz)z; (2.32b)
Xas = j—%T{QZ: (2.32c)
Pas = 5 %YV)Z; (2.32d)

where the meaning of s and ¢ will becomeclear below. Note, that in this thesis
we will adopt the cornvertion of capitalizing the non-local atomic operators in
order to distinguish them from the single cell atomic operators. Similarly we
de ne the light operators:

r— 7

Re = 2 Té,y(t) cog t)dt; (2.33a)
ST 0
.
Pe = 82T 8, (t) cos( Lt)dt; (2.33b)
r > A
.
Rs = 2 S, (1) sin( Lt)dt; (2.33c)
; ST o
— 2 T H .
Ps = 5T . S, (t) sin( Lt)dt; (2.33d)

when referring to both R and ;. we will simply write %, for cornvenience. Each
pair of ®; P operators now satisfy a commutation relation, [Rq;Pq] = i. Equa-
tions (2.24a-2.24d)and (2.28a-2.28c)now translate into
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R = A+ P (2.34a)
= (2.34b)
Xat=Xa+ " (2340
Pt = P, (2.344)
where we recall that i = c;s;ss refer to the de nitions above. Note, that in

the caseof two samplesthe two setsof interacting light and atomic operators are
decoupled.Th% parameter describingthe strength of light/matter-in teractionsis
givenby = a J4ST. The limit of strong coupling betweenthe two systemsis
reached around 1. This setof equationsrepreserts the starting point for nu-
merousapplications, which will be preserted in the chaptersto come. While most
applications preseried in this thesis are realized for the two-cell setup it should
be clearthat an implementation for a single samplewithout a bias magnetic eld
is also possible.

Now that the light and atomic systemsare treated symmetrically we can
return to the determination of the ratio of the coherent part of Eq. (2.19) and the
spontaneousemissionpart. Transforming the equation to the canonicalformalism
we obtain

R = (RF + plle T2 (2.35)
We are typically interestedin the variance of sudh an expression
Var(R3) = (Var@®") + Var(p"))e ': (2.36)
2 is therefore a measureof the coherent part of the interaction, which is then
reducedby a factor 1  t (for small valuesof t). We therefore want
ap NatNph=4
at Nph Natgz

2
— = = 2.37

to be much larger than one. Note that in this calculation we reverted to the
notation of Sec.2.3.1.

2.8 Canonical Description of the Single Cell In-
teraction

With the canonical formalism establishedwe will alsotreat the complicated case
of a single samplein the presenceof a magnetic eld. We intro ducetime depend-
erb@nicallight operators (% (1); p_(t)) = (Sy(1)); S:(1))= S with dimension
1= time and commutation relation [3,_&); P (t9] =i (b_to) and the dimension-
lessatomic operators R,(t) = J‘y(t): Jx and p, = Jy= JIx with [R,;p.]=i. In
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terms of thesevariables Eq. (2.26) turn into:

AP = 47O+ B (Ry(D)Sin L0+ py(t) cos( 1) (2.38a)
e (1) = o (1); (2.38b)
()= P=pL( cO L1 (2.38¢)
0,00 = P=pLOsIN( L1): (2.380)

(Remenber that in this thesis lowercaseatomic operators will always refer to
single cell operators.) The atomic solutions are easily found:

Z
+ p= t|0L(t°)cos( Lt9dtO;
T2 (2.39)
tP= P (t9) sin( L t9dt®;

0

R (1) = &Y
Pa(t) = P

where ®I" = 2,(0) and pI" = p,(0). Theseare then inserted into Eq. (2.38a):

r 7z T
ROUt = T ROU (1) sin( t)dt
’ )N 52t Zy
= g+ p—ik‘;‘ te o= dt  dt%"(tYcoq LtYsin®( . t) (2.40)
: , 2! ?ZOT 0 T t0
— qin in - = N .
—*s‘*p—ika*'-l- T, dt (t% cog . t) >

where the last equality is obtained by interchanging the order of integration
and performing the inner one. The p, part of Eq. (2.38a) doesnot cortribute
becausethe product cog [t) sin( _t) averagesout. We seeclearly that the
light is mapped badc onto itself in what we previously called the back action
noise of light. AIsopﬂe note that the temporal mode function for this term
f(Y=(T 9T 2T)) is dyerent from the mode function of the usual top-
hat mode of e.g. ®, (f (t) = 2=T). This meansthat modes other than the
symmetric one are admixed into the light. Projecting the noise term onto the
symmetric mode it canbe shown that the rest can be attributed to an admixture
of the orthogonal mode:

3222
N ) T

B3 5 dig OsinC i) ; (2.41)
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and equivalertly for pl With this expansionthe light after the interaction can
be written as:

. . 2 1 2 . .
RUSRD ol 5 D pn g L AR = R0+ pepl
. . 2 1 . . .
RUSAD pofl 5 00 Pg o Pl MU= el
(2.42)

The lower sign in the equations above apply to the interaction of light with a
sample with opposite orientation of the mean spin such as the secondaﬁom_ic
sampleintroducped in Sec.2.6. For such a samplewe de ne R, = J‘y;gz iJxi

and p, = J;z.2= jJx]j. The equations of motion for such a sample are simply
given by Eq. (2.26) with the substitution Jy ! Jx. When the de nitions of
the atomic canonical variables are inserted into thesethe canonical equations of
motion for such a sample are given by equations (2.38) with an e ectiv e Lar-
mor precession | ! L. (Note that the physical Larmor precessionin the
sampleis unchanged.) Inserting these equations of motion into the de nitions
of R..s (with the physical | retained) Eq. (2.42) with the lower sign can be
derived. Combining now the e ect of the sequettial interaction with the two
atomic sampleswe easily regain equations (2.34).

This formalism is extremely useful comparedto equations (2.26a) and (2.27)
since the e ect of dierent combinations of interactions and manipulations is
easily calculated. This is illustrated in chapter 8, where a single cell teleportation
schemeis presened that outperformsthe onebasedon the QND interaction. The
advantage is perhaps even more apparert in chapter 11 where we describe the
hunt for new useful quantum information protocols.
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CHAPTER 3

Entanglemen t Mo deling -
Exp erimen tal Approac h

As we saw in the introduction entanglemert appearswhen two systemsare in-
terconnectedin sudh a way that a local description of ead system separatelyis
insu cien t. More formally we say that two systemsA and B are entangled if
the density matrix g for the combined Hilbert spaceH = Hyo Hg cannot be
decomposedinto products of densityxmatrices from ead Hilbert space:

as 6 Ppia B (3.1)
i
For pure states the degreeof entanglemert is given [71]:
E(as)=S(a)=S(8); (3.2)

wheree.g. 4 is the full density matrix traced overB and S( )= Tr( log, )
is the von Neumann ertropy. This entanglemert measurehasthe following prop-
erties [72]: 1) it vanishesfor separablestates, 2) it is unchanged under local
unitary operations and 3) it cannot be increasedusing local operations and clas-
sical communication (LOCC).

As an illustration take a singlet state = pl—E (j1Gi  jO1i). Using the basis
(j11i ;jOGi ;j10i ;jO1i) we get:
0
00 O O
00 O O 1 1
AB:%oo 1 1§) 5 =32 ) g = Flai (33
00 1 O
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where |, is the 2x2 identity matrix. From this we easily seethat E( ag ) = 1.
This fundamenrtal unit of entanglemert is sometimesreferredto as an ebit.

For mixed statesit is impossibleto formulate a unique erntanglemert measure
becausethe decomposition into pure statesis not unique. Someuseful measures
are the distillable entanglemert [71] quantifying the amourt of pure state en-
tanglemert that can be extracted from the state, the entanglemert of formation
[71, 73], which quanti es the minimum pure state entangled resourcesto create
the state, and the logarithmic negativity [74, 75], which is simple to compute but
doesnot asthe others reducethe von Neumann entropy for pure states.

Another method is to formulate criteria to distinguish betweenentangled and
separablestates. A simple necessaryand su cien t criterion was developed very
early for 2 2 and 2 3 dimensional systems[76], but asthe dimensionincreases
sud criteria ceaseto be su cien t. In this thesis we will primarily be concerned
with in nite dimensional Gaussianharmonic oscillator states. Since suc states
are uniquely de ned by their rst and secondmomerts analytical results can
again be derived in this regime. In 2000two di erent necessaryand su cien t
criteria for cortin uous variable systemswere developed. One [77] is basedon an
extension of the low dimensional criterion, whereasthe other one [78] is based
on variancesof canonical variables. We will usethe latter, which adaptedto our
system statesthat in order to be entangled the atomic states have to ful ll:

Var(Ba) + Var(Pas) = Var(@p}ﬁ) + Var(ﬁp%) <1; (3.4)

where the non-local variables are de ned in Eq. (2.32). Demonstration of en-
tanglemert is thus reducedto the ful llmen t of this criterion, and we will in this
thesisquantify the degreeof entanglemert by the amount with which the separab-
ility criterion is violated. The state for which the criterion is maximally violated
(no uncertainty) is exactly the state introducedin the introduction by EPR. We
know from Sec. 2.1 that the coherert spin state is a minimum uncertainty state.
This state correspondsto a vacuum state of the canonical operators. Hence,the
uctuations in sudc states, which are also called projection noise, form an ex-
tremely important benchmark in experiments with atomic ensenbles. If we can
reliably initialize our atomic systemexactly at this boundary between quantum
and classical correlations it follows that we only needto acquire a little extra
information about the state of the atomic state to break the entanglement bound
and project the state into a so-calledtwo-mode squeezedor Einstein-Podolsky-
Rosen entangled state. It follows from equations (2.34a) and (2.34d) that the
Faraday interaction followed by a measuremen of 2 of a light pulsetransmitted
through two atomic ensenbles should do exactly this. In this chapter we will
intro duce the experimental measuremenm cycle and derive simple expressionsfor
the e ect on the atomic state and the expected degreeof entanglemert.
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3.1 The Coherent Spin State

To create entangled or squeezedstates one has to generatestates which exhibit
less uctuations than all equivalent classicalstates. The boundary occurs at the
coherent spin state (CSS) in which all spins are independert realizations of a
single spin oriented along a speci ¢ direction. The characteristics of this state
wereintroducedin Sec.2.1 and will be discussedin more detail in Sec.5.6. For
now we only needto quartify the role of the coherert spin state as a boundary
between classicaland purely quantum medanical states. In analogy with Eg.
(2.3) a Heiserberg uncertainty relation can be formed using the canonical atomic

operators:
2

D)(‘ 5 E
Var(X . )Var(Py) Paifal 1 (3.5)
4 4

It can easily be shown that ground state of a harmonic oscillator (here the co-
herert spin state) is a minimum uncertainty state. Inserting this into the en-
tanglemert condition Eq. (3.4) we seethat it is indeed the classical state with
the least possiblenoise. For a state to be squeezedjt hasto have lessnoisein
one of the quadratures. Sincethe Heiserberg uncertainty relation still hasto be
ful lled it followsthat the other quadrature hasto exhibit excessie uctuations,
it is anti-squeezed. We seethat in order to entangle two sampleswe have to
squeze the non-local operators speci ed in the entanglemert criterion. We will
usethesetwo notations interchangeably

3.2 Entanglement Generation and Verication

We now turn to the actual understanding of erntanglemert generation and veri-
cation. We concerirate hereon generation of an entangled state conditioned on
the result of ameasuremeh Generation of an unconditional entangled state with
the help of feedbadk is described in the Sec. 6.2. For generation of conditional
erntanglemert we perform the following steps: First the atoms are prepared in
coheren stateswith oppositely oriented mean spin corresponding to the creation
of vacuum states of the two modes (X ac; Pac) and (Xas; Pas). Next, a pulse of
light called the entangling pulse is sert through the atoms and we measurethe
two operators R and 3" (de ned in Eq. (2.33)) with outcomesA; and B,
respectively. Theseresults bear information about the atomic operators P,. and
P.s and hencewe reducethe variancesVar(Pac) and Var(Pss). To prove that we
have an entangled state we must con rm that the variancesof P,c and Pgs ful ll
the criterion (3.4). That is, we needto know the mean values of P, and P
with a total precisionbetter than unity. To demonstrate that, we senda second
verifying pulse through the atomic samplesagain measuring 2"t and 2%t with
outcomesA, and B,. Now it is a matter of comparing A; with A, and B; with
B,. If the results are su cien tly closethe state created by the rst pulse was
entangled.
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Let us be more quartitativ e. The interaction (2.34a) mapping the atomic
operators B, to eld operators ®; is very useful for large , and uselessf 1.
We will describe in detail the role of for all values. To this endwe rst describe
the natural way to determine experimentally. If we repeatedly perform the rst
two steps of the measuremen cycle, i.e. prepare coherent states of the atomic
spins, send in the rst measuremen pulse, and record outcomesA; and B;,
we may deducethe statistical properties of the measuremetits. Theoretically we
expect from (2.34a)

2
5 (3.6)
The rst term in the variancesis the shot noise (SN) of light. This can be
measuredin the absenceof the interaction where = 0. The quantum nature of
the shot noiselevel is con rmed by cheding the linear scaling with the photon
number of the pulse. The secondterm arisesfrom the projection noise (PN)
of atoms. Hence, we may calibrate 2 to be the ratio 2 = PN=SN of atomic
projection noiseto shot noise of light. Theoretically 2 = aJ,S,T hasa linear
scaling with the macroscopicspin Jx. This scaling is con rmed experimertally
in Sec.5.6.

Next we describe how to deducethe statistical properties of the state created
by the entangling pulse Basedon the measuremen results A; and B; of this
pulse we must predict the mean value of the secondmeasuremen outcome. If

I 1 weought to trust the rst measuremen completely sincethe initial noise
of *I" is negligible giving the estimatesfor the secondpulse result hA i est = A1
and hB,i = B1. On the other hand, if = 0 there is no atomic cortribution to
the light, sothe secondpulse result is entirely uncorrelated with the rst pulse
results, PALi o, = MBai = 0. It is natural to take in generalhAzi, = A 1 and
MBsi. = B 1. We neednot know a theoretical value for . The actual value
can be deducedfrom the data. If we repeat the measuremen cycle N times with
outcomesA{?, B{ A and BY", the correct s found by minimizing the
conditional variance

Var(AzjA;) + Var(B»jB1) =

hA;i = B;i = 0 and Var(A;) = Var(B;) = %+

(3.7)

min A ADR+ED B O)

N i
In order to deducewhether weful ll the entanglemert criterion (3.4) we compare
the above to our expectation from (2.34a). For the verifying pulse we get

D t t 2E in;2nd h t D tEi 2
_ In;zn
R R = e P By
1 (3.8)
= 2+ 2var(PM);
2
where k:”;znd refers to the incoming light of the verifying pulse which has zero

mean. Iﬁaﬁ”t refersto the atomic state after the passageof the entangling pulse.
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We seethat the practical entanglemert criterion becomes

Var(AzjA1) + Var(BzjB1) = 1+ 2 Var(Pg") + Var(Pg" (3.9)
<1+ 2= Var(A;) + Var(B1): '

Simply stated, we must predict the outcomesA, and B, with a precision better
than the statistical spreading of the outcomesA; and B; with the additional
constraint that A; and B; are outcomesof quantum noiselimited measuremets.

3.3 Theoretical Entanglemen t Mo deling

We described above the experimental procedurefor generating and verifying the
erntangled states. Here we present a simple way to derive what we expect for the
meanvalues(i.e. the -parameter) and for the variancesVar(If‘)gint .

We calculate directly the expected conditional variance of A, basedon Aj:

kgut;an kgut;lSt 2
' ' h i
gini2nd RiNiAst L Bent pjn (3.10)
_ 1 2 2 AN
=50+ 2+ A )Y

In the secondstep we assumethat a perfect QND measuremen without any
decoherencads performed, i.e. PE" = P". By taking the derivative with respect
to we obtain the theoretical minimum

2
1+ 2
1
1+ 2

Var(AzjA1) + Var(B,jB1) = 1+
(3.11)

) Var(PgM) + Var(Pg") =

obtained with the -parameter

2

= 7 (3.12)

It is interesting that, in principle, any value of leadsto the creation of entangle-
ment. The reasonfor this is our prior knowledge of the input state. The atoms
are in a coheren state which is aswell de ned in terms of variancesasis possible
for separablestates. We needonly an \in nitesimal” extra knowledgeabout the
spin state to gointo the entangled regime.

Alternativ ely we can derive the sameresult by examining the marginal prob-
ability distributions of the quantum variables. When initiated in the coherert
state all variableswill have a Gaussianprobability distribution:

Py(0) = p%e =2’ (3.13)
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-2

Figure 3.1: lllustration of the second probabilit y distribution in an entanglement ex-
periment. Basedon the result of the measuremert on the entangling pulse the expected
distribution for the verifying pulse will be a displaced Gaussian (dotted). The width of
this distribution is more narrow that the distribution from the rst (or second) pulse
alone (dashed). With a quantum feedbadk the atomic distribution can be shifted to
have zero mean value. This givesan unconditionally entangled state and a secondpulse
distribution with zero mean and reduced width (solid).

As before we denote the results of the rst and the secondmeasuremets by A;
and A, respectively. Then the probability distribution of A, conditioned on A;
is given by:
P(A2\ P(A;)
P(A1)
o dPaPg (Pa)Pyriisi (A1 P a)Pynios (A2 Pa) | (3.14)
; dPaPps (Pa)Pgnisi (A1 P a) '

P(Az2A1) =

1

This gives a Gaussian displaced by exactly A; times the  parameter of Eq.
(3.12) and a variance given by the rst equation of (3.11). An example of such
a displaced distribution is shovn in Fig. 3.1 (dotted). Also shown is P(A3)
(dashed), which corresponds to neglecting the knowledge gained from the rst
pulse. Finally we show the result of shifting the atomic state by A; betweenthe
pulses(solid). This illustrates the di erent methods of obtaining an entangled
state. Either we run the sequenceN times and basedon the method sketched
in Sec. 3.2 nd the optimal . With this we can nd the width of the shifted
distribution. This represerts a conditionally entangled state, becausethe entan-
glemert property only appearswhen the knowledge of the rst pulse result is
applied.

A secondapproach to entanglemert generationis in ead cycleto actively shift
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the atomic distribution to zeromeanvalue via a quantum feedbad basedon the
rst measuremehn result. This createsan unconditionally entangled state where
the entanglemert is presen directly from the secondpulse measuremen results.
The experimental realization of both methods will be discussedin chapter 6.

It is also interesting to seewhat happensto the conjugate variables X in
the entangling process. This is governed by Eg. (2.34c). We do not perform
measuremets of the light operator pi" so all we know is that both X" and pi"
are in the vacuum state. Hence Var()’(\g{“) = (L+ ?)=2 and we presene the
minimum uncertainty relation Var(X &")Var(Pg") = 1=4.

3.4 Entanglemen t Mo del with Decoherence

Practically our spin states decoherebetween the light pulsesand also in the
presenceof the light. We model this decoherencenaively by attributing the
ertire e ect to the time interval between the two pulses, i.e. we assumethat
there is no decoherencein the presenceof the light but a larger decoherence
betweenthe pulses. We may then perform an analysisinpcomplete analogy with

the above with the only dierence that P = Pin+ = 1 20, where V), is
a vacuum operator admixed such that = 0 correspondsto a complete decay
to the vacuum state and = 1 correspondsto no decoherence.Completing the
analysiswe nd the theoretical conditional variances
. . 1+ (1 2?72
Var(A,jA;) + Var(B,jB;) = 1+ ol Cl i
1+ 2
- (3.15)
|§ent |§ent — 1+ (1 )
) Var(Pg') + Var(Pg") = — 1+ 2z
obtained with  -parameter
2
=1 5 (3.16)
In the limit ! 1 theseresults agreewith (3.11) and (3.12). For ! 0 we have

! 0 (outcomes A; and B are useless)and the variance approadesthat of
the vacuum state which is a separablestate. In a similar manner, lossesof light
dueto e.g. re ection lossesor imperfect detectiolg e ciency canbe treated. The
only e ect turns out to be a rede nition of ! 1 in equations (3.15) and
(3.16), where is the fraction of the light power lost. Note that in the analysis
above, the decoherenceis assumedto be towards the coherert spin state. To
model decoherencdowards e.g. a thermal state more sophisticated methods will
have to be employed. Also, the inclusion of decoherences very coarsegrained
since we assumedall of the decoherenceo occur in a single step. In reality the
entangling interaction and the atomic decoherenceoccur continuously in time.
Both of theseissueswill be addressedin the following chapter.
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CHAPTER 4

Gaussian Entanglemen t

In this chapter we wish to supplemert and extend the calculationsin the previous
chapter concerning the ewolution of the atomic state. We do this be utilizing
explicitly the fact that the states a very well described by Gaussian probability
distributions. For such states the powerful formalism of correlation matrices for
Gaussian states [72, 79 is applicable. In this framework the e ect of a light
measuremenh on the atomic statistics is given explicitly. Here we will introduce
the formalism which involvesa description in terms of a covariance matrix and a
prescription for the update of this matrix incorporating interaction, decoherence,
aswell asthe e ect of the light detection. We illustrate the useof the formalism
by rederiving all entanglemert results from the previous chapter. This is done
by treating the interaction as a single processand is therefore only valid in the
limit of low decoherence.We will extend the range of validity by splitting the
incoming light pulseinto small segmens and treating the interaction with ead
sequettially . Theseresults will then be comparedto the simple expressions.

We stressthat this is not the rst time entanglemert generationin suc sys-
tems hasbeenconsidered. Entanglemert utilizing a seriesof two sequettial QND
interactions for a single samplewithout rotations has beenstudied seeral years
ago[36] and a quantum trajectory approad with simulated state vector dynam-
icswas preseried in [80, 81] to provide a microscopicdescription of the dynamics.
Becauseof the dimensionsof the Hilb ert spacesinvolved, however these simula-
tions wererestricted to a few tens of atoms. Weretain in the following the careful
attention of [80, 81] to the quantum mecdhanical e ects of the measuremen while
combining it with the e cien t Gaussiandescription.
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4.1 General Theory of Covariance Matrices

As discussedpreviously both the atomic and light systemswhen initialized in
coheren statesare very accurately described by Gaussiandistribution functions.
Sincethe atom-light Hamiltonian is bi-linear in the quadratures the interaction
will presene the Gaussianform as will the e ect of homodyne measuremets
[72, 79]. We will be interestedin systemscomposedof n atomic and m canonical
light operators. From thesewe form the vector:

y = (0a1:::0an:00 1 00m ) 4.1)
Within the Gaussian approximation all information about the system is con-
tained in the rst two momerts of the quantum variables. We are interested
in the entanglement properties of the sampleswhich are not changed by local

displacemen operations so the secondmomerts are of primary interest. These
are collectedin the (n+ m) (n+ m) covariance matrix de ned by

i =y iyl 2hyii hyi (4.2)
which we seeis merely a collection of two times the covariance of the correspond-
ing operators.

In the following we will review somebasic properties of covariance matrices
(seee.g[72, 82, 83] and appendix A of [84]). They can be related to the Wigner
function by

1
W()= —Npﬁexp( 1Ty (4.3)

where 2N is the dimension of the covariance matrix. As an introduction we will
state the covariancematrix for a number of simple singlemode states(y = (x; p)):

.0 _ 10
vacuum hyi = 0 = 01
. 1 R
coherent state( ) hyi = p= e() - 10
2 Im() 01
(4.49)

zedstat i= 0 - ¢ 0

squeezedstate hyi = 0 = 0 er
thermal state hyi = 0 - n o .
0 - on

where in the last expressionn = ﬁ is the mean number of photons in
the thermal eld. For two systems(y = (X1;p1;X2;p2)) the covariance matrix
for an uncorrelated (separable) state is merely = Diag( 1; 2), whereasfor a
two-mode squeezedstate with squeezingin X1 X and p; + pz (corresponding
to the state that we ideally createin our entanglemert experin11ents) it is:

cosh(r) 0 sinh(r) 0
_ 0 coshr) 0 sinh(r) )
= @ sinh(r) 0 cosir) O ; ’ (4.5)

0 sinh(r) 0 cosh()
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wherer is the squeezingparameter.

Covariance matrices always obey det( ) 1 and they represert pure states
if and only if det( ) = 1. We seethat all of the covariance matrices stated above
represen pure statesexceptthe thermal state. A Heiserberg uncertainty relation
can be formulated for covariance matlrices:

0
0
i%O i § 0 - 01 é : (4.6)

The matrices j (i;j = 1;2) specify the commutation relations betweenthe x(1)
and p(2) variables of a single mode. The matrix equation above meansthat the
eigernvaluesof the systemon the left hand side are always positive for a physically
realizable state. Finally we would like to mention one very important property
of all Gaussianstates. They cannot be distilled by the application of Gaussian
operations [79, 85. This meansthat two sets of Gaussian entangled states -
in contrast to discrete variables - cannot be converted into a single entangled
state with a higher degreeof entanglemert if the Gaussianstructure is presened
throughout. This is very unfortunate becauseit sewerely hinders the practical
feasibility of distributed entanglemert over arbitrary distances for a Gaussian
approad.

Next we wish to add dynamicsto the formalism. The ewlution of y and in
the Heiserberg picture due to a generalunitary interaction is given by:

yot = sy (4.72)
out =g in gl (4.7b)
where S is the interaction matrix, which can be determined by matching Eq.

(4.7a) to the equationsof interaction. For the QND Faraday interaction described
by Eq. (2.34) we obtain

0 1 0 1
Xa 100
_B B, & _%01oo§_
y—%kL ; S=8, 1 0K (4.8)
B 0 001

To describe the evolution of the atomic state due to a measuremen of light, let
the covariance matrix beforethe homodyne measuremem be given by:

(4.9)

|
o—p

b

where ,isann n matrix describingthe atomic subsystem,and p,isanm m
matrix describing the light system. All atom-light correlations are contained in
c. After the detection the atomic part of the correlation matrix is then given

by [72, 79:
al a c( b ) ;I' (4-10)
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where speci es the light quadrature or sum of quadratures being measured.
In the caseof perfect detection of e.g. only the i'th light quadrature we get

i = 1 and the rest of the ertries equal to zero. Pleasenote that Eq. (4.10)
expressesnothing but classicalupdate of estimators basedon a measuremen -
similar to Eq. (3.14) - coupled with the Heiserberg uncertainty principle, stat-
ing that if we measurean operator, the conjugate operator becomescompletely
unknown. This wipesout all correlations betweenthe conjugate operator and
the remainder of the system. ( ) denotesthe Moore-Penrosepseudo-irverse
of a matrix (XX X = X;X XX = X ). In our casewe will only need
Diag(b;0) = Diag(1=b;0). Note that the ewolution of the covariance matrix is
deterministic i.e. it doesnot depend on the, inherently random, detection results.

We seethat determining the atomic dynamics is in this formalism reduced
to straight forward matrix algebra, which is in sharp contrast to the heuristic
optimization approach preserted in the previous chapter. We will useEq. (4.7b)
combined with Eq. (4.10) on the Faraday dynamics shortly, but rst we will
commert on the inclusion of decoherenceinto this formalism. For this we will
assumea pulse duration of T. We saw in Eg. (2.19) that due to the interaction
with the light eld ewvery atom is excited and decays by spontaneousemissionto
any of the atomic ground states with a certain rate. We will write this atomic
depumping parameter as T T= T8 - 2 isthe photonic ux, A is
the crosssection of the atomic sampleilluminated by the light, isthe detuning
from resonance, cs is the crosssection on resonancefor the probed transition,
and is the HWHM of the corresponding spontaneous decay rate.  has the
physical interpretation that the scattering probability per photon is given by the
ratio betweenthe interaction crosssection ¢s and the physical crosssection of
the beam. The ertire processis then reducedby the Lorentzian response.

Of courseevery absorption evert also acts as source of decoherencefor the
light system. In terms of the de nitions above the photon absorption probability
is = Na—5> — 1 On resonancethe total absorption will be given by the
optical density = Ng —5>. We will in Sec. 5.6 give explicit expressionsfor
and basedon the full multi-lev el interaction.

Taking a fully polarized atomic sample at t = 0 this gives the following
relation for the coupling parameter, 2(t = 0) = t . Later in this chapter we
will split the pulseinto many small segmens of duration . For the segmen at
somelater time, t, the decay of the mean spin hasreducedthe coupling constart,

2(t) = 2(0)e '. Herewe implicitly assumedthat t such that the mean
spin can be consideredconstart during the passageof the light segmen. As
will be discussedin Sec. 5.6.2 our experiments using room temperature gas
samplesare performed at 32 and in an entire pulsethe accurrulated atomic
depumping is typically a few percert. In densecold atomic samples optical
depths surpassing100 are routinely achieved and in Bose-Einstein condensates
it can even approach 1000. This meansthat the interaction strength 2 can

1in reality the probabilit y of absorption is givenby P(abs) = 1 e , which for 1 means
that P (abs) and similarly for
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either be increasedgreatly without a corresponding increasein the total atomic
depumping or a similar 2 can be achieved with a lot lower depumping.

When light absorption and subsequeh atomic decoherenceis included the
interaction between a subset of the atomic operators and a subset of the light
operators is governed by (seeApp. B):

ot = DS "SD + D poise (4.11)

where D is a diagonal matrix with and on theﬂ)osmons of the participating
atomic and light operators respectively and D = D. noise is like D with
the replacemens ! and ! 1. The factors D represen the reduction in
the signal that we derived in Sec. 2.3.1, whereasthe D puise term represerts the
addednoisedueto the Langevin terms that haveto be addedin orderto presene
commutation relations. As describedin App. B, for a spin 1/2 systemthe factor

Nat=hly (t)i starts out astwo and increasesexponertially becauseof the
decay of the meanspin due to excitation and subsequeh decay of atoms. Briey ,
the factor of two arisesbecauseof two cortributions. First of all, the atomic state
becomesmore noisy becauseof the loss of correlations between the fraction of
atoms being excited and the rest. Secondly the decoheredatoms are transfered
into a thermal state. The extensionto higher spin systemsis also discussedin
App. B. Here the variancesof the coherert state and the thermal state are no
longeridentical. When applying Eq. (4.11) once,this merely meansthat another
value of hasto be used. When usediterativ ely, however, this di erence leads
to errors of the order of e t and it therefore has very limited validity.

As will be discussedin Sec. 5.4 the main source of decoherencein our ex-
periments are light induced collisions, which rapidly a ect the transversespins
(and hencethe canonical operators) without causing a reduction in the mean
spin. This is traditionally called a T» process. For such a decoherenceowards
the CSSa beamsplitter addition of atomic noise- such asapplied in Sec.3.4-is
more appropriate (seeappendix B). In this casethe exponertial increaseof the
noise term and the exponertial decreasein the interaction strength are absen
and = 1land areconstart in time. Note alsothat setting = = 0 Eq.
(4.11) can be usedto model lossesof light due to e.g. spurious re ections from
glasssurfacesin the setup.

In the following sectionswe will apply Eq. (4.11) for a single pulse to derive
simple expressionsanalogousto the onederivedin Sec. 3.4, the validity of which
will be limited to T 1. This will be done rst using the QND interaction.
Since, howewer it is basedon non-local operators it doesnot take into accourt
properly any light loss betweenthe cells. In our experimental implementation
the light experiencessigni cant re ection losses,so this could potentially be an
important e ect. To geta simple but relatively reliable estimate of the e ect, the
dynamicswill be derived basedon the single cell interactions Eq. (2.42). Both of
theseapproadchesare, however, only valid for + 1. Thereforethe remainder of
the chapter will be devoted to extending this range of validity. This will be done
by splitting the pulseinto many segmens and treating the interaction with the
atomic sample sequettially in time with Eq. (4.11). Thus, when the dynamics
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is solved we can compareto the single pulse solution and hopefully gain some
intuition concerningthe validity of these.

4.2 Entanglement Based on the QND Interac-
tion

As a demonstration of the power of the approach we will start by deriving Eq.
(3.11) based on the two-cell QND interactions given in equations (2.34). For
this interaction y S are given by Eq. (4.8). This system of equations describes
both squeezingof a single atomic sample and the generation of entanglemert
betweentwo samplesvia squeezingof the non-local  operators givenin (2.32).
Performing the matrix multiplications speci ed in Eg. (4.7b) and inserting the
result into Eqg. (4.10) we easily derive the squeezingof oneof the non-local atomic
variables and the anti-squeezingof the other:

_ 1+ 2 0 » 01 oz 0 o1 _ 1+ 2 0
a~ 0o 1 10 0 0 10 0
(4.12)

This is a very simple derivation but following the same steps much more com-

plicated problems can be solved with equal ease. To illustrate this we now

include noise due to spontaneous emission as prescribed in Eq. (4.11). Let-

ting D = diag( t; 1:;2;2), where is the light loss from a single cell, and
noise = diag(2; 2;1; 1) we get:

I+ 7+(1 1)°? 0

= 4.1
a 0 21+ _1+(11 2T) , (4.13)

The secondterm in the squeezedquadrature is always smaller than unity for
a non-zero interaction strength. The ultimate degreeof squeezingwill then be
determined by the interplay between the bene cial action of the secondterm
and the deleterious e ect of the rst term. In Fig. 4.1 the squeezedpart of

Eq. (4.13) is plotted using the transformation 2 = 1 for the experimentally

motivated values = — > = 25MHz > and = 30. Clearly the degreeof

squeezingreachesa maximum after which the part growing linearly with + will
start to dominate. For the chosenparameters makesa negligible cortribution.

As mertioned brie y in the precedingsection, however, can alsobe interpreted
aspure light lossthrough e.g. re ection. In our experimerts this is a much more
signi cant e ect. Therefore, the squeezingis also shown in Fig. 4.1for = 0:1.
Thus, with a typical experimental atomic depumping of t  0:05 we expect to
achieve approximately 30-40%noise reduction.

As discussedbriey in Sec. 4.1 and in more detail in appendix B atomic
decoherencetowards the CSS (no decay of the mean spin vector) is treated by
setting = 1. Doing this, we get noise = diag(l; 1; 1; 1) and the term 2 1 in the
squeezedpart of Eq. (4.13) becomes 1. With the transformation t = 1 2
this is identical to Eq. (3.15).
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Figure 4.1: The variance of the Figure 4.2: Optimal squeezing (Eq.
squeezed quadrature (EgQ. (4.13)) (4.15)) as a function of the optical

calculated via the QND interaction. depth. Solid: = (2:5=700) .
Solid: = (2:5=7007 . Dashed: = Dashed: = 0:1. Dotted: high limit
0:1. = 30 for both. (Eq. (4.15)) with = 0:1

With the transformation 2 = 1 , the squeezedquadrature of Eq. (4.13),
aisq, can be optimized with respectto 1 to give:

(1 2) 4

opt = ﬁ : (4.14)

Note that this expressionis only positive - and thus physically meaningful - for
> 1=(1 2)reecting the fact that for < 1=(1 2) the noiseterm of asq

(2 1) will dominate the squeezingpart. Inserting Eq. (4.14) into ,5q Qives:
B 2IO 20+ 1 2) 3 2p§

a;sq T 2) I p T 2) 1: (4.15)

This expressionis plotted in Fig. 4.2 for the sametwo valuesof asbeforealong
with the expressionin the limit of high optical densities(Eq. (4.15)).

4.3 Entanglement Based on the Single Cell In-
teraction with Rotations

Whereas Eq. (4.13) is generally valid for a single sample as long as t 1,
for tw% samplesa non-zero will remove a fraction of the light and thus modify

! 1 and 1! (1 ) r fortheinteraction with the secondsample. This
asymmetry is not accourted for in Eq. (4.13), which is therefore only valid in the
limit of vanishing . This de ciency can be remediedby treating the interaction
of the light with ead atomic samplesequettially . This can be donein the pulsed
regime basedon the pulsed single cell interactions of Eq. (2.42). We introduce
decoherenceas a single step after ead passageof the pulse through an atomic
sample. We know from Eq. (2.34) that the non-local operators Py = PeiPez
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and Py = *—a%% get squeezed.They eat form a closedsystem of interaction

with a set of variables (R.; Ps; Ps.1) and (R; Be; Be1) respectively. The degreeof
squeezingwill be the samefor the two non-local variablesand it therefore su ces
to investigate one of them. De ning the vector:

0 1
Pa1
Paz
y = % Re E ; (4.16)
Ps
ps;l
we get the interaction matrices:
0 1 0 1
10 s 1.0 0 0
0 1 0 0 0 0 1 O P> 0
Si=F e 01 57 8 57 S:=F 0 »5 1 N
0O 0O 1 0 0O 0 O 1 0
0O 0 O 0 1 0O 0 O 0 1
(4.17)

Setting i, to be a 5x5 identity matrix and starting without decoherencewe
calculate:

0 2 2 1

2

+22 z > 5 0
2
N 2 . > #5 0
ot =S S1 in S; S = P P51+ 2 0 0 (4.18)

P P 0 1 0
0 0 0 0 1

We note that after the complete interaction, pg; is uncorrelated with the rest of
the system. This expresseghe exact cancellation of the back action noisein the
two-cell setup. Following the splitting in Eg. (4.9) we can include the e ect of
a detection of the mode R, asspeci ed in Eq. (4.10). With = Diag(1;0;0) we
get , = Diag(1+ 2;0;0). Rotating to the sum-di erence basiswe easily nd
the familiar result:

1
T 0
2'=Rsd ' sRsd= T T T,

(4.19)
whereRsd = ff 1;1g;f 1; 1gg:p 2. Weseethat during this processP,. = ilp}p—“
gets squeezedand X s = @p% anti-squeezed. (Note, however, that these are

not conjugate variables.)

At this point we intro duce decoherencecausedby light absorption and spon-
taneous emission. This is done as a single step after the interaction with eah
cell and is thus very coarsegrained requiring +  1:

out — DZSZ Dlsl inSID1+ Dl noise S;DZ"' D2 noise (4-20)
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Figure 4.3: Squeezingvs single cell light loss. Solid: full solution to Eq. (4.20).
Dashed: QND solution (Eq. (4.22)). Dotted: Eq. (4.21). = 30and = 0:05 for all.

where D; = diag( 1;0;;; ), D, = diag(0; +(1 )i 5 ), and

noise = diag(2; 2; 1;1; 1), wherethe factor (1 ) in the atomic depumping of the
secondcell arisesbecauseof the light lossin the rst interaction. pS|m|larly the
interaction strength for the secondinteraction is modied to ! Per-
forming the matrix multiplication is simple but cumbersome.As in the n0|sefree
calculation we nd | = Diag( ;0;0), where this time the one non-zeroentry
is a complicated expressionof 1, , and 2. The unapproximated covariance
matrix arising from inserting the full Moore-Penroseexpressioninto Eq. (4.10)
hasbeencalculated but it is quite lengthy soinstead we derive fairly simple ana-
Iytical expressiongo rst order in the noiseparametersn = ( t; ) and compare
it to the full solution numerically. For this purposewe only keepnoiseterms up
to secondorder in n in the Moore-Penroseinverse. Next we calculate the atomic
covariance matrix in the sum-di erence basis and throw away all terms higher
than rst orderin n. For the squeezedjuadrature we obtain:

ajsq I+ 21 2)+ 45 : :

Note that the term 17 1 was kept becauseof the high value of the numerical
coe cien t.

It would beinteresting to comparethe solutionsin this sectionwith the results
obtained using the simple QND interaction, where the two atomic ensenbles
where consideredas a single system. Rewriting the squeezedpart of Eq. (4.13)
as:

1+ T+21(@1 2)2
w9 1+@1 2)2 7

the similarity with Eq. (4.21) is obvious and for = 0 they are identical. As can
be seenhowever, if 6 0they do not evenagreein the limit of weakinteractions,

(4.22)



44 Chapter 4 - Gaussian Ent anglement

wherethe terms proportional to 4 and © can be neglected. This di erence can
be attributed to the asymmetric coupling of light to the two ensenbles, which
arisesto do 6 0. Toillustrate this, equations (4.21) and (4.22) are compared
to the full solution of Eq. (4.20) in Fig. 4.3 for dierent valuesof . As can be
seen,the simple QND expressionsomewhatoverestimatesthe degreeof squeezing
evenfor low valuesof . Thus, it should be usedwith caution if more than rough
estimatesare required.

4.4 Solving the Dynamics Contin uously in Time

Sofar, all expressionsncluding the e ects of dissipation have beenderived assum-
ing the changein the sizeof the meanspin, J4, to be negligible, sinceotherwise as
discussedin Sec.4.1the factor in the pose Of EQ. (4.11) along with the inter-

action strength  should be consideredtime dependert. The rangeof validity can

be extendedbeyond + 1 by splitting the incoming pulse into many segmeis

and treating the interaction with the atoms sequettially. For ead segmen the

inclusion of noiseis calculated with (t) = 2e ! and the decreasedinteraction

strength causedby the decay of the meanspin is modeledby ?(t) = 2(0)e !,

wheret is the time of arrival of the particular light segmen. In this way (t+ )

can be derived basedon (t). In the continuous limit ( ! 0) a dierential

equation for the covariance matrix can be obtained, which when solved describes
the dynamics cortinuously in time. A large part of the remaining results were
derived in [86]. Similar techniques have been applied to the caseof squeezed
light [87] and magnetometry [88, 89].

In this section, we will introduce this method by applying it to the caseof
two atomic ensenbles with an arbitrary rotation frequency and no decoherence
in order to investigate how the transition from the static regime to the highly
rotated one occurs. Next decoherencewill be added to this, and in the end the
method will be applied to the QND and rotated single cell interactions usedin
Sec. 4.2 and 4.3. For these however one should remenber that they are both
basedon the assumption that the atoms rotate many times during the pulse so
the strict cortinuous limit doesnot make physical sensein these cases.

4.4.1 Investigating the Role of the Rotation Frequency

Sofar the results for the entanglemert have beenderived for a strongly rotated
systemin the sensethat we assumethat the atoms rotate many times during a
pulse correspondingto T 1= . It would be mildly interesting to investigate
how the entanglemert ewlvesalong the transition from a static regime without
rotations to the strongly rotated regime.To do this we de ne the following set of
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canonical obsenables:

1 O p_—

al Jy1:p Ix

Pa1 Jz1= pr_

_ Ra2 _ Jy2x JIx .
y = = p= ; (4.23)

Paz Jzz—pﬁ

R Sy:p Sx
o} S;= S«

where the Stokes operators are integrated over sometime . The interacting
occursaccordingto H ;i / pip., wherei = 1; 2 refersto the atomic sample.

To model the continuous interaction between the atoms and the incoming
cw-light eld we split the light eld into independen slicesof duration . The
interaction betweenthe samplesand ead light segmem are then treated oneafter
the other. The cortinuous interaction and detection of the resulting eld then
correspondsto taking the ! O limit.

The matrices describing the interaction betweenthe light segmemn and eadh
of the atomic samplesfrom t to t + are given by:

0 1 0 1
1 0 00O 100 0 0 O
01 000 O 010 0 0 O

s -B0 0 1000 s, -B001 00

1 0 0010 O 2 000 1 0 O
0 001 O 000 10
0 0 00O 1 000 0 0 1

Taking into accourt alsothe Larmor precessionduring this time and the detec-
tion, the correlation matrix will ewolve according to:

(t+ )=M[R S, S; (1) S] S]] R'] (4.24)

where R denotesa block diagonal matrix rotating the atomic variables of the

samplesan angle ! and leaving the light variables unchanged. M[...] denotes

the e ect of the homodyne detection calculated according to Eq. (4.10) with
= diag(1; 0) corresponding to a perfect homodyne measuremen of %, .

When Eg. (4.24) is ewvaluated for short time segmems , the changein is
quadratic in . 2 is proportional to the photon number in the beam segmen,
i.e. proportional to and rewriting 2 = ~? , the di erential limit for the atomic
correlation matrix can be formed:

Qacror a™+ 28 B D) (4.25)
where;

0 1 0 1 0 1
1010 0000 0 10 0
_oooog_ _%0101%__,%1000%
R“%lOlO’B_OOOO’r_' 0 00 1
0000 0101 0 01 0

(4.26)
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We note that the ewolution of the atomic covariance matrix causedby the
measuremets given by Eq. (4.10) is deterministic (despite the random outcomes
of the detection) and non-linear.

The nonlinear di erential Eq. (4.25) can be solved using the Ricatti method
ase.g.. mentioned in the appendix of [90]. The genericRicatti equation is:

%—\: =C DV(@) V(@A V()BV (1) (4.27)
Using the decomposition V (t) = W (t)U 1(t) it canbe shown that the nonlinear
di erential equation can be replacedby the linear equation:

aw (t) D C W (t)
dt =
du (t) B A U] (t) (4-28)

Matching our equation to the generic Ricatti equation and observing that
1 = a we obtain the linear set of equations
!

dw (t) 2
r ~“K W (t)
dt =
dlét(t) 2R r ut) (4.29)
where we have alsousedthat r = rT.

Choosing the W and U matrices to start out as 4x4 identity matrices this
systemof coupledlinear di erential equationscanbe solved. Not surprisingly, the
result can be simpli ed greatly by applying a time dependen rotation of ! t=2
to the atomic variables of sample one and two respectively, thus implemerting
a transformation to a rotating frame. A further simpli cation can be made by
noting that the measuredquadratures are really the sum of pa's (Pac) and the
di erence of ka'es(lﬂas). The transformation to the sum/di erence basisis done
by $¢=Rsd ! Rsd, where

0

1
§ (4.30)

(el e

1
Rsd = _%
P3

oOr or
o _.or
RORrRO

1

is simply a collection of the new basis vectors (Pas; Xac; Pac; Xas) in terms of
the old ones. After the transformation we get:

0

0 a0 ol
o X o0 o
sd = % 0 ao 0 § (4.31)
0 0 a

wherea = 1+ ~?t ]—Zsin(! t). De ning the total accunulated interaction at
time t as 7 ~°t and the total rotated angle I t we get the main result of



4.4. Solving the Dynamics Continuousl vy in Time 47

this section:

2
2t

2 2 |
a =1+ 7 Lsn(yr TP, 0 [0

1+ 2 | (4.32)

We seethat as ! Owegetl+ 2 ? and 1, i.e. the characteristic squeezing
and anti-squeezing of the measuredand their conjugate variables respectively -
and no changein the unobsened ones. For ! 1, i.e. after many rotations
we squeezethe two quadratures symmetrically and anti-squeezetheir conjugate
variables by the factor 1+ 2. Note that the reduced squeezingby a factor of
two in the rotated casecomesfrom the fact that the measuremen strength is
harmonically varied betweenthe two quadratures (Pac) and (Pas) which amourts
to half the total interaction strength being spent measuringeac quadrature. The
result without rotations matchesa very early prediction in [36] and the strongly
rotated result has beenderived a number of times by now.

As an quarti cation alternativ eto the degreeof violation of the entanglemert
criterion (3.4) we calculate the Gaussian Entanglemert of Formation(GEoF) of
[91]. This measureagreeswith the Von Neuman erntropy for pure states and it
can easily be calculated from the covariance matrix. It is given by:

GEoF() =c: () logc: ()] ¢ () logylc ()] (4.33)

wherec () =( 2 1%2)2=4 and
2= Var(Rar  Raz)Var(Pai + Paz) = esl;dzz 2?33 : (4.34)

Note that the small  approximation:

L

GEoF() log, 1 +Inz

2 (4.35)

shovsanerrorof 10 ®at = 1=100,0.001lat = 1=10,andonly 1%at = 1=5
soit is widely applicable. From equations (4.31) and (4.32) 2 can be shown to
be

2 - 1

S @+ p2 Asin()

(4.36)

which tells us that the entanglemert will scaleas log,( 2) = 2log,( {) with
rotation and with log,( () without rotations. The factor of two is exactly what
oneshould expect sincerotations enableusto squeezéoth quadraturescompared
to squeezingonly one of them. This e ect was also obsened in [80].

In Fig. 4.4 we show the entanglemert plotted as a function of  and . As
can be seen,the transition from the static to the rotated regime occurs before
one full revolution is reached. That is, given a total interaction time, t, there is
no real gain in choosing the frequency larger than ! it = 1=t. This arisesfrom
the fact that we measureP,. cog )+ Passin( ) and this operator commutes with
the operators measuredat all previous times (other valuesof ). It is therefore
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Figure 4.4: 3D plot of GEoF as a function of the accumulated interaction strength ¢
and the rotated angle . The plot clearly showsthat the transition from the static to the
rotated regime has occurred already before one full revolution of the atomic spins has
taken place. In both the static and the rotated regions we clearly seethe logarithmic
behavior of the GEoF as a function of ;.

the accunulated measuremen on eac quadrature that counts and this will not
bene t from many rotations comparedto a single rotation at a slower rotation
frequency In our experiments | 320kHzand Tpobe  1ms so the spins will
rotate seweral hundreds of times in one pulse and the results are thus rmly
obtained in the ! independert regime.

We alsonote that the level of entanglemert in Fig. 4.4 is of the order of unity,
sothere is roughly the sameamount of entanglemert in the macroscopicsamples
asin a single spin singlet.

4.4.2 Arbitrary Rotation Frequency with Noise

We would now like to determine the e ect of noisefrom spontaneousemissionon
the results of the precedingsection. AgBin this is doneasprescribedby Eq. (4.20)
with Dy = diag( 1; 1;0;0;; ), D1 =" 1 Dy and noise;1 = diag( ; ;0;0;1;1)
for the interaction with the rst sampleand similarly D, = diag(0; 0; 2; 2;; ),

noise:2 = diag(0; 0; ; ;1;1) for the second. Becauseof the decay of the mean
spin both the noiseterms and the interaction strength becometime-dependen
- () = 2t and ~?(t) = ~?(0)e ' - which complicates the solution of the

dynamics immensely
The di erential equationfor the correlation matrix in the sum/di erence basis
with dissipation included is:

= (0 =20 M+ e 20T+ A (L) BT (437)
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where
0 . 1
~2(1+ P1 ) Q 00
_ 0 ~21 "1 ) 00
A= % 0 0 0 o X* (Ol (4.38)
0 0 00
0 1
00 0 0
_Boo 0 0 § _
B‘?@o 0 1+°T =2 =2 - 439
00 =2 1 1 =2
where terms have been neglected compared to and
=1 [anti diag( 1; 1;1;1)], starting from the lower left corner.

Without rotations the Ricatti Eq. (4.37) can be solved exactly. To lowest
order in the two componerts involved in the measuremen give:

o Var(Rai + Raz) = e [ 1+ 2 t] (4.40)
3 Var(Pa1 + Paz)

_ At +1l+e ' (1)

B +1+ (2 3)+e?2t)( 1 (2 3)

(4.41)

where = P 1+ (4 3). The two remaining componerts increaseexponen-
tially, 3§ =e'+ 5~%e 'and $§=e' For $J the further approximation
e ! 16 was made. In Fig. 4.5 the absolute di erence betweenEq. (4.41)
and the full result is plotted as a function of t for = 100and for = 1000
( = (2:5=700§ for both). As can be seen,the error starts to increaseexponen-
tially at acritical value. Sincethe covariance matrix is calculated by sequettially
treating the interaction with very short pulse segmeits the dynamics includes
correctly the e ect of the decaying mean spin and the full result is valid beyond
the t 1 approximation which hassofar beenlimiting.
The same analysis can be performed for decoherencetowards the CSS. For
this is independert of time and = 1. Letting for simplicity = 0 we get the
squeezedjuadrature:

(4.42)
where we note the similarity to Eq. (4.41) except for the factor e t.

4.4.3 The Strongly Rotated Regime

In Sec. 4.2 the entanglemernt for two strongly rotated atomic sampleswas calcu-
lated basedon the QND interaction (2.34) and noise decoherencewas included
through a single step for the entire pulse. Thus, the solution was only valid in
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Figure 4.5: The absolute error between $3 from the full solution to the di eren tial
equation (4.37) without rotations and the approximation, Eq. (4.41) vs. . Dashed:
= 1000. Solid: = 100. = 1:3 10 ° .

the t 1 regime. Following the methods of the previous sectionsa di eren tial
equation for the time ewolution can instead be derived:

da _ 24 0

00
— 2= +
dt 0

2(1 2) a 0 1 a

(4.43)
When this is inserted into the Ricatti equation with exponertially decreasing 2
and (t) = 2e ' we can derive the unapproximated solution:
I
et+ 2te ! 0 '
a=— 0 t 014 e 2%1(0 7 (4.44)
€ o 1 2)ye20t(01 (@1 2)

where 0= P 1+2 (1 2). Letting ! =2 this expressionis identical to the
onederived in [87] for spin squeezingin a single samplewithout a bias magnetic
eld. In the limit of small t the anti-squeezedcomponert reducesto the onein
Eq. (4.13), whereasthe squeezedcomponert reducesto:

1 tO%+ 2t _
41+ @1 2)2 t o+t

(4.45)

Here the additional constraint 2 t © 1 was also applied. We seethat this
resenbles but is not identical to the single shot result in Eq. (4.13). In Fig. 4.6
the full solution and the rst and third order expansionsin t are comparedto
the single shot result for = 20. As expected the rst order expansion shows
large deviations after 0:01 corresponding to the point at which the constraint
2 t © 1fails. The secondorder expansionlies closeto the single shot expression
sowe have to goto third order to get an improved results. This shows that the
single shot expressionis quite useful, however, as can be seenit should not be
trusted beyond 0:05.
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Figure 4.6: Comparing the squeezingpredicted by the full solution (solid) and rst
(dash-dotted) and third order (dashed) approximations hereof with the prediction of
the simple single pulse theory (dashed). =20, =0

As in the previous section we also solve Eq. (4.43) for a T, process.In this
casewe get the squeezedccomponern:

) ~+1re N Y
TET i1 @ 2)+e (T 1 (1 2) (4.49)

where this time ~= P 1+4 (1 2).

As discussedin Sec. 4.3 loss of light in the rst sample, represerned by
creates asymmetries between the two samples, which cannot be incorporated
into the QND formalism. We therefore formulate the di erential equation based
on the single cell interactions which in Sec. 4.3 were usedfor the ertire pulse as
a whole. In the sum/di erence basis,wherey; = X s and Yo = P.c, we obtain a
di erential equation very similar to Eq. (4.43):

da_ 2 11 21 )+ 0 5 2 00 _
- 7 11 ¢t 0 T )a o g a
(4.47)

The primary di erence is the presenceof the matrix proportional to  ?=4, which
intro duceso -diagonal elemeris becauseof the non-symmetric coupling between
the two samples. This matrix makes the system extremely dicult to solve
analytically sincee.g. the squeezingpart now contains a sumof ane ! term and
ane !term. Thus, the coe cien ts in the di erential equation can no longer be
madetime independert via a suitable transformation of the variables. Instead, in
Fig. 4.7 the maximal deviation of the numerical solution of Eq. (4.47) compared
to the solution of the di erential equation basedon the QND interaction, Eg.
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Figure 4.7: Error when using the two-cell QND interaction instead of the single cell
interactions maximized of ranging from zeroto one.

(4.44)overtherange0 t 1lisplotted asafunction of and . Asin the single
shot case(seee.g. Fig. 4.3) the QND solution systematically overestimatesthe
degreeof squeezing.The gure can be interpreted in two ways. If the dominant
sourceof light lossis absorption = ( =) 2 andthe gure showswhat happens
asthe detuning is changed. Alternativ ely, if re ection lossesdominate the gure
shows how much worseit is to have half of the lossesbetweenthe cells compared
to having all of the re ection lossesafter the cell. As can be seenthe reduction
in the degreeof squeezingcan be signi cant even for moderate lossesbetween
the samples. Note also that it is the absolute error being plotted. The relative
error is much more dramatic. For instance,at = 300and = 0:1 the QND
expressionpredicts a minimal variance of 0.10, whereasthe expressionobtained
from the single cell interactions predicts 0.20.
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CHAPTER 5

Exp erimen tal Metho ds

In this chapter we describe the typical setup for our experiments. It is certered
around two glasscells lled with cesiumvapor at room temperature placedin two
separatemagnetically insulating shieldswith a bias magnetic eld inside. Atoms
in the cells are optically pumped, and we discusstechnical details concerning
the pumping lasers and the probe laser used for the the interaction with the
atoms. Applying an RF magnetic eld with the frequency equal to the Larmor
frequency of the bias eld. the spin state can be manipulated. We discusshow
this can be usedto investigate the degreeof optical pumping and the dierent
sourcesof decoherence.Finally we describe the experimental determination of
the projection noiselevel.

5.1 Atomic System

In our experimerts the atomic system consistsof about ~ 10% 133Cs atoms at
approximately room temperature. 133Cs has a nuclear spin of | = 7=2 which
together with the single unpaired electron gives a hyper ne split ground state
with total angular momertum F = 3 and F = 4. The relevant level schemecan
be seenin Fig. 5.1. This elemert is interesting partly becausethe ground state
transition is usedto de ne the unit of time and partly becauseof the availabilit y
of lasersat the appropriate wavelengths.

During the past yearswe have usedseeral di erent designsfor the glasscells
containing the atomic vapor. In Fig. 5.2 the type used for the generation of
unconditional entanglemert (Sec. 6.2) and the quantum mapping experiment
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Figure 5.1: The relevant level structure of *3Cs along with the frequenciesof the three
lasersusedin our experiments.

(chapter 7) is shovn on the left and the new design used for the teleportation
experiment (chapter 8) on the right. The former is non-cubic with a total inside
volume of 18 1cm® and has an e ectiv e crosssectional area of A = 6:0cm?.
The windows are not optically at, which is why a new generation had to be
manufactured for the teleportation experiment, where an interferometer was re-
quired. The new cells are cubic with an inner volume of (2:2cm)®  10:6¢cn.
Both generationshave a " nger" attached. Inside this, there is a resenoir of
solid cesium, which acts as a source for the cesium vapor in the main part of
the cell. The two sections are divided by a small opening with a typical size
smaller than a millimeter. The temperature of the nger determinesthe vapor
pressurein the cell and thereby the size of the macroscopicspin Jx (proportional
to the number of atoms) with which we interact. To changethe vapor pressureby
about a factor of three merely requires a temperature changefrom e.g. 20 C to
30 C. The temperature is cortrolled via a well distributed air o w. This method
is chosenbecausemetal heating/cooling elemens causeseere problemssincethe
atoms are disturb ed by random magnetic elds created by thermal currents even
if aluminum is used (see[1]).

In our experimerts, the quantum signal is encaded in the magnetic sublewels
of a ground state hyper ne level. Thus, the atomic sample has to be highly
shielded from the ervironment, since even small magnetic gradients acrossthe
cell volume will causethe individual atomsto dephaseand thereby the quantum
signalto belost. Di erent measuresare takento protect the quantum state of the
atomic system(seeFig. 5.2). First, the outer shielding is achieved by placing the
atomic sampleinside cylinders made of magnetically shielding material (dubbed

-metal becauseof its high magnetic susceptibility). In fact, the shielding mount
consistof multiple consecutie layersof -metal and iron in order to optimize the
shielding. In this way external eld can be damped by approximately a factor
100.
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Figure 5.2: a) Two generations of the glass cells containing the cesium vapor. To
eadh, a stem is attached containing a reserwir of condensedcesium. b) The inner
cylinder containing the vapor cell and the RF-coils used for state manipulation (see
Sec. 5.3). ¢) The aluminum cylinder onto which bias eld coils and magnetic eld
gradient compensation coils are wound. d) The outer shielding consisting of -metal.

Just inside the magnetic shielding we have an aluminum cylinder upon which
multiple Helmholtz and anti-Helmholtz coils are attached. In this way a bias
magnetic eld is created along the desireddirection of the macroscopicspin (in
our casethe x-direction) and magnetic eld gradients are actively canceled.

The last layer of protection consists of a paran coating on the inside of
the vapor cells. This acts asa bu er and strongly suppressesiepolarization as
well as dephasingwhen atomﬁ hit the walls. Despite the fact that the atoms
move at a velocity Vims.ap = 3kg T=mcs  235nFs and thus collide with the
walls once every 100 s, we have measuredmean spin life times  300ms, spin
coherencetimes  40ms, and spin polarizations exceeding99% by the methods
describedin Sec.5.3.1. Further information on paran coatedcellscan be found
in [92, 93, 94].

5.2 Lasers and Light Characterization

5.2.1 Pump Lasers

In the experiments we wish to optically pump all atomsinto the mg = 4 magnetic
subleel of the F = 4 6S;-, ground state. We do this primarily by sendinga *
polarized laser resonart with the 894nm6S;-, F = 4! 6P;-, F°= 4 transition
(D1-line) through the atoms. We call this laser the optical pump laser (see
Fig. 5.1). With the chosen polarization it will drive m = +1 transitions.
Subsequetly the atoms will spontaneously decay to the ground state through
m = 1;0;+1 transitions. On averagethis will pump the atoms in the ground
state towards the extreme mg = 4 state, which is a dark state since there is
no F = 5 hyperne level in the 6P,-, manifold. During the pumping process,
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Figure 5.3: a) The home built laser setup for the pumping diodes. b) A schematic
showing how a part of the pump beamsis split o for the saturated absorption lock.
The remaining light is passedthrough an AOM and the rst order spot is used for the
experiment. Thus controlling the AOM, the pump beamscan be turned on and o .

however, some of the atoms decay into the F = 3 ground state. Therefore we
introduce the repumpinglaser, which is also * polarized and resonart with the
852nm 6S;-, F = 3! 6P3;-, F?= 4 transition (D2-line)(see Fig. 5.1). In this
way atoms are pumped badk into F=4 and very high degreesof optical pumping
into the desired state can be achieved. In addition, controlling the power in the
repumping laserwe canto someextent control the number of atomsin the F = 4
ground state and hence the number of atoms participating in the interaction
with the probelight. This is a valuable tool when investigating the scaling of our
quantum signalswith the number of atoms.

As shown in Fig. 5.3 both pumping lasersare home built basedon di rac-
tion grating stabilization in the Littro w con guration such that the rst order
di raction is re ected directly badk into the laserdiode. The diraction grating
has 1800lines per millimeter. The bare laser diode is anti-re ex coatedand can
be purchasedfrom Eagleyard Photonics GmbH in Germany. The output power
of eadh laseris in the vicinity of 30mWw.

We wish to lock both lasersto an atomic resonance. At room temperature,
however, the atomic motion causessigni cant Doppler broadening, which means
that ead line is transformed into a Gaussianpro le with a width (seee.g. [66]):

o 2kgT 1

< meons 188MHz ; (5.1)

DHWHM =
wherec= 9= = 852nmand welet T = 295K . This is of coursemuch too wide
for a useful lock. The problem can be overcomevia the method of saturated
absorption spectroscopy [95, 96, 97]. As sketched in Fig. 5.3 a small part of the
beamis split 0 and sert through a cesiumvapor cell. After the passagethe beam
is attenuated and re ected o a mirror and passesthrough the cesium sample
again. The transmitted power is then detected. If the laser frequencyis within
the Doppler pro le certain velocity classesof the atoms will be resonart with
the light. In the secondpassagethe Doppler shift has reversedsign and hence
the light will be resonart with the classesof atoms moving with the opposite
velocity. This meansthat the weak beamwill be absorbed. If however, the light
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Figure 5.4: Cesium saturated absorption spectroscopy. The detuning is de ned relativ e
to the F = 4! F%= 5 transition blue detuning being positive. Below the error signal
generated via the Pound Drever Hall technique. All six expected peaks are visible.

is tuned exactly to an atomic resonancethe same velocity classof atoms (zero
velocity) will be resonart for both passages.The result is a strong reduction in
the absorption of the weak beam causedby the atomic saturation induced by the
strong beam (seeFig. 5.4). In addition, peaks(called cross-aer resonanceswill
appear exactly halfway betweentwo resonancesbecauseatoms with a certain
velocity will be resonant with one transition for the rst passageand with the
other for the second. In total, for e.g. the 852nm D2 line there will be six
resonanceswithin the Doppler prole both starting from the F = 3 and the
F = 4 ground states. In this way structure with a resolution approacing the
natural line width pwym = 5:22MHz can be obsened.

The saturated absorption signal is not, however useful as an error signal for
a laser lock sincewe wish to lock to the certer of the peak and an excursionto
either side producesthe same changesin the signal. Using the Pound-Drever-
Hall technique [98, 99] a signal that inverts sign when crossingthe resonancecan
be derived. In this technique the laser frequency! . is modulated weakly with
somefrequency! to create sidebandsat frequencies! . ! around the carrier
frequency! .. When the light passeghrough an absorbingatomic medium and is
subsequetly detectedthe photo current will contain a componert oscillating with
e.g. sin(! t) proportional to the di erence in the absorption of the two sidebands
and a componert oscillating with coq! t) proportional to the di erence between
the phase shift of the carrier and average shift of the two sidebands. If ! is
small comparedto the atomic structure obsened the former correspondsto the
derivative of the absorption whereasthe latter is the secondderivative of the
dispersion. If the photo current is mixed with a sin(! t + ) signal either one
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Figure 5.5: a) A picture of the Ti:Sapphire laser used as a quantum probe the the
entanglement and quantum mapping experiments. b) A schematic shoving how a small
fraction of the beam is split o and sert through a b er coupled EOM. This creates
sidebands one of which is then locked to the atomic resonance. Thus, the part of
the beam which did not passthrough the EOM is detuned compared to the atomic
resonance. This light is then shaped temporally by another EOM and is subsequetly
sert to the main experiment.

can be picked out with an appropriate choice of the phase . In this way we can
generatesignalswith a sharp zero crossingat the resonancethat can be usedas
error signalsin a feedbadk loop to the laser. Examples of such error signalscan
be seenin gures 5.4 and 5.6.

The remainder of the pump light is sert through an acusto-optic modulator
(AOM). Here a crystal acts as an e ectiv e diraction grating for light via a
spatial modulation of the refractive index created by a piezoelectric transducer
oscillating at a frequencyof 125MHz A diracted beamemergesat anglesgiven
by sin( ) = m=(2), where isthe wavelength of the soundwave and m is the
di raction order. Using e.g. the rst order spot, we seethat the light beam can
beturned onand o by cortrolling the RF-power to the AOM. Alternativ ely, the
processcan be thought of as absorption of a phonon, which shifts the frequency
of the light in e.g. the rst order beamby 125MHz

5.2.2 Prob e Laser

For the quantum medanical investigation of the interaction betweenlight and
atoms we use a probing laser, which is detuned to the blue side (high ) of the
852nm 6S;-, F = 4! 6P3-, F? = 5 transition (seeFig. 5.1). In order to
minimize absorptive e ects the detuning hasto be much larger than the Doppler
width, howewer, it also has to be much smaller than the hyper ne splitting of
9GHz in order to solely addressatoms in the F = 4 hyper ne multiplet. We
typically have detunings around 1GHz.

Experiments on unconditional entanglemert (Sec. 6.2) and quantum mapping
(Sec. 7) were performed using the output of a commercial Microlase MBR-110
Ti:Sapphire laser, which is pumped by the 532 nm output of a solid-state diode
pumped, frequencydoubled Verdi V-8 laser. The Ti:Sapphire crystal is mounted
in a bow tie ring cavity which is machined out of a monolithic block to reduce
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Figure 5.6: Saturated absorption signal of the part of the probe laser modulated to
create sidebands (here at 950MHz). To the left, the blue sideband is resonart with the
cesium atoms giving a red detuning and vice versato the right.

the laser line width. It is further reduced down to ca. 100kHz via a lock to
an ultra stable external referencecavity. The output of the Ti:Sapphire laser at
852nmis typically about 1W. As illustrated in Fig. 5.5 a fraction of the light is
split o and sert through a b er coupled electro-optic modulator (EOM), which
is modulated at a frequencybetween700 1200MHz This createssidebandsat
this frequency Sendingthe light through an absorption saturation spectroscopy
setup we can shift the laser frequency to bring either the blue (high ) or the
red (low ) sidebandinto resonancewith the cesium cell, thereby creating a
cortrollable red or blue detuning respectively in the carrier propagating further
down towards the section of the table where the experiments are performed. An
absorption signal with 950MHz sidebandsalong with the derived error signal can
be seenin Fig. 5.6. Note that apart from the six peaksfor ead band there are
also additional crossover resonancesdbetweenthe bands. In our experiments we
typically lock to one of the resonanceson the right to a blue detuned carrier.

The beam is shaped into pulses of a desired temporal intensity prole by
sendingit through an electro-optic modulator (EOM). In an EOM the di erence
in the index of refraction of the two optical axescan be controlled by applying a
high-voltage acrossthe EOM. Thus, if the optical axesare tilted 45 compared
to the incoming linear light polarization, the light polarization is presened if
no voltage is applied and it is rotated 90 if an appropriate voltage is applied.
This meansthat with a polarizing beam splitter after the EOM, the light can
be turned on and o via the applied voltage and henceany beam shape can be
realized experimentally (seeFig 5.5). The reasonfor usingan EOM rather than
an AOM for the shaping of the probe beam is that it was found to be much
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less noisy at frequenciesaround 322 kHz, which is essetial for obtaining the
necessaryguantum noise limited behavior at suc frequencies. Both the AOMs
and the EOM areturned onand o smoothly in order not to intro duceadditional
Fourier componerts around 322kHz.

For the light to atom teleportation experiment discussedn chapter 8 a TOP-
TICA distributed feedbadk (DFB) diode laser was used as probe laser instead
of the Ti:Sapphire. In a DFB diode, the frequency selective elemen - a Bragg
grating - is integrated into the active section of the semiconductor. Thus, single-
frequency operation and relatively high coherence(coherencelength 70-100 m)
are obtained. The locking and pulse shaping for this laseris done exactly as for
the Ti:Sapphire laser.

The two lasers have extremely di erent noise characteristics. Every laser
cortains a certain amourt of amplitude noise. Via the balanced S, detection
described in Sec. 5.2.3 suc noiseis suppressedoy more than 20dB. In this way
SN-limited detection of the Stokescomponerts is achieved. In Fig. 5.7 the result
of the balanced§y detection (SN) is shown for the TOPTICA diode laser along
with the corresponding measuremen using only a single detector. The latter
measuremen is sensitive to both the SN and the amplitude noise. Shot noise
scaleslinearly with the light power and amplitude noise scalesquadratically. If
there was no amplitude noise presen, the two curves would be identical. As
can be seen,there is an amplitude noise componert, which at 5mW amourts to

20% of the SN level. An equivalent measuremen with the Ti:Sapphire laser
would shawv 10dB of amplitude noise. We know that the main sourceof this noise
is amplitude uctuations in the output of the Verdi pump. Toward the end of
2005the amplitude noiseincreasedup to 20dB making it extremely di cult to
obtain SN-limited performance. This is the main reasonfor the changeto the
TOPTICA laser.

On the other hand, in terms of phase or frequency noise the situation is
reversed. The Ti:Sapphire has a linewidth 200kHz, whereasthe linewidth
of the TOPTICA is 6MHz. Of course, when observing in a narrow band
around 322kHz this makes an enormousdi erence. This turned out to be one
of the large experimental challengesin the teleportation experiment discussedn
chapter 8. Herethe TOPTICA laserwasusedand sincethe experimert required
an interferometer, we obsened corversion of phasenoiseto amplitude noise to
such an extent that the light was no longer SN limited. As discussedin Sec. 8.3
this problem was overcomepartly by making the path length in the two arms of
the interferometer equal (white light position) and partly by drastically reducing
the power in one of the interferometer arms.

5.2.3 Detection of Polarization States

The Stokes parameters are measuredwith low intrinsic noise photo detectors.
We usehigh quantum e ciency silicon photo diodesfrom Hamamatsu and home
made ampli ers characterized by negligible electronic noisecomparedto the shot
noiseof light at optical power higherthan 1mW. In Fig. 5.8 a) we depict how the
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Figure 5.7: Light noise measuremeris performed on the TOPTICA probe laser at
various optical powers.. Crosses: balanced éy detection (SN, see Sec. 5.2.3 for a
description of the measuremen). Circles: single detector measuremern sensitive to SN
and amplitude noisein the laser.

éy-componert of light is measured. Remenbering the de nition in Eqg. (2.5), we
have to measurethe light in the 45 basisand then subtract the two resulting
photo currents. The splitting into 45 componerts is doneby rst rotating the
incoming light by 45 with a =2 wave plate and then sending the light onto
a polarizing beam splitter. The light at ead output is then detected and the
resulting photo currents subtracted. To measure$, instead we rst interchange
Qy and $, using an appropriately aligned = 4 wave plate and subsequetly detect
§, asjust described.

Note that our method of detecting §, and $, and thereby 2, and f is
very closely related to the standard homodyne detection [10Q of a weak beam
characterized by quadratures x and p (seeFig. 5.8 b)). There the weak signal
(&) is mixed with a strong classicallocal oscillator signal at the samefrequency
(Ae' ) on a 50:50beam splitter and the power in ead output arm is detected:

i1=> Ae +a Ae' +& =A2+Ae’ (a+ &) + &4

NI NI

A2=2 Ae ! (a+ae” ) + aa
(5.2)

io= Ael a Ae' &

From this we seethat taking the di erence betweenthe two givesa signal pro-
portional to & with = Oandp_with = =2. The equationsalsodescribe our
implementation, where the local oscillator is supplied by the strong polarization
componert in the light beamitself.
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a) b)

P(Ae' + )
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Figure 5.8: a) The setup for measuring §,. A pulse containing a strong classical
componert in the vertical polarization and a weak quantum componernt in the horizontal
polarization is rotated 45 using a =2 waveplate. Then a polarizing beam splitter
splits the new horizontal and vertical componerts, which eac are measured. Half of
the di erence of the two photo currents is éy. Adding a = 4-retardation plate before
the =2 waveplate turns this measuremern into a measuremen of 3, componert. b)
The conventional method for detecting the quadratures &, and P, of a weak quantum
beam.

By passingthe dierential photo current i(t) ii(t) i2(t) from a Stokes
measuremen through a lock-in ampli er we can detect the sine and cosinecom-
ponerts at the Larmor precessionfrequency . Remenber, that thesetogether
with the rotating frame transversespin componerts form the canonical variables
of interest (seeequations (2.32) and (2.33)). Practically, the current i(t) is split
into two parts which are multiplied by coq ot) and sin( ot) respectively,
where o is a local oscillator frequency supplied by the lock-in amplier. This
createssignalsat the frequencies o L and o+ L. The sum frequency
is Itered out and the result is then integrated over the duration of the pulse.
If the two frequenciesare matched su cien tly well (see Sec. 5.3.2), according
to (2.33a-d), with appropriate scaling, this exactly correspondsto measuringthe
R: and ®s componerts of light. Correspondingly, in an 8, -detection we would
measurepf. and ps. The e ectiv e bandwidth of the measuremen is rst limited
by the peaked detectors, which have a responsewidth of 15kHz In Fig. 5.9the
spectral responseof eact of the two detectors necessaryfor an éy detection are
shown along with the corresponding electronic noiselevel. The poweris 1mwW
on ead detector. As discussedat the end of Sec. 5.2.2it is very important to
balancethe responseof the two detectorsin order to suppressamplitude noise.
For the balancing it is very important that the spectral responseof both detect-
ors is overlapped, since otherwise it is impossibleto balancethe detectors over
the erntire measuremen bandwidth.

The commercial lock-in ampli er has a 10kHz lter at the output. The ul-
timate bandwidth of the measuremen is set by the integration over the pulse
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Figure 5.9: The spectral response of the two detectors used in the Stokes detection
along with the corresponding electronic noise level. Matching the spectral response of
the two is crucial for the suppressionof amplitude noise.

duration, which acts a an e ectiv e low pass Iter of a few hundred Hertz. In the
future we may implement probing of the photo-current directly or the output of
the lock-in ampli er, which would improve the temporal resolution and hence
enable us to measuretemporal modes other than the symmetric one (top hat
intensity prole in time) suc as e.g. the one being imposedonto light in the
single cell interaction (Eq. (2.41)).

5.3 Magnetic Fields

As discussedin Sec. 2.5, our experiments are performed in the presenceof a
homogeneousnagnetic eld in the direction of the macroscopicmean spin. The
interaction of atoms with a magnetic eld is governedby the Hamiltonian

Rmag = ¢ 8J B + O(B?) ; (5.3)

where we remenber that that J is the total angular momertum of the atom in-
cluding the nuclear spin. For the F = 4 ground state of cesium, g 0:2504.
The secondterm O(B ?) reminds usthat the above linear equation is only approx-
imately true. When the magnetic energy becomescomparableto the hyper ne
splitting of the ground state the responseis non-linear. At the magnetic elds we
apply ( 1Gauss)this e ect is very small but it still turns out to be an excellent
tool for probing the population distribution amongdi erent m levels. This will
be discussedfurther in Sec.5.3.1.

Adding a constart bias magnetic eld By in the x-direction leads to the
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equationsof motion (2.26) with Larmor precessiorat frequency | = g gBx=h.
It is conveniert to remenmber the expressiongr g=h = 350kHz=Gauss. If we
furthermore add an RF magnetic eld at frequency alongthe y-direction such
that in the absenceof light

Bext = Bxex + (Bccog t+ )+ Bssin( t+ ))ey (5.4)

with constarts B. and Bs we may derive for the rotating frame coordinates J\f,’
and J? of (2.25) that

@:’gt) = lgsin( (t)sin( t+ )J; = lccoq  t)coq t+ )Iy;
(5.5)
with ! .. = gr BBcs=h. Choosingthe phaseand the frequency of the RF-drive
suchthat = 0and = | we obtain:

@y 1. @ | ledk,

@ 2’ @ @ 2
Theseequationsare valid for interaction times T such that ! .T;!sT 1 T.
We seethat with pulsesof RF-magnetic elds we are able to change the spin
componerts J\f and J'YZ) independertly by an amount controlled by the sine and
cosinecomponerts B and B¢. This hassewral experimental applications, which
are discussedbelow.

@)
@

Ix(t) = Ix(0);

(5.6)

5.3.1 Characterizing the Spin State with the Magneto-Optical
Resonance Metho d

Equation (5.6) describesthe introduction of a deterministic non-zeromean value
in the rotating frame transversespin componerts via the application of RF mag-
netic elds. When such a state is probed by the Faraday interaction (2.28a)
the oscillating transverse spin componerts introduce an oscillating polarization
rotation in the optical probe. This e ect is called the magneto-optical resonance
e ect and is used extensively for spin state characterization in our experiment
as described in detail in [101]. In order to quartitativ ely explain the Magneto-
Optical ResonanceSignal (MORS) asthe RF-frequencyis scannedacross |, we
needto return to the secondorder term mertioned in Eq. (5.3). The single atom
transverse spin componerts {y and f; can be expressedin terms of coherences
Amm 1 in the following way:
1X p
=3 F(F+1) mm+ 1)("merm + "mm +1);
X 0 (5.7)
F(F+1) mm+ 1)("merm  “mm+1):

Another way to understand the buildup in the transverse spin componerts is
that a magnetic eld transverseto the mean spin simultaneously drives =1
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Figure 5.10: MORS in arbitrary units for an atomic samplespumped by the repump

only (left), the repump and a very weak ( 25 W) optical pump (middle), and the

repump along with a strong ( 1mW) optical pump (right). Since the optical pump is

resonart with the atoms it broadens eac resonance”mm +1 . Overlaid is the t based

on a spin temperature model. From this we obtain orientations of 0.819, 0.948, and
0:99.

and = 1 transitions. This populatesthe "n.m +1 coherenceswhich through
Eq. (5.7) createsthe buildup in the transversespin componerts. In the absence
of the secondorder term in (5.3) the energy separationh | betweenstates jmi
and jm + 1i is the samefor all m and all terms ", 41 .m have the sameresonan
frequency The secondorder term in (5.3), however, makesthe frequency of the
coherencesMn+1.m slightly dierent for dierent valuesof m. It can be shown,
that the quadratic Zeemanfrequencydi erence ! oz between”mm +1 and *n  1:m
isloz =2 E:! nis Where! s = 2 9:1926GHzis the hyper ne splitting of the
Cesiumground state. We typically have | = 2 322kHzand the e ect is small
( 23H2) but detectable.

In the special casethat the amplitude and frequency of the driving RF- eld
vary slowly comparedto the spin coherencetime, the o -diagonal coherences
follow the diagonal populations adiabatically and we may write e.qg. J"y as[10]]

" XY FF+1) mm+1)] €t i
I( 1 ) 1 = [Am+l m+1 Am;m ] (58)
F m+1l.m m+1lm =

Jy = Re const

m=

where m+1:m arethe FWHM line widths giving an exponertial e ©2 decay of
eat coherence.The Larmor frequency | has beenreplacedby the individual
coherenceewolution frequencies m+1.m. For S, we have to take the imaginary
part of the terms in square brackets of Eq. (5.8). We seethat two adjacert
magnetic sublewels act as a single two level system with the usual Lorentzian
responseto a driving eld. Scanningthe RF frequency we get eight Lorent-
zian peaks(2F), the magnitudes of which will depend on the populations of the
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magnetic sublewels. We de ne the MORS as
D E, DE
MORS/ J + J, (5.9)

which we from Eq. (2.28a) seeis proportional to the sum of the square of each
of the two outputs of the lock-in amplier. This signal we analyze in a spin
temperature model in which the populations can be described by " /™.
By determining experimentally we can calculate the orientation of the atomic
sample
1 %
p= - M ™Nn:m (5.10)
m= 4

Three examplesof MORS taken with a very weak probe laser can be seen
in Fig. 5.10. In the rst, the sampleis only pumped by the repumping laser.
Sinceit is not resonart with the F = 4 atoms (seeFig. 5.1) it doesnot decrease
the life time of the coherenceswhich is thus determined primarily by collisions
and magnetic dephasing. The decoherencanedanismswill be discussedfurther
in Sec. 5.4. For now it is merely important that under these conditions the
individual peaksare well resolved and a reliable t to the data can be obtained.
With this, we get p = 0:819. Next, the optical pump is turned on slightly. As
can be seenthis broadensead peak to such an extent that they are no longer
individually resolved. They do, however, causean asymmetry in the signal that
enablesa t. With only afew W we getp= 0:948- a signi cant improvemert
comparedto the previous result. The last signal shows the broadening with the
optical pump power typically usedin the experiments ( 1mW). Note, that for
this plot the x-axis is rescaled. Using the methods discussedin [10]] for strongly
broadened signals we can estimate the orientation to be  0:99. Thus, in our
experimernts only the outermost coherence(mg = 4$ mg = 3) is signi cantly
populated.

A secondapplication of the MORS method is that measuring the widths of
the resonanceaunder di erent experimental conditions allows us to quarntify the
e ect of di erent decoherencanedcanismsas discussedin Sec.5.4.

5.3.2 Manipulating the Spin State

The MORS is primarily takenwith a contin uous wave probe. We could however
also apply a short RF pulse in the pulsed setup. Choosing = | and n
appropriate phase,strength and envelope function of the RF- eld we can create
and thus manipulate the mean value of either of the spinsor any combination of
thesein the settings under which the actual quantum experiments are performed.
Experimentally we designthe magnetic pulse as

Bi = Acontrol ;iARF By(t) ; (5.11)

wherei = c;s, B; wasde ned in Eq. (5.4), Are cortrols the strength of the
RF-signal, By (t) is the envelope function determining the shape of the magnetic
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Figure 5.11: Observing the oscillat-
ing Faraday rotation of light to probe
the evolution of the spin state follow-
ing the application of a short magnetic
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Figure 5.12: Observing the evolution
of the phasebetweenthe two outputs of
the lockin-ampli er for the experiment
asin Fig. 5.11. A constant phase cor-

RF pulse prior to the rst probe. ¢
gives a rough estimate of the decoher-
ence betweentwo pulses.

respondto | = (o.

pulse, and Acontrol i @re overall weight factors. This hastwo applications. First,
we can actively feedbadk the result of a quantum probing of the spin state, thus
creating a particular desiredstate. This is the keystoneelemert for the creation of
deterministic entanglemert, discussedin Sec. 6.2, and for the quantum mapping
experiment discussedin Sec. 7.

Secondly if Acontrol IS Setto a large DC value it enablesus to create a large
classical mean value in the transverse spins and obsene the ewolution of this
state.(Note, that the shift is large compared to CSS distribution but still ex-
tremely small comparedto the macroscopicmean spin.) An example of this is
shown in Fig. 5.11. Here, a magnetic pulse is applied prior to the rst probe
and the decay of the created state is obsened during ead probe. From this we
can extract the characteristic decoherencdime T,, which as we shall seein Sec.
5.4 can be related directly to the width of the MORS. A rough estimate of the
decoherencerom one pulse to the next, , which was discussedin the context
of entanglemert estimation in Sec. 3.4, can be calculated by taking the ratio of
the mean values of eadh pulse as indicated in Fig. 5.11. It is related to T, by

o 1 t=T,. Note, that we usethe subscript "cl" becausewe only obsene the
decay of a classicalstate. As we shall seein Sec. 6.2 the decay of a quantum
mechanical state can be faster becauseof atomic motion. This is also discussed
in detail in App. A.2.

In Fig. 5.11we plotted the modulus of the two outputs of the lockin-ampli er

R(t) /

These can be obsened if we instead plot the relative phase between the two
outputs of the lockin-amplier. If o is not matched preciselyto | the signal
will oscillate between J\y and J; with frequency | Lo and correspondingly

7 2
J, + J, , which is insensitive to rotations between the two.
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the relative phasewill grow as( | Lo )t. In this way, changing either the bias
magnetic eld or the frequency of the local oscillator the two can be matched
precisely by making the phaseewlution at in time. This we could also have
done observingthe MORS and placing the strongest peakat | . A much more
crucial application arisesbecause- as discussedin App. C - terms proportional
to a, in the e ectiv e Hamiltonian (2.20) introduce an intensity dependert Stark
shift of the atomic coherences.This meansthat | cannot be overlapped with

Lo both in the presenceand in the absenceof light. To solve this problem we
have an additional Helmholtz coil in the x-direction and senda current through
when the light is on in order to compensatefor the Stark shift. The adjustment
of the necessarycurrent can only be done observingthe phaseewlution. In Fig.
5.12 we show the phaseewlution both with and without the Stark shift com-
pensationin the situation where | = o in the absenceof light. Without the
compensation we get a phaseewlution of 90 , which correspondsto a Stark
shift of 125Hz Sincethe shift is in opposite directions for the two samples(see
Eq. (C.6)) the mismatch betweenthe two is comparableto the bandwidth of our
detection, sothis is a quite signi cant e ect. With the compensationwe can keep
the phaseconstart within 5 degreegyiving a maximal frequencymismatch of 7Hz.
Note that when the probe pulseis o there is no signal on the lockin-ampli er
and the phaseis consequetly ill de ned.

5.4 Decoherence

As merntioned earlier, all atoms are optically pumped into an extreme Zeeman
sublewel with the x-axis as quantization axis. A conventional way of categorizing
sourcesof decoherenceds according to whether they a ect the magnitude of the
spin along this axis or merely along transversedirections. The appropriate life
times of theseare called T; and T, and de ned as:

() =e T30 and  Jyans (t) = € T2 Jpans (0) (5.12)

in the absenceof additional interactions. Apart from the e ects causedby the
probe light the dominant processesre collisions with the walls and other atoms
giving T1  300ms The presenceof the bias magnetic eld is extremely import-
ant for the life time becauseit imposesan energy barrier against spin ipping
transitions. Experimentally we have found a dramatic dependenceof T; and
the bias eld up to  0:1Gaussafter which it is more or lessconstart. With
our B = 0:92Gausswe are safely in the constart regime. Even though the
probe detunings are quite high in our experiments (700-1200MHz) making the
desiredrefractive Faraday interaction dominant by far, the small probability of
absorption still reducesT; by about a factor of 2 depending on probe power and
detuning. It is, howewer, still very large comparedto typical probe durations
(0.5-2 ms).

The lifetime of the transversespin componerts, however, turns out to be much
more critical for our experiments. As can be seenfrom Eq. (5.7) the transverse
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Figure 5.13: Line width of the 34 coher-
encein the MORS as a function of optical
power. In a single trace it is impossible
to separate the expected power broaden-
ing from absorption from the light induced
collisions.
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Figure 5.14: Line width of the 34 coher-
encein the MORS asa function of atomic
density for dierent optical powers. The
fact that the slopes are not equal reveals
light induced collisions. = 1000MHz

spin componerts are determined by coherencedetweenmagnetic sublewelsin the
x-basis. Therefore anything that a ects the lifetime of J, will alsoaect T,. In
addition, however, the total transversespin componerts are also sensitive to ran-
dom phasechangesin ead atom. As discussedn Sec. 5.3 we can usethe widths
obtained in MORS signalsin di erent experimental settings to quartify and sep-
arate the e ect of di erent decoherencenecanisms. The FWHM obtained from
such signalsare related to T, by:

1
To[s]

We can separatethe mecanismsinto two main categories: someare mediated by
the probelight and the rest areindependert of the presenceof the probe. Starting
with the latter, thesecombine to a decay rate, gak , and consistmainly of phase
changing and spin-ip collisions with the walls and other atoms and random
phasechangesbecauseof atomic motion through inhomogeneousnagnetic elds.
The e ect of theseare reducedby the paran coating on the inside of the glass
cells, the dilutenessof the atomic sample,and the application of additional DC-
magnetic elds to cancel eld gradients. To determine gk We measurethe
width of the mg = 3 $ 4 coherencefor dierent probe powers and nd the
residual width in the absenceof light. An example of this is shown in Fig. 5.13.
As canbe seen,we obtain awidth of the order of 12 Hz corresponding to a lifetime
of the transversespin of Tk 27ms At very low densities, gax as low as
5 Hz has beenobsened. We seethat this will limit but not completely destroy
correlations betweentwo subsequeh pulsesin e.g. an entanglemert experiment
asdescribed in Sec.3.

Turning to the probe induced decoherencanedanisms,we have already men-
tioned absorption and subsequeh spontaneous emissionin the discussionof T;.

trans [HZ] =

(5.13)
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Figure 5.15: Slope from vs. density curvessud asin Fig. 5.14 as a function of
the the blue detuning at which they are taken. Power xed at 5:16mW. The linear
dependencein a log-log plot reveals a power law behavior.

Adding this e ect to the other decoherencenedanism, we would expect a total
decoherenceate of the generalform:

idea = a+b +cP; (5.14)

is the atomic density, P is the light power, and a, b, and c are coe cien ts, which
can be determined experimentally. If is plotted vs. we would expect a line
with constart slope b and o set determined by the optical power. In Fig. 5.14
we shav measuremets of the decoherencerate vs. atomic density for dierent
optical powers. The results clearly contradict the simple model of Eq. (5.14),
since the slope grows with increasing power. It turns out that the experiments
t amodel:

ep=at+tb +cP+d P; (5.15)

where the size of the expected pure power broadeningterm, c, agreeswith solu-
tions of the Maxwell-Bloch equations for the full multi-level atomic system in
the presenceof Doppler broadening. The last term could represen light induced
collisions, but a cleartheoretical understanding of the nature of theseis still miss-
ing. For the experimentally relevant densitiesand powers this term cortributes
around 30 Hz of broadening and is thus the main source of decoherence. We
stressthat this is a pure T, processsincewe do not obsene similar featureswhen
investigating the decay of the longitudinal spin. Hence, the atoms practically
decay towards the fully polarized state, i.e. the coherert spin state. This was
alsoassumedimplicitly in the inclusion of decoherencdor the entanglemernt and
quantum mapping protocolsin Sec.3.4, where decoherencenvas modeled by an
admixture of a vacuum state with the samevariance asthe coherert spin state.
The line width asafunction of the density suc asFig. 5.14hasbeenmeasured

for seweral di erent detunings. The result can be seenin Fig. 5.15in a log-log
plot. The linearity meansthat the light induced collisions obey a power law
uc / 3:84(17) . The high exponert is quite unexpected sinceit suggestsan
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Figure 5.16: Generic experimental cycle. There will always be a pump pulse initializing

the spin in the CSS, and two probes. We have the option of applying an RF magnetic
pulse before each probe. The rst is used for state diagnostics, whereasthe secondis
used for quantum feedbad. In the mapping experiment a =2 pulse in X.Pa-spaceis
usedto retrieve information about X, instead of Pa. The duration from the end of the
feedbadk pulsetill the start of the secondprobe will constitute the storage time.

exotic interaction type such as collisions between two excited atoms. Work is
currently going on to determine the nature more precisely of these interactions.
On the other hand the exponert is encouragingsinceit meansthat the e ect of the
light induced collisionsshouldfall o much morerapidly than the desiredFaraday
interaction. Whether this bene cial scaling can be exploited experimentally is
currently under investigation.

5.5 Experimental Cycle

All our experiments are basedon a genericprobing sequencewhich is illustrated
in F