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CHAPTER 1

Introduction

The laser was first demonstrated, by T. Maiman at Hughes Researohataiies,

50 years ago and despite being as considered a curiosity at first thlopieent

of the laser has lead to an enormous number of different applicationisgaingm
medicine to femtochemistry. It is safe to say, that the development of the laser is
one of the most important breakthroughs in science during the 20th ceuntaiey-

lining the importance of basic research in topics which might, at the time, seem to
have limited applications. Furthermore, laser technology has revived ttefie
atomic, molecular and optical physics into a very thriving branch of physics

There has been a tremendous development in pulsed laser sourcddgghno
since the first demonstration of the laser. Pulses with a duration of only #few
toseconds, with stable carrier-envelope phase, and intensities comepiardbe
Coulomb interaction between the electron and the nuélei (.0 x 103 W/cm?-

I = 1.0 x 10" W/cm?) are now available for a broad range of wavelengths (800
nm to 2000 nm) [1]. This development has paved the way for exciting nesareh
fields such as attoscience and femtochemistry. The development of feoridsec
pulses has paved the way for femtochemistry where femtosecond pdsesedrto
study chemical reactions, occurring on a femtosecond timescale, in reaktine,
directly monitoring how bonds are broken or created during chemicaioead2].

The characteristic timescale for nuclear motion in diatomic molecules is femtosec-
onds. It is therefore also possible to investigate nuclear motion in real tinmg, us
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femtosecond pulses [3]. The typical timescale for the electron dynamicsaitoam

or molecule can be estimated using the oscillatory period for an electron in the 1s
state of hydrogen, being of the order 100 as. This prevents electiamndys

from being studied using femtosecond pulses, femtosecond pulses ahg wimp
long to capture the electron dynamics. However, it is possible to generate XU
attosecond pulses using femtosecond pulses [1, 4], utilizing high-harmenéar-

ation (HHG), and consequently generate pulses short enough to eatatron
dynamics within an atom or molecule. Consider an atom ionized by a femtosecond
pulse. The ejected electron is shaken back and forth by the field whictirsen

the electron back towards the residual atom. High-harmonic generatiamsocc
when the electron recombines with the residual atom, emitting the excess energy
in one photon with a frequency dfw, wherew is the laser frequency anll is

an integer. Attosecond pulses have already been used to study elecataivoo

in atoms and solids, electronic excitation and relaxation dynamics [1, 4].ctn fa
the development of attosecond pulses has paved the way for a wholeseavaeh

field, named attoscience, which hold promise for a large number of urjeetssl
applications. For a recent review see [4].

High-harmonic generation is furthermore used in molecular-orbital tomogra-
phy [5, 6]. The HHG signal contains information of the ionizing and recoimigin
system and the HHG signal can therefore, if an inversion is possiblesdit as
a source of information regarding the ultra-fast time-evolution of the initia sy
tem [7,8].

In strong-field physics single ionization stands out as a fundamentatgsoc
because it triggers the subsequent electron wave packet dynamic ontireucim
and hence affects important processes such as HHG. Optimal usageaifess
like HHG, or coherent control with few-cycle pulses, requires a det&itesviedge
of the first step, namely the ionization step. Strong-field ionization is alsoya ver
interesting process in its own right due to a number of interesting phenomegna,
carrier-envelope phase effects. Furthermore, measuring the plaitorl@angu-
lar distribution provides detailed information about the ionizing system ancehen
pump-probe experiments, where the pump pulse initiates some dynamics and the
system subsequently is probed by the ionizing pulse, can be used to gaimidgl
information [9, 10].

lonization by an external electromagnetic field can be divided into three dif-
ferent regimes: (1) The tunneling regime. (2) The multiphoton regime. (8) Th
over-the-barrier regime. If the laser frequency is sufficiently small are @n-
sider the laser field as quasi-static. The presence of the field modifies thiegoin
potential, as shown in Figure 1.1, allowing the electron to tunnel through the mod
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Figure 1.1. Consider an atom interacting with an (static) electric field. The pres-
ence of the field modifies the potential, along the direction of the field, felt by the
electrons, as shown in the two plots. The left inset shows the atomic potential,
VBinding (red), and the modified atomic potentialgiMiing+ VL ases in the tunneling
regime. The right inset shows the atomic potentiafinMng (red), and the modified
atomic potential, Minding + VLases in the over-the-barrier regime.

ified barrier into the continuum. On the other hand, if the laser frequencygs la
and the intensity low the electron may not have time to tunnel and the ionization
process is best described by the absorption of discrete photons, irayltiyho-

ton ionization. Finally, at very high intensities the field completely removes the
barrier allowing the electron into the continuum, see Figure 1.1. The distinction
between the tunneling regime and the multiphoton regime can be quantified using
the Keldysh parameter [11]. The Keldysh parameter is defined as

w wy/21,

’Yzwit: EO ;

(1.1)

wherew is the laser frequency,; is the frequency associated with the tunneling
process,], is the ionization potential and is the electric field amplitude. If

w > wy, thatisy > 1, ionization occurs via multiphoton absorption. On the other
hand, ifw < wy, that isy <« 1, the field can be treated as quasi-static and ioniza-
tion occurs via tunneliny There is no clear transition between the tunneling and
multiphoton regimes and they both contribute in the intermediate regienl.
However, studies have shown that tunneling actually dominates in the intetmedia

!Note that increasing the electric field amplitude takes us into the tunneling regtihae reach
the over-the barrier regime.
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region, but this tunneling process, coined non-adiabatic tunnelingrsigfgnifi-
cantly from the quasi-static tunneling seen in the limit< 1 [12]. Notice, that
the Keldysh parameter, strictly speaking, only has a well defined meanifgnfp
monochromatic pulses. Accordingly, one should be a little careful wheig tisen
Keldysh parameter for short pulses.

The photoelectron momentum distribution, i.e., the ionization signal resolved
in both direction and energy, is the quantity containing the most informatiort abou
the ionization process and the photoelectron momentum distribution is therefore
the main quantity of interest in this thesis. Regarding strong-field ionization, the
first experiments measured the total ionization probability using time of flight tech
niques, e.g., the total ionization probability as a function of peak intensity. This
gquantity does not tell you much about the ionization process, energixeesor
even better momentum resolved measurements contains much more information
but are, of course, also more difficult to measure. The process wéghoeshold
ionization (ATI), requiring energy-resolved measurements, was firs¢rwed in
1979 by P. Agostinet.al[13]. Above-threshold ionization is a strong-field process
where the atom, or molecule, absorbs more photons than needed to ovéneome
ionization threshold, giving rise to discrete peaks in the photoelectrogedestri-
bution, corresponding to different number of absorbed photonsntiispossible
to resolve the direction as well as the energy of the photoelectron usingjtyelo
imaging techniques. It is actually possible to measure molecular-frame pletoele
tron angular distributions using either the COLTRIMS technique or alignnmaht a
orientation techniques [14-16].

As the title reveals, the topic of this thesis is a theoretical investigation of
strong-field ionization of atoms and molecules using femtosecond pulsegs, ran
ing from a few optical cycles up to about 20. We will examine differeneatpof
the ionization process, e.g., carrier-envelope phase effects for atmhsymmetry
effects for molecules. The next 3 chapters are devoted to a reviewraf ebthe
theoretical framework, namelgh-initio theory based on the the time-dependent
Schrédinger equation and the strong-field approximation, used in the mpaélin
strong-field ionization. In addition, we characterized the effect of aghan the
carrier-envelope phase from first principle in chapter 3. This cheniaation is
based on the following publications:

e C. P.J. Martiny and L. B. MadsenSymmetry of Carrier-Envelope Phase
Difference Effects in Strong-Field, Few-Cycle lonization of Atoms and
Molecules Physical Review Letter87, 093001 (2006). (Copyright (2006)
by the American Physical Society)



e C. P. J. Martiny, M. Abu-samha and L. B. Madsehnization of oriented
targets by intense circularly polarized laser pulses: Imprints of orbital an
gular nodes in the 2D momentum distributjétysical Review A. Atomic,
Molecular, and Optical Physic®1, 063418 (2010). (Copyright (2010) by
the American Physical Society)

In chapter 5 and 6, we apply the developed theory, thereby examiniregentitf
aspects of strong-field ionization. Chapter 5 is based on the following ptibiis:

e C. P. J. Martiny and L. B. Madsenkinite bandwidth effects in strong-field
ionization of atoms by few-cycle circularly polarized laser puldelysi-
cal Review A. Atomic, Molecular, and Optical Physit§, 043416 (2007).
(Copyright (2007) by the American Physical Society)

e C.P.J. Martiny and L. B. MadsenEllipticity dependence of the validity of
the saddle-point method in strong-field ionization by few-cycle laser pulses
Physical Review A. Atomic, Molecular, and Optical Physié& 043404
(2008). (Copyright (2008) by the American Physical Society)

e C. P. J. Martiny, M. Abu-samha and L. B. MadseQounterintuitive an-
gular shifts in the photoelectron momentum distribution for atoms in strong
few-cycle circularly polarized laser pulse3ournal of Physics B: Atomic,
Molecular and Optical Physic42, 161001 (2009). (Copyright (2009) by
IOP Publishing Ltd)

Chapter 6 is based on the following publications:

e V. Kumarappan, L. Holmegaard;. P. J. Martiny, C. B. Madsen, T. K.
Kjeldsen, S. Viftrup, L. B. Madsen and H. Stapelfelliyltiphoton electron
angular distributions from laser-aligne@S, molecules Physical Review
Letters100, 093006 (2008). (Copyright (2008) by the American Physical
Society)

e C. P. J. Martiny, M. Abu-samha and L. B. Madsefgnization of oriented
targets by intense circularly polarized laser pulses: Imprints of orbital an
gular nodes in the 2D momentum distributjd*hysical Review A. Atomic,
Molecular, and Optical Physic®1, 063418 (2010). (Copyright (2010) by
the American Physical Society)

e D. Dimitrovski, C. P. J. Martiny and L. B. MadsenStrong-field ionization
of polar molecules: Stark shift corrected strong-field approximatiSnb-
mitted to Physical Review A. Atomic, Molecular, and Optical Physics.
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Figure 1.2. This figure illustrates the linear color scale used throughout this thesis.

1.1 Conventions

The strong-field ionization process is modeled throughout this thesis usinig s
classical theory, where the atomic or molecular system is treated quanturamnech
ically while the laser field is treated classically. This is a good approximation in
strong-fields, where the number of photons can be approximated bytiawmis
variable, thus making the field classical. We furthermore neglect the infuainc
the atom or molecule on the laser field. In addition, we are going to use the single
active electron approximation (SAE) throughout this thesis, unless stétied o
wise. The laser field is assumed to couple primarily with the least bound electron
while the other electrons are frozen during the interaction. Hence, outiattés
restricted to the least bound electron, with the remaining electrons desbyitzed
effective potential.

Molecules have a richer geometry than atoms and are, consequentlypraiso ¢
siderably harder to treat theoretically. Luckily, it is possible to simplify théopro
lem using different approximations. The large difference in timescale leetie
electronic and nuclear motion leads to the Born-Oppenheimer approximagjen, s
arating the electronic and nuclear motion. Furthermore, since the chésticter
timescale for rotations, 100 fs, is much larger than the interaction times coegider
in this thesis, the rotational degree of freedom can be consideredfrohe char-
acteristic timescale for vibrations are of the order 10 f§)tdnd hence cannot,
in general, be neglected for, say, a 10-cycle 800 nm laser pulsesciimegravith
H3 . However, the molecules studied in this thesis are usually much heavier than
H3 and it is therefore reasonable to neglect the nuclear vibrations. Angtyd
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with these approximations, we treat the different nuclei as fixed in spaoggdhe
interaction with the laser pulse.

Atomic unitsm, = e = h = a9 = 1 are used throughout this thesis, unless
otherwise stated.

Finally, a short comment regarding the color plots shown in this thesis. The
color scale is linear, unless stated otherwise, with deep blue corresgdndiaro
and dark red corresponding to 1 in normalized units. The crossoveebsthlue
and yellow corresponds to half the maximum value. The color scale is exemplifie
in Figure 1.2.
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CHAPTER 2

The motion of a charged particle in a
classical electromagnetic field

This chapter is meant as a very brief introduction to a few topics which withioec
useful for us at a later stage. As discussed in the introduction, we tegadar

field classically while the atomic or molecular system is described using quan-
tum theory. We therefore start by reviewing some basic classical elgoaodcs
which eventually leads to the presentation of the vector potential for a yele-c
laser pulse. Along the way, we also meet the dipole approximation which t®nsis
of neglecting the laser field spatial dependence. Next we proceedsenpitbe La-
grange and Hamiltonian equations of motion for an electron in an electromagnetic
field. This part is particularly important, since it allows us to write up the quan-
tum mechanical Hamiltonian for an electron in an electromagnetic field, which, of
course, is important for a quantum mechanical description of the ionizat@n p
cess. Finally, we present the velocity gauge and length gauge desaipfiam
electron in an electromagnetic field. They correspond to two differemtdaf the
light-matter interaction operator and are related via a unitary transformation.
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2.1 Classical description of the electromagnetic field

The force on a charged particle in an electromagnetic field is given by ttentzo
force law

F(7,t) = q.(E(F,t) + 7 x B(7,1)), (2.1)

wheregq. is the charge of the particle,the veIocity,E(F, t) the electric field and
E(F, t) the magnetic field. Hence, in order to determine the trajectory of the parti-
cle one has to calculate the electromagnetic field, which in turn is generatee by th

charge and current densities according to Maxwell’s four equatiofis [1

L1
V.-E=—p, (2.2)
€0
V.-B=0, (2.3)
. oB
E=—-—"= 2.4
. . OF
V X B = ugJ + eopo— (2.5)

ot’

wherep is the charge density anflis the current density. Maxwell’s equations are,
except in the simplest cases, quite difficult to solve. It is therefore otiavenient

to express the electromagnetic field via the vector and scalar potentials.diaro
to Helmholtz’s theoremE and B can be written as [18]

ﬁ A
E=-V&-— (2.6)
B=VxA, (2.7)

where®(7, ) is the so called scalar potential ark7, t) is the so called vector
potential. ThenE and B automatically fulfill Eq. (2.3) and Eq. (2.4), while Eq.
(2.2) and Eq. (2.5) are transformed into the following pair of coupled rdiffeal
equations [17]

0 7 P

2p 4+ (V. - _ " 2.
VRt (VA =L, (28)
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. 024 o 0P -
<V2A — MOGOW) -V (V A+ uoeoat) = —puod. (2.9)

The introduction of the potentials reduces the original six dimensional protade
a four dimensional problem. However, Eq. (2.8) and (2.9) are quite coatgtc
and hence it is not obvious that the introductiondofind A has simplified our
goal of solving the four Maxwell equations. What saves us is the conégauge
freedom. It is easily checked that the gauge transformatibns A + Vf and
b — o — %{, where f is a scalar function, does not change the physical fields,
E and B, i.e., we are allowed to modify the vector potential and scalar potential
according to these transformations, without changing the physical quantitiés
is of large importance, since it allows us to choose a gauge such that the- mathe
matical description of a given problem becomes as simple as possible. drgere
several different gauges on the market and the optimal choice typicgignds on
the given physical problem. We will use the so called Coulomb gauge thootigh
this thesis. In the Coulomb gauge we demandthat = 0, which leads to the fol-
lowing equation for the scalar potentff® = —(1/¢)p, i.e., the scalar potential
satisfies the Poisson equation. The Coulomb gauge is a good choice ifrae &ou
present, which is the case considered here. Sined), we can takeb = 0, which
together withJ = 0 implies that the vector potential, the electromagnetic field is
now completely determine by the vector potential, satisfies the three dimensional
wave equation

- 19%4

2 _
VA= 555 (2.10)

2.1.1 Few-cycle laser pulses

The monochromatic plane wave solution to Eq. (2.10), describing an elliptically
polarized electromagnetic field propagating in thdirection with frequencw, is
in general given by [19]

A(7,t) =Ag cos(wt — k - 7+ ¢) cos (g) Cy

+ Apsin(wt — k- 7+ ¢) sin (%) g,. (2.11)

Here Ag is the amplitudeg is a phaseE = k.€, is the wave vector and is

the ellipticity describing all degrees of elliptical polarization when varied within
the intervall0; g]l. The amplitudeA is related to the electric field amplitude by
Ey = wAq and the relation to the intensity Is= %eocEg.

¢ = 0 corresponds to linear polarization while= 5 corresponds to circular.
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Atoms and (small) molecules typically extend over distances of the order one
Angstrem (0~'°m), i.e., the wave function describing such systems typically ex-
tend over distances of the order one Angstrgm . The wavelength of thevigdre
going to consider is, however, of the order 1000 Angstrgm, thousand kamyzs
than the typical atomic distance. This implies that the light field practically does
not change over the spatial region of the atom or molecule, dince: 1. As a
consequence, we can neglect the spatial dependence of thejefds) = fT(t),

- €\ - | . (€ >
A(t) = Ao (COb(wt + ¢) cos (5) €y + sin(wt + ¢) sin (2) ey) . (212)
This is the dipole approximation, which holds as long as
ka <1< a<< A, (2.13)

with A being the wavelength anda measure of the linear extend of the atomic or
molecular wave function. Notice, that the B-field component of the electromag
netic field vanishes in the dipole approximation, sidge= V x A. The dipole
approximation will be assumed implicitly throughout the thesis unless otherwise
stated.

It is obvious that a field like Eq. (2.12) with infinite temporal extension cannot
describe a few-cycle pulse, i.e., a pulse with a finite duration. Such aEhise
can be produced by a superposition of plane waves, Eq. (2.12), widredif
frequencies. A popular form for the vector potential describing adgule pulse
is

—

A(t) = Aof (1) (cos(wt + ) cos (%) &, + sin(wt + ¢) sin (%) ay) . (2.14)

where f is the envelope. The envelogeis a slowly varying function compared
to the carrier wave(cos(wt + ¢) cos(5)é, + sin(wt + ¢)sin(§)e,). There are
several forms of envelopes on the market, estn?-, square-, trapezoidal- and
Gaussian-envelopes. The Gaussian pulses have the smallest possjbEnay
width and is therefore the pulses normally produced in experiments. Howeve
Gaussian pulses are somewhat inconvenient from a theoretical modelgpgpe
tive, due to the, in principle, infinite pulse length. We will ussii&@ —envelope

sin? (L T
f(t):{ (2) tE[O,]

0 elsewhere

where N is the number of optical cycles andis the pulse length. This envelope
gives pulses that closely resembles Gaussian pulses, especially fantireadt
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part of the pulse near = 7/2. The field described by Eq. (2.14) is no longer
monochromatic, it is composed of a large number of different frequengids
the bandwidth being inversely proportional to the pulse length. The quantgy
called the central frequency and it is (close to) the most dominant freguemong
the frequencies of which the pulse is composed. The electricAigiy= —%ff(t)
originating from Eqg. (2.14) depends highly on the phasas shown in Figure 2.1.
A few-cycle pulse is in general quite asymmetric and the pliedetermines this

0.06 0.06
= =
& 0 & o
wr wr’
—0.08 100 200 300 —0.08 100 200 300
t(a.u.) t(a.u.)
0.04 0.04
= =
& 0 S, 0
> >
(NN} (NN}
004504 o} 0.04 ~0.0455a o} 0.04
EX(a. u.) Ex(a. u.)

Figure 2.1. The electric field obtained from Eq. (2.14) for two different polar-
izations and two different values of CEP. The upper row shows the ieldietid

in the case of linear polarization fgr = 0 (left) and¢ = 7 (right). The lower
row shows the electric field in the case of circular polarizationpfer 0 (left) and

¢ = 5 (right). The laser parameters used are peak intehsiyl.0 x 10 wren?,
central frequencyw = 0.057 (corresponding to a central wavelength86) nm)
and three optical cyclesy = 3.

asymmetry. It is called the carrier-envelope phase difference (CERR i gives
the phase difference between the carrier wave and the envelope in thedase.
Notice, that the electric field in the circular case rotates around thds by an
angleA¢ when the CEP is changed ky¢. We will return to this point in chapter
3, where we fully characterize the response of atomic and molecular systei®is
a change of the CEP.
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The electric field originating from Eq. (2.14) satisfies the relation
/ Edt = 0. (2.15)
0

A physical pulse has to obey this relation, otherwise it would contain a DC com-
ponent @(w =0) = fOT Edt), which is, of course, not possible for a propagating
pulse [20].

2.2 The motion of a charged classical particle in an elec-
tromagnetic field

The purpose of this section is to review the Lagrangian and Hamiltonian formu-
lations for a charged particle in an electromagnetic field. Let us start with the
Lagrangian formulation of the problem. The Lagrange equations of motitessta

that
d (OT\ T
dt (aq) Tog 9 (219)

whereT is the kinetic energyy; the generalized coordinates aRdthe generalized
force. We assume that the generalized force can be written on the form

d (oU\ oU
o= ((9q'2-> - S 2.17)

whereU ({¢;}, {¢:},t) is some function. For a conservative system

U({ai},{di},t) = U({qi}) (2.18)

is the usual potential energy of the system. When put into Eq. (2.16), thtsre
leads to the following equation

d (0L oL
Ty, 219
wherel. = T — U is the Lagrangian. Now consider a charged particle interact-
ing with an electromagnetic field described by the scalar potedtiahd vector
potentialff. As generalized coordinates we pick the Cartesian coordinates describ-
ing the position of the particle’ = (z = z1,y = x2,2 = x3) and therefore
Qi=F = qC(E + 7 X E)i (i = z,y, z). The electromagnetic force is not conser-
vative and hence we have to find a functidrsuch that

d (oU oU
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in order to meaningfully define a Lagrangian However, it is easy to show that
the functionU defined by

U(7,7,t) = qo(®(F, 1) — 7 A), (2.21)

satisfies Eq. (2.20). Thus, the full dynamics of our particle is goveriyeHd
(2.21), together with Eq. (2.19).

Now let us turn to the Hamiltonian formulation. We start by defining the gen-
eralized momentum as
_ 8L({Qi}7'{q'i}7t). (2.22)

9qi

The step from the Lagrangian formulation to the Hamiltonian formulation is aathieve
by considering the generalized velocities as a function of the generaliwedic
nates and the generalized momenta, using Eqg. (2.22). Accordingly, tiablesr
in the Lagrangian formulatiofg; }, {¢;} is changed intd ¢; }, {p;} in the Hamil-
tonian formulation. The dynamics is now governed by the Hamilton equations of
motion

bi

OH . dpi
o~ di (2.23)
and
OH - dqi
op  dt (2.24)
Here
H({gi} Apib.t) = _pigi({ai} {pi}. ) - L, (2.25)
J

is called the Hamiltonian, which, in the case of a conservative system, is nothing
but the total energy of the system. Returning to our charged particle ititeyac
with an electromagnetic field, one sees that

oo I e
H(T,p, t) = %(p - qCA)2 + qC(I)v (226)

wherem is the mass of the particle apttlenotes the canonical momentum of the
particle. Hence, the dynamics in the electromagnetic field, within the Hamiltonian
formulation, is given by Eq. (2.23), Eqg. (2.24) and Eq. (2.26). EqudRa26) is

the main result in this section, since it allows us to obtain the Hamiltonian operator
for a charged particle in an electromagnetic field. We obtain

~ 1 = N
H = 7(]5 - ch)Q + q.P, (227)
2m
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using canonical quantization. The Hamiltonian for an electron moving in a lgndin
potentialV () interacting with an electromagnetic field then reads,

R =9 S
H = 2m( — qcA)* + q.P + V(7). (2.28)

2.3 Quantum description of a charged particle in an elec-
tromagnetic field

The time-dependent Schrédinger equation (TDSE) for an electron, mavia
binding potential, interacting with an electromagnetic field reads

z'gt\ll(ﬁ t) = (—;W +A(t)-p+ %X(tf + V(F)) U(Ft),  (2.29)

if we adopt the Coulomb gauge along with the dipole approximation. Hasghe
atomic or molecular binding potential, the terfi, ¢) . p describes the interaction
between the active electron and the field w@il&(ﬁ t)? is the energy associated
with the field itself. Even for the simplest systems, this equation cannot bedsolve
analytically and hence we have to resort to numerical solutions, or toxdppate
solutions. We will return to this point in chapter 3 and chapter 4, where serithe

the general theory for strong-field ionization of atoms and molecules byyele
laser pulses.

2.3.1 \Velocity and length gauge

It is well known that quantum mechanics is invariant with respect to unitanstr
formations, i.e., transformations which fulfill the identity

T =17t =1, (2.30)

where1 denotes the identity operator. Suppose Qas some observabld] a
unitary operator and that is a solution to the TDSEQV /0t = HVU. The trans-
formed wave functio’ = 7' then fulfills the transformed Schrédinger equation
i /ot = H'W, with

. o o1 .
H =THT! + iETT (2.31)

and(Q)y = (V|Q|¥) = (Q')y, with Q" = TQT'. Hence, instead of describ-
ing the system using we could equally well describe the system using the trans-
formed wave function’, provided that we remember to transform the Hamiltonian
and the observables.
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Now assume tha¥V® is a solution to Eq. (2.29), e.g., the wave function for
the highest occupied molecular orbital (HOMO) electron in a molecule integactin
with an electric field. Transforming Eq. (2.29) using the unitary transformatio
T = exp(iF- A) gives

z';;)t\I/LG(F, t) = <—;v2 +E- 7+ vm) UG (7 1), (2.32)
where¥'G = TUVC. The former description is said to be in the velocity gauge,
the light-matter interaction operator i§(t) - p + (1/2)A(t)%, while the latter is
said to be in the length gauge, the light-matter interaction operatﬁr- i8. The
two gauges are, of course, completely equivalent and the use of ficgeacige
is merely a matter of convenience. Regardafginitio calculations in the strong-
field regime, it is, for example, typically easier to obtain convergence in igloc
gauge compared to length gauge [21]. However, this equivalenc&shdeavn
when approximations are introduced into the theory, in which case the tvgegau
can give dramatically different results [22—24]. This is most easily wgtded by
looking at the interaction operators in the two gaug@s;ﬁin velocity gauge is
related to the momentum operaﬁ)h —iV, while 7 E is related to the position
7. This means that the interaction operator in velocity gauge probes the @ gion
space where the wave function oscillates the most, typically the snlt of
the space. On the other hand, the interaction operator in length gaugss heb
asymptotic part of space due to the present.oHence, if the invoked approxi-
mation is expected to be more accurate for large (small) distances then thee abov
analysis suggest that length (velocity) gauge may be superior to veloaitytitle
gauge. The argument presented is, of course, not meant as a ggeovation
and in the end what determines whether our description is acceptable isaither
comparison with experimental data or alternativelyaérinitio calculation, where
the two gauges are bound to give identical redulde will return to this point in
chapter 3 and chapter 4.

2.3.2 The Volkov wave function

Consider a free electron interacting with a oscillating electric ﬁé{d) described
by the vector potentiaﬂ(t). The velocity gauge TDSE for this system reads,

N 1 N ;
i W) = <—2v2 +A() D+ 214(7:)2) U(7 1), (2.33)

2In fact, gauge equivalence can be used as a test of convergence.
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It is easily checked, by direct substitution, that

1
(2m)?

w7 t) =

-
exp (uj’ 7 — % / (§+ gﬁdt’) (2.34)
0

is a solution. The corresponding wave function in length gauge is given by

st
exp (i((j'+ 1) . 7 — ;/0 (7+ E)%’). (2.35)

1
(2m)?

The two wave functions are called the Volkov wave function in velocity gaumgk
length gauge, respectively. They describe the quantum mechaniaahiysof a
free electron in a laser field and reduce to plane wave solutions when lthesfie
zero. Inthe strong-field approximation, which is an approximate way ofitzing

wIC (7 t) =

the probability amplitude for strong-field ionization of atoms and molecules, the

Volkov wave function is used as an approximation for the final continuute.sta
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CHAPTER 3

General theory for strong-field
lonization of atoms and molecules by
few-cycle laser pulses

All information regarding the dynamics of an electron, bound by an eldatios
potential, interacting with an external radiation field is contained in the wawe fun
tion ¥ of the system. If we, by some method, are able to calculate this quantity
we can, in principle, calculate everything of interest, i.e., momentum distribution,
energy spectrum, ionization probability etc.

Assume that we want to calculate the momentum distribuié R,/ 040,04z,
which actually is the quantity containing the most information about the ionization
process. Scattering theory tells us that

o3P )

= lim [(¢g|Pc¥(7, T +t))]

- 1
0q.0q,0q,  t—oo &1

wherer is the pulse lengthy; denotes a plane wave with momentghand P¢
projects onto the continuum. Using this formula requires knowledge of the wav
function at large times after the interaction with the pulse, allowing the wavespack

to moved into the asymptotic region where the potential can be neglected, making
momentum a constant of motion. Hence, Eq. (3.1) is not useful for practica
calculations. A better alternative is to use the correct scattering gfataith
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asymptotic momentung, of the field-free Hamiltonian

B3P

_ N (7 2
m = |<¢q"1’(7“77)>’ ) (3.2)

where we only need the wave function at the end of the pulse.

On the other hand, the wave function is strictly necessary if we want to cap-
ture the full complexity of the dynamics of our electron [25]. There is ng eas
way out, if we wish a complete description, we are simply forced to calculate the
wave function. This chapter is therefore devoted to a discussion of tietmm
process from a@mb-initio point of view. The main quantity is, of course, the wave
function and the relevant dynamics is governed by the TDSE. The TDSkota
be solved analytically for any strong-field process and hence in ordalye the
TDSE one has to invoke different numerical methods. The first two sectiom
therefore devoted to a brief description on how to solve the TDSE numerically
with particular emphasis on the circularly polarized case, i.e., an atom or diatomic
molecule interacting with a circularly polarized laser pulse.

Theoretical investigation of strong-field dynamics usually requires a kElege
ment of modeling, however, it turns out that, the physical meaning of agehian
the CEP of the pulse can be characterized from first principle. This isuthject
of the last section in this chapter.

3.1 Exact description of the ionization process

The wave function satisfies the TDSE which reads

9 [ (=iV+AF))?
zatlll(r,t)—<— 5

+ V(F)) U(r,t), (3.3)

where 4 is the vector potential antf (7) is the binding potential. Invoking the
dipole approximation leadsto

2
i;t\y(F’ t)= <_v2 —iA(t) -V + V(F)) W(7,t), (3.4)

in velocity gauge and

i;W(F’t) - <_v22+5(t)‘F+ V(F)) (7, t), (3.5)

'The termA? is eliminated by applying the unitary transformatietp(—i [ A(t')2dt’).
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in length gauge. At first glance, it might seem appropriate to work in a Slarte
coordinate system where the kinetic energy opersitor= 92 /022 + 92 /0y? +
0? /022 has a particularly simple form. However, from a numerical point of view,
the Cartesian coordinate system is not the optimal choice for atomic and molecula
processes due to difficulties in the handling of the Coulomb potential. Forisphe
symmetric problems spherical coordinatesd, ©) are preferable due to the sep-
arability of the TDSE into radial and angular coordinates. Even for phmiscal
problems, e.g., an atom interacting with a linearly polarized laser field, thefuse o
spherical coordinates is often preferable compared to Cartesianates

It is natural, working in spherical coordinates, to introduce the reduweack
function

(b(r7 97 SD’ t) = T\P(T,07(p7t), (3'6)

which satisfies the reduced TDSE

i B(r.0,0,1) = HSOB(r, 0, 0.1) @7)
where
10> L o .
HC = o BTV, (3.8)

in length gauge and

Lo + L QA(t) - <V — T) + V(7), (3.9)

vée _ - Y
HE = 20r2  2r2

in velocity gauge. Heré? denotes the ordinary angular momentum operator. Our
ultimate goal is to solve Eq. (3.7) obtaining the reduced wave function argkhen
the wave function. Needless to say, this cannot be done analytically atitbves

fore have to resort to numerical methods. In the strong-field regime, itristba
obtain convergence in length gauge compared to velocity gauge [2&LiabBp if

the wave function is expanded in a spherical harmonics basis, the neltoiaé
when using spherical coordinates. This is essentially caused by thth&idhe
canonical momentum has different meanings in the two gauges. While the kinetic
momentunil = d7/dt and canonical momentupare equal in length gauge, they
differ in the velocity gaugdl = p + X(t). Thus, the canonical momentum is a
somewhat more slowly varying variable in the velocity gauge case due todhe fa
that the strong oscillating field has been subtracted fibrsincel = 7 x p, this
implies that the size and spread of the angular momentum is smaller in the veloc-
ity gauge compared to the length gauge. Accordingly, a large number efisph
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harmonics are needed in order to obtain convergence in the length gaupared

to the velocity gauge. We will therefore restrict the following discussion to the
velocity gauge. The solution method used in this thesis is very briefly deddribe
the next section. Regarding the pure computational and numerically iskthes o
method we refer to [26] for a detailed discussion.

3.1.1 The time-dependent Schrodinger equation: Solution sitegy

All the calculations in this thesis are performed using a grid-based split-stipde
The reduced wave function is expanded in a basis of spherical harsnonic

lmax

7“9,@, ZZflmrt}/lm )

=0 m=-1

=D fim(r,)Yim (6, 0), (3.10)
m

where we represent the radial wave functifpfn on an equidistant grid, with step
size Ar, extending to- = rmnax i.€., the radial coordinate is fixed on a grid while
the angular coordinates are allowed to vary continuous. The split-stepscis
based on the time-evolution operator for the system. By definition

O(r,0,p,t+ At) =U(t + At)D(r, 0, p,1), (3.11)

whereU is the time-evolution operator for the reduced Hamiltonian,

0
iU 1) = WU 1), (3.12)

If the time-step is sufficiently small/ can be approximated by

U(t + At t) = exp (—z‘HVG < A;) At) (3.13)
Now, operating on the reduced wave function with the full operafois difficult
due to the different properties of the individual operators. Whi%% is diagonal
in momentum space representatidn), for instance, is diagonal in coordinate
space representation. From a numerical point of view, it is therefoieab&sto
split the full time-evolution operator into a product of time-evolution operators
corresponding to each term in the reduced Hamiltonian. However, theeditfe
operators do not necessarily commute and hence such a splitting is, in fgjncip
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not possible. Nevertheless

At At 92 At L2
_:q/VG _ , ,
exp ( iH <t + > ) At> exp <z4 ar2> exp (ZQ 27"2>
X exp (—z‘A;V> exp <muf(t +A)2) (v _ 7")) exp <_iA2tv>
T

At 12 At 92
X exp <2227‘2> exp <Z487‘2) + O(At?), (3.14)

and as a result we can split the full time-evolution operator, provided tivat th
order terms in the time-step are negligible. Each operator can now be handled
in an optimal way, e.g., Crank-Nicolson method or Fourier spectral method fo
the radial kinetic energy operator and grid-Legendre representatitmochior the
potential [26].

The solution strategy is now clear. First the initial wave function is found by
propagating in imaginary time [26]. Then the wave function is calculated &t eac
time-step using Eq. (3.14). The paramet&rs rmax lmax and At depend both
on the given problem at hand and on the quantity you wish to calculate.|éas ¢
that the calculation, in principle, only is exact in the limit- — 0, rmax — oo,

Imax — oo andAt — 0. For real world numerical calculations, one chooses the
parameters in such a way that the relevant result, e.g., momentum distribatsn, d
not change substantially when you change the parameters. For the talcofa
the momentum distribution for hydrogen, interacting with three-cycle circularly
polarized laser field with central frequengy= 0.057 (wavelength 800 nm) and
peak intensityl .0 x 10"W/cn?, convergence is achieved witk: = 0.073, rmax =

300, Imax = 35 andAt = 0.012.

Our method is particularly suited for cylindrically problems, e.g., an atom inter-
acting with a linearly polarized field, due to the symmetry of the system. Let-the
axis coincide with the symmetry axis. Then the Hamiltonian commutes with the
component of the angular momentuH,, L.] = 0, and thus the magnetic quantum
numberm is conserved. The dependence of the wave function is therefore known
and our originally three-dimensional problem reduces to a two-dimengioolt
lem, which is considerable easier to solve compared to the full three-dimahsion
problem [26]. While an atom interacting with a linearly polarized field represa
cylindrically problem, our main problem, an atom interacting with a circularly po-
larized field, does not. In the general caﬁé,(ﬁz] # 0) couplings often introduce
a mixing of differentm’s acrosg’s, which tends to increase the complexity of the

2Chapter 5
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Figure 3.1. The left inset shows thé{/L-frame while the right inset shows the
L-frame and the™ -axis after applying the rotatiob (see text). The molecule is
aligned along the™ -axis and hencg is the angle between the internuclear axis
M and the axis of field propagatiark.

problem at hand considerably [27,28]. This problem is referred theas-mixing
problem. Then-mixing problem for atoms in elliptically polarized laser fields was
solved several years ago by Muller [27], recently Kjeldseal.[28] generalized
Muller's method to the special case where the Hamiltonian is a sum of operators
cylindrically symmetric around different axis and applied it to the interaction of
linearly polarized laser pulses with linear molecules. We will finish this section by
applying this method to the case of a diatomic molecule (or atom) interacting with
an elliptically polarized laser field described by Eq. (2.14).

The molecular frame is denoted by superschiptwhile the lab frame is de-
noted by superscript (the setup is shown in Figure. 3.1). Let us assume that the
molecule is oriented along the" -axis and that the.-frame is obtained from the
M-frame by the rotatio®R(« = 0, 3,7 = 0), where(«, 3,~) denotes the Euler
angles [29]. The split-step scheme reads
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2 72
(P(T,97(707t—|— At) = exp <2At6> exp (ZAt L )
r

4 Or? 2 92
A 1 i A
X exp (—i;V> exp <iAtA(t + At/2) - <V — :)) exp <—z’2tV>
<o (B2 A0 06,000 (3.15)
exp |t 2 2 exp |t 4 (97“2 rv,e,t), .

The kinetic energy operatorssp(i (At /4)02 /8r2) andexp(i (At /2) L2 /2r2), does
not induce anyn-mixing and, hence, do not pose any problem in the three-
dimensional case. Thep(—i(At/2)V') operator is cylindrically symmetric in the
M-frame, accordingly this operator does not induce arynixing if we choose

to work in the M-frame. Consequently, the first three operators can be applied
separately on each-system, utilizing the methods from the cylindrical case, pro-
vided that we work in thel/-frame. Unfortunately, the operatekp(z'Ath(t +
At/2) - (V —r/r)) does inducen-mixing if the wave function is expressed in the
M-frame. Nevertheless, this operator does not inducenamyixing if the wave
function is expressed in a frame where thaxis is aligned along the instantaneous
direction of the vector potential This means that it may be advantageous to rep-
resentexp(iAtA(t + At/2) - (V — #/r)) and the wave function in such a frame
when propagating with this particular operator, since this would allow us tly app
this operator separately on eaeghisystem. One question remains, is it possible
to effectively transform from thé/-frame and back again. Luckily, the answer
is yes due to the nice analytical properties of the rotation operator in theicglhe
harmonic basis. Let

D =Dp(alt), g 0)Dp(0, 3,0), (3.16)

whereDp denotes the rotation operator in the passive ¢if80] anda denotes
the time-dependent angle betweé(t) andz”. Thus, we are led to the following
propagation scheme in the velocity gauge

At 9? At L2
o(r b, 0,t+ A1) = exp <Z4ar2> P (222,,2>
X exp (—z‘éﬁ/) D' exp (iAt/T(t + At/2) - (v - T)) Dexp (—z’A;V>
r

At L2 At 9?
X exp <122r2) exp (2437"2> D(r,0,p,1). (3.17)

3Electric field in the length gauge case.
“The coordinate system is rotated @@ ® is the wave function in the new coordinate system.
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The passive rotation operatdyy is in general given by

A

Dp(a, B,7) = exp(ivL.) exp(ifLy) exp(iaL.,), (3.18)

i.e., the rotation operator in the passive view is just the inverse of the rotgiion o
erator in the active view [30]. The distinction between the two is unimportant in
the cases involving only a singlerotation [27, 28] but it is essential when dealing
with successive rotations around different axes. Hence, it is veryriaapido make

a distinction when dealing with a molecule interacting with an elliptically polar-
ized field. It is interesting to note that there exist several erroneougsipns
for Dp in the literature. The interested reader is referred to [30] and refesenc
therein. The above propagation scheme ensures that we alwaysxmlessym-
metric operators and hence do not mix differenstates during the propagation of
a particular operator. Thus, we have reduced our three-dimensimidém to a
number of two-dimensional problems, one for eaetsystem, in addition to four
rotations. This speeds up the propagation of the wave function consligieliee to

the analytical properties of the rotation operator in the spherical harmasis b

(Im/|Dp|lm) = ™ rHmagl  (—p), (3.19)

whered! , ~denotes the Wigner d-rotation function, which can be calculated and
applied very effectively from a numerical point of view [26]. The corgtional
complexity of the method scales @¢/2;7,) while the computational complexity of
the full three-dimensional approach scale$Xds,.,) [26, 28].

Let us finish this section by showing a few results obtained using the dedcrib
method. Figure 3.2 shows the probability dené,iiaﬁ; (r,y,2 = 0,t = 7)|?,
in the Ly plane, for H interacting with a laser pulses characterized by the
parameters: Angular frequenay = 0.057 (800 nm), peak intensity € {2.0 x
101 W /cm?, 5.0 x 10 W /cm?}, ellipticity e = /2, ¢ = 7/2, B € {0°,90°}(see
Figure 3.1) and number of optical cyclds= 2. We used a time-step of= 0.005,
4096 radial grid points equally distributed from zerofgx = 600 andlnax = 45.
The initial state¥ (7, ¢ = 0) is projected out using the projection operator

A~

P=1—|U(t=0))(T({=0). (3.20)

This is done, in order, to better identify the wave packet dynamics indyctweb
intense laser pulse. The probability density is clearly seen to consist of sitpa
ated near origo and a liberated wave packet which is being rotated arkini$ec
around the origin in a spiral like orbit. This behavior resembles what wedeu
pect in the case of an atom. The electron is ionized and subsequently dvwas
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Figure 3.2. Probability density incy plane|\IfH2+(x,y,z = 0,t = 7)|? for the

following choice of parameters: Angular frequency= 0.057 (800 nm), peak
intensityl = 5.0 x 10'4W/cn? (right panel),l = 2.0 x 10"4W/cn? (left panel)

Jellipticity e = 7 /2, CEP¢ = w/2 and number of optical cycles = 2. The color
scale is logarithmic.
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Figure 3.3. Probability density incy plane|\IfH2+(x,y,z = 0,t = 7)|? for the
following choice of parameters: Angular frequency= 0.057 (800 nm), peak
intensityl = 5.0 x 10'4W/cn®(right), I = 2.0 x 10'4W/cn? (left), ellipticity
e = w/2, CEP¢ = 7/2 and number of optical cycle§ = 2. The color scale is
logarithmic.

from the origin by the laser field. Our results does not show any sign etember
interference due to the one-centet 0 character of the Ij% ground state. However,

if we increase the nuclear separation beyond the equilibrium distance wle wo
expect to see signs of two-center interference appear. Figure 33 sbsults ob-
tained with a nuclear separation of 8 a.u. and indeed we observe sign-oétvier
interference. The effect is most pronounced in the cagedof 104 W /cnm?, com-
pared to thes.0 x 10'* W /cm? case. This can be explain by noting that the quiver
radius for the electron increases as a function of intensity.

3.2 Characterization of the CEP for circularly polarized
pulses

The temporal shape of the electric field for a few-cycle pulse depeiititsalty

on the CEP of the pulse, as shown in Figure 2.1. Consequently, a pildeess
ionization and processes induced by ionization, e.g., HHG, are highiyndepeon

the CEP. This has motivated a wealth of theoretical and experimentalch et
emphasis on CEP induced effects, e.g., asymmetries in the photoelectrdarangu
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distribution [31-39].

In this section, we present an exact characterization of the respbatentc
and molecular systems under a change of the CEP for circularly polariged la
pulses. This is done by proving the following statement: Consider an atomic or
molecular system interacting with a circularly polarized few-cycle laser @rde
assume that the field-free Hamiltonian is invariant under rotations aroumdpe
agation direction;. If the initial state is invariant with respect to rotations around
the propagation direction then

U(t; ¢) = D2(¢)U(t; ¢ = 0), (3.21)

whereD, is the rotation operator, in the active view, which generates counterclock-
wise rotations around theaxis [29].

If the system initially is described by a uniform incoherent mixture of magnetic
substates then

PP PP

I R(0)70)| = |- (g =0), 3.22
e e R0 ¢>] [8%8qyaqz<q¢ 0) (3.22)

with [|] denoting the ensemble average [40] d&dthe 3 x 3 matrix which gen-
erates counterclockwise rotations around tkexis. Thus, a changA¢ in CEP
corresponds to an overall rotation of the wave function (ensemblegeverfahe
momentum distribution) around the propagation directiorNay Notice, that the
physics behind all of this is, of course, that the field itself rotates wherhaege
CEP (see Figure 2.1). Itis clear, that the characterization does notdrelg 7,
since the field does not have the required symmetry. As shown by Roadhaev
Esry, however, it is still possible to find a unitary operator relating = 0) to
V(¢ # 0) [38,39], but it does not have the nice geometrical meaning as in the
e = 5 case. CEP effects are in general caused by interferences betiffeeznd
multiphoton channels [38, 39].

We will start out by treating the case where the initial state is invariant with
respect to rotations around the propagation direction. The wave furfotidhe
system satisfies the TDSE

P anzf(rf t¢) - pj + "—A%f?(t) o (3.23)
ot — 0 ~ VERZ! Dj 4 ) .
together with the initial conditiotim; , . ¥ = 1;, with 1); the state of the system
before the pulse. Heré&l, denotes the field-free Hamiltonian, the number of
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electrons and! denotes the vector potential given by Eq. (2.11), with the inclusion
of the envelope
i) = sin? (“g;]\’,”?) te0,7]

0 elsewhere
We are interested in relating this equation to an equation fap tae) case. To this
end, we note that the component of the total angular momentush, generates
rotations around the axis, implying that the unitary operatﬁ?rl(gb) = exp(iJ.p)
corresponds to a rotation of our system by an angfearound thez-axis [40].
Since Hy is invariant under rotations around theaxis, [Hy, .J.] = 0, the trans-
formed wave functiont’ = ﬁl(qﬁ)\ll satisfies the equation

ZQ\I/’ (Hy +ZD A(Fy,t;¢) - pD.(9) (3.24)

¥ ”T%ﬁiw)f?(n)ﬁzw))w%

Using the Baker-Hausdorff lemma [40]

22
exp(iGA) A exp(—iGN) = A +i)G, A] + - ;, GG Al + ...,  (3.25)
we obtain after some algebra (see appendix A)
8 2~ " N = TLA% 2
za\lﬂ Ho+ > A(F;, £0) - p; + — 0. (3.26)

j=1

Furthermore, we note théin, , ., ¥’ = 1); due to the assumption that the initial
state is invariant under rotations around the axis of propagation. Equati2s)
together with the above initial condition determines the wave function for the sys
tem in thep = 0 case. Hence, we conclude that a change in the CEPdre:n to
¢ = ¢ ' corresponds to a rotation of our system around:taeis by the angle '.
In the above derivation, it is essential that the field-free Hamiltoﬁl@is invariant
to rotations around the-axis. If this is not the case our proof breaks down. Fig-
ure 3.4 presents the LG-SFA (see chapteig4)q, ) distribution,0 P/dq,,dg,, for
strong-field ionization of H(1s) for various valuesg@fwith I = 5.0 x 1013 W/cm?,
w = 0.057(800 nm) and three cycled] = 3. The calculations illustrate nicely that
a change in corresponds to a rotation around thaxis.

Having treated the case where the initial state is invariant with respect to rota-
tions around the propagation direction, we proceed to the more genseavbare
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Figure 3.4. The LG-SFA(q., qy) distribution for strong-field ionization of H(1s)
for various values of, with I = 5.0 x 103 W/en?, w = 0.057 (800nm) and three
cycles,N = 3. The grid size is\g, = Ag, = 0.01.

the system initially is described by a uniform incoherent mixture of magnetic sub
states. For simplicity, we give this part of the proof within the SAE and the dipole
approximation. However, that validity of the characterization does naeiinethe
SAE or the dipole approximation as can be checked by going through theistep
the derivation. The ensemble averag@dP’/dq.dq,dq. is defined as [40]

o*P )
[&Jxaqyaqz@ ¢’)] = Tr(p(t; 9) By), (3.27)

wheret is any time after the pulse(¢; t) is the density matrix of the total system,
¢ the CEP and®; = |5 ){(¥ | projects onto the exact scattering stdtes ), with
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qy(a.u.)

g (a.u.) a,(a.u.)

Figure 3.5. Ensemble average of the SAE, TDSE momentum distributions in the
xy polarization plane for Argon initially in a uniform incoherent mixturespf. and

3p, states. The laser parameters are: Angular frequeney0.057, corresponding

to 800 nm, peak intensity = 1.06 x 10*W/cn?, CEP¢ = —m/2 (a),¢ = 0 (b)

and number of optical cycles = 3.

asymptotic momentunj. The density matrix is given by

J

pt;d) = > PurlWngins (£ 0)) (Wngna (£ 6)I. (3.28)

M=—J

Here Py, = ﬁ and |V, (t; 9)) = U(t,0;9)IngJ M), whereU is the time-
evolution operator for the total system ajmg)/ M) the field-free initial state with
J denoting the total angular momentum of the systéfrthe corresponding mag-
netic quantum number ang, the remaining quantum numbers. We note, in pass-
ing, that the Hamiltonian, and hence the time-evolution operator, have a gacame
dependence o through the interaction with the external field. We evaluate the

ensemble average Eq. (3.27) using the position-eigenstate basis amy thietian

J

1 2
@] =751 2 | [ @ mentso] . 629

[ 3P
0q,0q,0q:

Using the relation [29]

872
2J +1

/ DY, B,y) DL (o, B,7)d = Saar M (3.30)



3.2. Characterization of the CEP for circularly polarized pulses 33

whereD7,,,,(«, 3,7) are the Wigner rotation functiongy, 3, v) the Euler angles
andd) = sin(5)dSBdady, Eq. (3.29) can also be expressed as

o3P
R g
[aqﬂﬂaqzja% ] / ’/ nQJM (t;Q, ¢)dr"

HereV,,, s (t; €2, ¢) is a solution to the TDSE corresponding to the rotated initial
stateD(Q2)|ngJ M), with D the rotation operator, in the active view, afid=

(o, B,7). However, ¥, 11 (t;Q, ) = exp(—iJ.0)Wpnosnr (Y, ¢ = 0) with

O = (a—¢,5,7) (see Eq. (3.26)). Thus

a 86 Pa / / 3::p jz¢)\1}n J M (t Q/ ¢ = O)d
q:z0qy QZ 87 82 - R

2
Q. (3.31)

2
dsd.

The rotation of a scattering wave function, with asymptotic momenjuoan be
accomplished just by rotating the asymptotic momentum, é:ep(iqub)\lfqi =

\1;; whereq’ = R.(—¢)g. This means that

83P . 27 27
[aqx@qﬁqz(qqﬂ 32 / /Sln )dBdody

2
di (V) Wngnr (t; Q¢ =0) (3.33)
Finally this expression can be rewritten as
o3P 2m  p2m—
(@ B)dBdod
[8%08%8% :| 87‘1’2/ / / sin(f5)dBdady
d’l”( q‘;) \IanJM/(t,Q,¢—O)
#*P ]
= |55 5 (d0=0)|, 3.34
{3%8%% (d,¢=0) (3.34)

due to the uniformity of the distribution function over the orientatio@$S)) =
1/(87?%). Thus, a change in the CEP frotn= 0 to ¢ = ¢’ corresponds to a
rotation of the ensemble average of the momentum distribution aroundahies

by ¢/. This is illustrated in Figure 3.5, which shows the ensemble average of the
exact momentum distribution, in the, polarization plane, for Ar atoms initially

in an incoherent mixture dfp,, or 3p, states, for two different values of the CEP

¢ = —m/2 and¢ = 0. This finishes the treatment of the characterization of the
CEP for a circularly polarized laser pulse.
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CHAPTER 4

The strong-field approximation

Having presented thab-initio theory, we are now ready to present the strong-field
approximation (SFA) which is an approximate method of calculating the respons
of an atom or molecule by an external electric field [11,41-43]. The SFAoh-
ization has its origin in the length gauge Keldysh theory for ionization develbpe

L. V. Keldysh [11] in 1964, with subsequent contributions from F. HRdisal [41]

and H. R. Reiss [42]. Historical, the terminology "SFA" was put forwayddb R.
Reiss and refer to the velocity-gauge S-matrix approach described]inHv-
ever, nowadays this terminology normally refers both to velocity-gaugeappes

as well as Keldysh theories, we will follow this trend.

In order to fully account for the ionization of atoms and molecules in strong
fields, one has to solve the TDSE. However, this is an extremely difficult task
fact, only doable for the most simple atoms and molecules. This underlines the
need for simple solvable models, like the SFA, providing us with basic physical
insight.

4.1 Derivation of the strong-field approximation

Consider an atom or a molecule, initially described by the wave fundtignn-
teracting with an external time-dependent poteritiél), e.g.,V (¢) = 7 E(t) in
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length gauge oV (t) = A(t) - p + A%(t)/2 in velocity gauge. The TDSE reads
igtllf = (Hy+V(t)¥, (4.1)

whereH, is the field-free Hamiltonian. It is easily checked, that a solution to Eq.
(4.1) can be written as

V(7 t) = —z‘/t Ut, YV () (7 t)dt + Wy (7 1), (4.2)
0

whereU is the time-evolution operator for the full Hamiltonian. The last te¥m,
ensures that the solution satisfies the boundary conditioht = 0) = W, (7, ¢t =
0), i.e., ensures that the system before the pulse is described by thet aatiaic
wave function. The initial wave function is given by

\I/z(ﬁ t) = wz(F) exp(_iEit)v (43)

where; is a solution to the time-independent Schrodinger equatién); =
FE;;, and E; is the binding energy of the neutral atom or molecule. The calcu-
lation of the first term in Eqg. (4.2) is just as difficult as solving Eq. (4.1) tue
the full time-evolution operatol/. However, the form of Eq. (4.2) together with
physical intuition actually prompts the SFA. The probability amplitude for ioniza-
tion, i.e., the transition amplitude for populating the exact continuum $tatevith
asymptotic momentung, describing the liberated electron in the combined fields
is

Tr= =i [ (V) i)t 44
0

which motivates the following physical interpretation. The field-free sysieen-

acts with the laser field d@t= ¢’ and is subsequently propagated in the combined
Coulomb and laser fields until we measure the momentum distribution at the end
of the pulse [44]. The propagation in the combined fields is presumably dtedina

by the laser field due to large field strength. If we neglect the Coulomb pdtentia
influence on the liberated electron, i.e., only include the laser field, weeatithe
following expression for the final state

Wa(7,t) = i (7, 1), (4.5)

with ¢/¥ a Volkov state (Eq. (2.34) and Eq. (2.35)). Thus

o= /0 (Wi (V") i) exp(iL,t ), (4.6)
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wherel,, denotes the ionization potential for the atom or molecule. Formula (4.6)
is the celebrated SFA probability amplitude for strong-field ionization. Theeabo
derivation shows that the SFA relies on the following assumptions: (i) Theérign
potentials influence on the electron in the continuum is negligible. This assump-
tion is legitimate provided that the field-strength is large enough to dominate the
Coulomb term at the distances where ionization occurs. While this assumption is
justified for zero-range potentials, e.g., negative ions, it is problematic ioatbe
of neutral atoms or molecules due to the long range of the Coulomb potential. This
is especially true in the case of a linearly polarized laser pulse [45—-4&lenhe
liberated electron is driven back towards the nucleus approximate onh fofu
an optical cycle after ionization. (ii) Intermediate resonances do not ptalea
only the transition initial+ Volkov is accounted for within the SFA. This is again
in many cases problematic and only strictly legitimate if the field is very strong.
Despite of the many flaws and problems regarding the SFA it is often suiglyisin
successful for producing the basic physical features and manygsfield phe-
nomena can be described qualitatively by the SFA.

OnceTy is known, itis, in principle, straightforward to calculate, for example,
the momentum distribution

3P

T2 4.7
0420q,0q. g (4.7)

Whether or not it is possible to calculdtg in practice, of course, depends on the
complexity of the matrix eIemer(t/J;!]V|¢i> i.e., on the complexity of the initial
state.

The SFA amplitude is by no means gauge invariant due to the massive approx-
imations behind the derivation. Hence, the length-gauge SFA (LG-SFA)will
general differ from the velocity-gauge SFA (VG-SFA). As a resultreéhies in re-
cent years been an ongoing debate on which gauge to use when exastioigg
field phenomena such as strong-field ionization. Some authors havel angfiae
vor of LG-SFA [22-24,48-51] while others have claimed that VG-SF2- 4]
is superior. To make matters worse, the question may also be system depende
However, in the case of ionization, two arguments speak in favor of L&-BiFst,
length gauge probes the asymptotic part of space, which is the regioe tieer
SFA is expected to work best due to the neglect of the binding potential imide fi
state. Furthermore, the LG-SFA amplitude reduces to the well-known tunneling
formula in the limitw — 0, this is not the case for the VG-SFA amplitude [48].
With this in mind, it does not come as a surprise that the majority of theoretical
and experimental studies [22—-24,48-51] indicates that LG-SFA is inslgastior
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compared to VG-SFA when it comes to describing strong-field ionization. All th
SFA calculations shown in this thesis are obtained using the LG-SFA.

We will finish this section by deriving a general analytic expression for the
LG-SFA transition amplitude. The transition amplitude is given by

TLeSFA_ /U / WY (7,007 - Eai(7) exp(it)drdt, (4.8)

where the length gauge Volkov waug/ satisfies the differential equation

\%
T _ (—VQ + E) (4.9)

"ot 2

and consequently

V%
T;%5FA = / / <V2 Ui - Tb ) Vidrexp(il,t)dt

e Vi
- / / < A7 wV* gt )%d?exp(ilpt)dt. (4.10)

Partial integration on the second term in Eq. (4.10) gives the followingessjon
for the transition amplitude

—,

T(;:G-SFA:é/ (I +(2A)> exp(int)/wg*width
0

— [/ w;f*i/)idf'exp (z’Ipt)}T
0

;:G-SFA,I " TLG SFA2 (4.11)

Now remembering that

V(7 t) =

1
! (27)

andA(r) = A(0) = 0 leads to the following two formulas

exp('( + A(t)) - r—;/ot(m A’(t'))w) (4.12)

w

LG SFAL _ / S'(t) exp (iS(t)) s(q+ A(t))dt, (4.13)

LO-SFAZ _ (1 — exp (iS(7))) 44(Q), (4.14)
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where

$i(q) =

exp(—iq - )by (7)dF (4.15)

ﬁ

is the initial state in momentum space and

S(t) = ;/Ot (cj+ E(ﬂ))Q dt' + Tt (4.16)

denotes the semiclassical action. lonization predominantly occurs at iatgeak
and hence it is a good approximation to use the asymptotic form of the initial state.
The asymptotic initial state is expanded in partial waves and reads

Z Cinr” ™ exp —&1) Yi (1), (4.17)

with Cj,,, the asymptotic expansion coefficients= /21, andv = Z/x, where
Z is the charge of the residual ion. It is shown in appendix B, that the Fourie
transform of the asymptotic initial state is given by

q\! R'T(l+ v+ 2)
Uil = Z Cim (5,) DFFIZT(1 + 3/2) (k2 + ¢2)7 ]

l—v i-v+1 3 q> R
><2F1< 9 3 2 7l+27_:‘€2> YETR(Q)? (418)
with o F; denoting the Gauss hypergeometric series
Fi(a,b; In 4.19
2 F1(a,b; c; ) HZO . (4.19)
Thus
. R'T(l+v+2) A
LG-SFA1 _ X
q _ZZ:Clm21+V+5/2F l+3/2 / S/ < ) m(Q)
l—v I—-v+1 _ Q
X9 F1< 5 5 ’l+§’ 2 >exp(z$’( ))dt  (4.20)
and

LG -SFA2 q KTl +v+2)
ZClm (m) 2H1/210(1 + 3/2) (K2 + ¢?)vH1

l—v i—-v+1 3 ¢ R )
<o i (50 4 B ) Vi) (- exp (5S().
(4.21)
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whereQ(t) = ¢+ A(t) is the kinematical momentum. Even though Eq. (4.20) and
Eq. (4.21) can be used to calculate the transition amplitude it is often an aglwanta
to invoke the saddle-point method [55, 56] in calculating the time integral in EqQ.
(4.20), since this speeds up the evaluation and furthermore providaghus very
intuitive and appealing physical picture of the ionization process.

4.1.1 The saddle-point approximation

Our goal is to solve the integral

| s <i>l”’”(@

l—v Ii-v+1 3 Q2 _
><2F1< 5 5 ;l+2;—’€2>exp(zS(t))dt, (4.22)

using the saddle-point method [55, 56]. First, we extent the integrand topfter
complex plane, thereby defining a complex function the seft € C |Im(t) >
0}. Regarding the continuation of the spherical harmonics to the complex plane,
we note that
l
(Q) Yim(Q) (4.23)

K

is a polynomial of ordet in Cartesian coordinates. Accordingly, the continuation
to the complex plane does not pose any problem. The funglimanalytic except

at the saddle-points for the semiclassical actii;) = 0, where the function has

a singularity, e.g., for a negative ion= 0 and.F has a removable singularity &t
while v = 1 for H(1s) andF has a simple pole at. The equatiort’(¢;) = 0 has

in generalN + 1 solutions belonging t¢¢ € C [Im(t) > 0,0 < Re(t) < 7}in

the circular case ar{ NV + 1) in the linear case, whei® is the number of optical
cycles [56]. We will denote the number of saddle-points\ay, SoNsp = N+11in

the circular case anlisp = 2(NN + 1) in the linear case. Figure 4.1 shows a typical
plot of | exp(iS)], for (¢., gy, ¢-) = (0.8,0.0,0.0), obtained using the parameters:
ellipticity /2, peak intensity/ = 1.0 x 10"W/cm?, w = 0.057 (800 nm), CEP

¢ = 0, ionization potential,, = 0.5 and number of optical cycle¥y = 3. We
observe a rapidly oscillating surface with very deep valleys and high hilke T
overall behavior of exp(iS)| in Figure 4.1 does not, for fixed ellipticity, depend
on the momentum nor on the system parameters and hence the overall behavio
shown in Figure 4.1 is actually general. Now consider the path defined by

’y:Co—l-Cl-f—...—l-CNSP—CT, (4.24)
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0 100 200 300
Re(t) (a.u.)

Figure 4.1. The absolute value of the factexp(iS) for strong-field ionization
of H(1s), with(gs,qy,q.) = (0.8,0.0,0.0), I = 1.0 x 10* W/en?, w = 0.057
(800nm), CEP$ = 0 and three optical cyclesy = 3. The blue points show the
position of the saddle-points obtained by solvisig= 0, while the dotted curve
shows a sketch of. The color scale is logarithmic.

whereCy (C;) is the steepest descent frdi(r) towardsa + ico (b 4 ic0) and
C; describes the steepest descent from the saddlefqpdsee Figure 4.1). Notice,
that the paths are patched together at infinity where the ¢ep(y.S) completely
kills the integrand. According to Cauchy’s theorem [18]

Nsp

/]—" t)dt = CO]-"( )dt — CT]-" dt+Z/C )dt, (4.25)

s—ie

where(;...Cg, have been modified slightly: (— 07) such that they avoid the
singularities from below in order to fulfill the prerequisite for Cauchy’s tkeen
The main contribution to the integrg(g (fC ) comes from the point = 0 (t =
7) and a careful investigation shows thﬁct fc cancels the '[ernTLG SFA2
[55,56]. Thus

Nsp

KT +v+2)
LG-SFA __
TLC-SFA — %; Cim 53 /2r 11372 Z / . . (4.26)
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Figure 4.1 clearly illustrates that the main contribution to each of the integrals
sz€{14.4NSp} comes from the part close to the saddle-pointAssuming that the
spherical harmonic together with the Gauss hypergeometric series dadmnge
substantially neat = ¢5, compared texp(iS)/(S’)”, and hence can be regarded
as a constant

l
/ F(t)dt = F; <l;”,l_’;+1;l+z;1> (Q(”> Yim(Q(t)
Cs—ie th

1 |
y /C @y st (4.27)

Finally expandingS to second order around the saddle-point yields the final ex-
pression for the integral (see appendix C)

! exp (i %iyr(y/2) 2mi —92;8" Z//QM
/C’sie (5"(t))" p(iS(t)) dt or(v) \| 57(t,) (-2i5"(ts)) (S"(ts))

(4.28)

and hence

) , T(I+v+2)I(v/2) l—v I—-v+1 3
TEGSFA 5 N~ vy — F 421
q %Z o1+ 3/2T(n) 2 2 0 2 T3

y Q(ts) Y . 2o g, 2 @IS (t:))
g< iR > }/lm(Q(tS)) S//(ts)( 2iS (ts)) (S//(ts )l/

(4.29)

The Gauss hypergeometric series can be calculated using the relation [18]

I'(e)l'(c—a—Db)
I'(c—a)l'(c—b)
For each momentum the saddle-point equation is solved giving a sequUeme-0

plex numbergt,} which together with Eq. (4.29) allows us to calculate the tran-
sition amplitude. The most time-consuming part of this procedure is the solution
of the saddle-point equation. While the saddle-points are analytically kiown
the case of a linearly polarized monochromatic field, they can, in genetgl, on
be found by solving the saddle-point equatistits) = 0 numerically, using, for
instance, the Newton-Raphson method for nonlinear systems of equdifns [
We use an iterative method. The transition amplitude is calculated on a three-
dimensional equidistant momentum grid, where the saddle-points for a igigen
mentum is found using the Newton-Raphson method with the saddle-points from
the previous momentum used as initial guesses.

2F1(a7 b7 (& 1) -

c¢>max0,a+b). (4.30)
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The saddle-point method yields, if applicable, a quick and very intuitive way
of calculating the LG-SFA transition amplitude for ionization. Whether or not the
saddle-point method is valid depends highly on the field and system parameter
such as field strength, pulse duration and ionization potential. We will return to
this topic in chapter 5, where the validity of the saddle-point approximation is
examined.

Now what about the saddle-points, are they just mathematical objects or is it
possible to extract some physics from them and from the saddle-point anietho
general [56]. It turns out, that this question is closely connected to tleeving
semiclassical model [58]. This very simple model describes ionization as-a two
step process. First, the electron is born, via tunneling, in the continuum at time
t = to, with initial velocity (v, = 0) zero. Second, it moves as a classical particle
in an electric field. The dynamics is govern by Newton’s second law

dq ~

= E-VV, (4.31)
whereV is the binding potential. Neglecting the binding potential, once the elec-
tron is liberated, leads to the following expression for the momentum

o —
§=— | Edt
to

= —A(ty), (4.32)

providing us with a mapping from ionization time to final momentum. Even though
the model describes ionization of a tunneling process, and we therefoeeteéhe
model to perform best in the tunneling regime, the applicability, at least from a
qualitatively point of view, is not restricted to the tunneling regime. The model is
restricted to the polarization plane (axis in the linear case), sinissfixed to zero.
However, off-axis emission can be accounted for by replacing thezatigsa= 0

by a Gaussian distribution of initial velocities peaking at zero.

In the limit I, — 0, the saddle-point equatid#i = 0 reduces to Eq. (4.32). In the
general case this is no longer true, howeveﬁ{e(/f(ts)) still approximately points

in the direction ofg [56, 59]. Motivated by this, we interpret as a ionization
time, where the non-zero imaginary part is a consequence of the bindiewgtiab

I, # 0. lonization is a classically forbidden process, except in the over-dhneecb
regime, accordingly ionization occur via a quantum mechanical procesgulik
neling, and the imaginary part of is a consequence of this. Next, building on
this interpretation of the saddle-points, we can make the following very &pgea
interpretation of the saddle-point method. The SFA probability amplitude can be
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written as a Feynman path integral
LG-SFA __ .
TECSFA = /D exp(iS (1)), (4.33)

where we integrate over all possible paths leading to ionization, with asymptotic
momentumy, and whereD denotes the non-exponential part of the integrand and
the measure of integration. If ionization is dominated by a few paths, this inte-
gral reduces to a finite sum over the relevant paths. Accordingly, ttilespoint
method, at least in some sense, can be viewed as a way of finding thésleucon
tions [60]

LOSFA R " alts) exp(iS(ts)). (4.34)
ts

The saddle-point method is very popular due to the features described in th
previous discussion and it has been used to describe a variety oédiffanysical
process, for instance, above-threshold ionization and high-oraseahreshold
ionization [56].
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CHAPTER 5

Strong-field ionization of atoms by
few-cycle circularly polarized laser
pulses

The chapter is devoted to a detailed investigation of strong-field ionizatidomisa

by few-cycle laser pulses, in particular circularly polarized laser pulgéss will

start out with a detailed comparison betweenahénitio theory described in chap-

ter 3 and the LG-SFA introduced in chapter 4. This allows us to identify apidiex
striking effects of the Coulomb potential in the photoelectron momentum distribu-
tion, in particular counterintuitive angular shifts similar to the shifts observed in
the recent experiment by Ecké&t.al [61] on the ionization of Helium. We show
that the shift is a consequence of the combined effect of the laser fidldhan
Coulomb potential, hereby providing an alternative explanation to the omea giv
in [61], based on the concept of tunneling time. Having established, ineah2p
how the ionization process depends on the CEP it seems natural to invelstigate
ionization depends on the number of cycles. Thus, we proceed to atigaEs

of the ionization process, using the LG-SFA, with emphasis on finite bandwidth
effects. Furthermore, we investigate the validity of the saddle-point metirod f
evaluating the LG-SFA transition amplitude (SPM LG-SFA). The SPM LG-SFA is
a popular tool for studying strong-field phenomena and it is therefore tanudio
know how the validity of the SPM LG-SFA depends on different pulserpatars
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such as ellipticity, pulse length and peak intensity.

Almost all the results presented in this chapter are on atomic hydrogen, which
at first glance might seem as a serious limitation. However, the effects dtudie
in this chapter are not related to a particular atomic system. The angular shifts,
for instance, are related to a combined effect of the laser field and thier@lou
potential and is expected to occur for a wide range of different atomiciespe
The consideration of H as our test system is for computational convenaerat
actually not a restriction when it comes to an identification of the generic ghysic
investigated here.

5.1 TDSE calculations versus SFA calculations: Imprints
of the Coulomb potential on the photoelectron mo-
mentum distribution

We consider H(1s) interacting with an electric field(t) = —d, A(t), defined via
the vector potential

B cos (wt + ¢) cos (§)
A(t) = Aof(t) | sin(wt+¢)sin(5) |, (5.1)
0

where the envelopég is given by

£(t) = {sin2 (%) t € [0,7]

0 elsewhere

Here Aq is the amplitude;r is the pulse lengthw is the carrier frequencyN

the number of optical cycles, € [0; 5] the ellipticity and¢ the CEP. The full
dynamics of the system is govern by the TDSE, which we solve using the nsethod
described in chapter 3. We solve the velocity gauge TDSE using a grétibas
split-step method, where the wave function is expressed in a basis ofcgbher

harmonics
R m(r,t
w0 = 3 100y 0.0) 52)
Im

and the initial statel (, 0) is obtained by propagation in imaginary time. Having
obtained the final wave function, we can easily calculate the differential miopme

Just to remind ourselves
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distribution by projecting the wave packet after the pulse onto Coulomb camtinu
scattering eigenstates of asymptotic momengum

\I’qg_(F) = exp(—my/2)['(1 —ivy) exp(iq - 7)1 F1(iv; 1; —i(qr + ¢~ 7))  (5.3)

»rr
9420qy0q.
Here~ is the Sommerfeld parameter apl; denotes the confluent hypergeometric
function

(@S [0 (F, T)) . (5.4)

ey N (@ 2"
lFl(a7C7':r) _nz% (C)nﬁ‘ (55)
For comparison, LG-SFA provides us with the following simpler formula for the
differential momentum distributicn

2

3
P , (5.6)

0q:0q,0q: -

/ WY IF - B [i(0))dt

Where\Ifg (t) denotes a Volkov wave function in length gauge an) the initial
state.

Figure 5.1(a) and Figure 5.1(b) present calculated momentum distributions
evaluated in the plane of circular polarizatia¥,.P/dq,0q,0q:|,.—o, for H(1s),
obtained by solving the TDSE, for 800 nm, peak intensities 10 W/cn? and
1.0 x 10 W/cn?, ellipticity ¢ = 7/2, CEP¢ = —7/2 and 3 optical cycles. In
order to obtain convergence, we used a radial grid consisting of 4ll@&@xtend-
ing to 300, a time-stepA¢ = 0.01 and maximum angular momentulfjax = 25
for 5 x 1013 W/cm? andimax = 35 for 104 W/cm?. For better graphical display,
we have removed the low energy paytg2 + qg < 0.1. Figure 5.1(e) and Fig-
ure 5.1(f) present distributions obtained using the LG-SFA, i.e., using(E®)
where the spatial integral is solved analytichlpnd the time integral is solved
using Gauss-Legendre quadrature [57].

Our LG-SFA results follow the shape of the vector potential (curvy lines in
Figure 5.1). This can easily be explained by the semiclassical model intebduce
in chapter 4. Due to the, exponential for a tunneling process, depeadérhe
rate on the field strength, the ionization rate is symmetric with respect to reflection
in the symmetry axis of the electric field, with ionization predominantly occurring
close to field maximum, i.e., when the instant of ionization is close to 7 /2.

2Chapter 4
3For hydrogen].4 x 10** W/cm? is the critical intensity for over-the-barrier ionization
“Chapter 4
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5x10"3W/icm? 110" *W/em?

q, (a.u)

qy (a.u.)

q, (@.u)

0 0
q, (a.u.) q, (a.u)

Figure 5.1. Momentum distributions evaluated in the plane of polarization,
93 P/0q,0q,0q:4.~0, for strong-field ionization of H(1s). Panels (a) and (b) show
results obtained by solving the TDSE, (c) and (d) show results obtairiegl the
Coulomb-Volkov corrected LG-SFA, while (e) and (f) show results oletdins-
ing the LG-SFA. The curves showsxf(t), while the straight lines in (a), (b), (c)
and (d) highlight the angular shift (see text). The field parameters ate).057
(800nm),e = w/2, ¢ = —m/2, I = 5x103W/cn? ((a), (c), (e))I = 10**W/cn?
((b), (d), (f) and 3 optical cycles.
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Hence, the dominant direction of electron ejection is determineg} by —A(1/2)

and the momentum distributions are symmetric with respect to reflection in the
symmetry axis of the vector potential. It can be checked that the ADK tunneling
theory predicts similar behavior [62]. Note that, this conclusion only holdsen th
case of a symmetric initial state. In the general case, the shape of the irbttal or
has to be taken into account. We will return to this point in chapter 6, where we
study the ionization of oriented targets, e.g., ionization of Argon initially in a 3p
or 3p, state.

Comparison with the TDSE results show two important features not captured
by the LG-SFA: (i) A spiral structure equivalent to the radial-fans ol in the
linear case (see [63—67] and references therein). The preskthese structures is
intimately connected to the interaction of the outgoing low-energy electrons with
the long-range Coulomb part of the potential. (ii) Second, we observeten-
tuitive angular shifts of the dominant direction of electron ejection. The damina
direction of electron ejection of the TDSE momentum distributions does not coin-
cide with the symmetry axis of the vector potential, the former being shifted by a
small angle, eg..v 23° for 5.0 x 10"¥W/cn? and~ 12° for 1.0 x 10W/cn?.
Notice that similar shifts are also seen on Figure 3.5 in chapter 3. The ebserv
shift is seen to decrease as a function of intensity in good agreement witcthe
that the validity of the LG-SFA is expected to improve with increasing intensity, as
long as we do not reach the regime of saturation. Furthermore, TDSHatadas
(not shown) show that the shifts disappear, as expected, in the long lpulg
N — oo, where the electric field and consequently the momentum distribution
becomes symmetric (see section 5.2).

Similar shifts was recently observed experimentally for the ionization of He-
lium by a near circularly polarized few-cycle pulse and explained usingédtb-
modified ADK tunneling model in addition to a possible very small tunneling
time [61]. In the following we present a more basic quantum mechanical-expla
nation without reference to a tunneling time. The shifts are a consequérce o
subtle interplay between the laser field and the atomic potential.

We note that in the many-cycles regime, where there is no effect of thierearr
envelope phase (CEP) and therefore no control over directionality ifottza-
tion dynamics, similar loss of symmetry was studied extensively for elliptically
polarized pulses interacting with atoms [68, 69] and several models weferpu
ward [69-72] all including the effect of the Coulomb potential on the liberate
electron.

In the case of a few-cycle linearly polarized pulse several studiesdeen
the importance of including the Coulomb potential in order to properly describe
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Figure 5.2. The probabilityP (m) for a specific magnetic quantum numbeafter

the pulse: (a) foi = 5 x 10'3W/cn?, (b) forI = 10"*W/cn?. The other field

parameters are = 0.057 (800nm),e = 7 /2, CEPp = —m /2 andN = 3.

the ionization of atoms [45-47] and molecules [16, 73].

The shift is a manifestation of the fact thak|L.|¥) = (L.) # 0 after the
pulse. Consequently the azimuthal velocity is non-vanishing which, in turkesna
the distribution rotate compared to the,) = 0 case. This is a crucial point which
will be elaborated in the following. The hydrogen atom is initially in the 1s ground
state and hencgl.) = 0 before the pulse. According to Ehrenfest’'s theorem

by =i, L) (5.7)
dt e
which forces the liberated electron to pick up a nonzero valuéﬁgb, since
[H,L.] = i(pA, — Aupy) # 0 during the pulse foll = Hy+ A - p+ A2/2, with
H, the field-free Hamiltonian. The mean valuelof changes during the pulse, in
accordance with Ehrenfest’s theorem, until it becomes constant with line va

(L) =i /O " e, (5.8)

after the pulse. Figure 5.2 shows the probabiltym) for a specific magnetic
guantum numbem after the pulse, obtained using

P = Y [ lim(n 1P 5.9)

I=|m|

We have removed thex = 0 component in order to focus on the ionized part of
the wave packet. We see thatm) peaks aroundh = 14 for 5 x 10'3W/cm? and
shifts towardsn = 18 for 1.0x10'*W /cn?. By studying the, m)-decomposition
of the above-threshold-ionization spectrum, we have checked thatpgkegs in-
deed comes from the ionized part of the wave packet. The pulse mainapepu
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states withm > 0, since the laser field is left-handed. The main point is that the
mean value of_, is different from zero, sincél,) = 3", mP(m). The behavior,
described above, is in complete contrast with the behavior described thGthe
SFA. Itis easily shown that in this case, even though the commujfdtd. ] is dif-
ferent from zero, the expectation in the Volkov continuum is z€i, L.]) = 0,
implying (L.) = 0. Hence,(L.) is identically zero at all times within the LG-SFA.
This explains why the exact distributions are shifted counterclockwise amdp

to the LG-SFA distributions. Notice, that the shift is a combined effect of therla
field and the Coulomb potential, the laser field alone does not induce any shift a
explained above. However, the laser field ensures|[tfiaf..] is different from
zero while the state evolved in the presence of both the field and the Coulemb po
tential ensures thaf{H, L.]) is different from zero. Thus, it is a truly combined
effect which cannot be described by theories like ADK or the stand&<SEA.

The discussion above illustrates a general problem with the standardcAG-S
The mean value of . is always zero regardless of the parameters. For the inter-
action between an atom, initially in an s state, and a linearly polarized laser pulse
this does not represent a limitation, but it is a critical problem for an elliptically
polarized pulse interacting with an atom. In order to address the problernasne
to include the Coulomb potential in the LG-SFA, either by going to higher order
in the S-matrix formulation [74], or by putting in the Coulomb potential other-
wise [47,69,71,72,75]. One approach is to replace the Volkov wavwetibn by a
Coulomb-Volkov wave function [47,71, 75]

SV (7 t) = N (7, q)vg (7. 1), (5.10)

where

N(7,q) = exp(—7my/2)T(1 —iy)1 F1(iv; 1; —igr — iq - 7), (5.11)

is a correction to the Volkov wave function taking the Coulomb potential into con-
sideration. The Coulomb-Volkov wave function can be thought of as a é&fnd
interpolation between a Volkov wave function and a Coulomb continuum scatter
ing eigenstate. The matrix element in Eq. (5.6) is still analytical, using Nordsieck
integrals [76], and the time-integral can be evaluated numerically usingsGaus
Legendre quadrature. Figure 5.1(c) and Figure 5.1(d) presenibdi&ins ob-
tained using this approach. The Coulomb-Volkov ansatz clearly improvesthe
formance of the LG-SFA but it does not reproduce that angular sfifis.distri-
butions are seen to be shifted slightly compared to the distributions obtaingd usin
the standard LG-SFA, but not nearly as much as the exact distributions, the
dynamics in the combined potentials is not fully accounted for.
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The size of the shift can be estimated using the following argument. Consider
a classical particle with radial velocity, and azimuthal velocity,,. It follows
from the definition ofL, thatdy/dt = L. /r* which, with reference to Ehrenfest’s
theorem, translates intﬁ(@ = <f—2> in quantum mechanics. Consequently,

Alp) = /too <f2> dt (5.12)

is the shift iny obtained after ionization at tim&, i.e., the shift in angle during
the particles way towards the detector. In genésép) # 0, but the integral is
zero regardless affor the Volkov continuum and thuA(y) = 0 in the LG-SFA.
A very crude estimate of the integral from the end of the pul$seco is given by

the following
>~ /L, . 1 > 1
/T <’,"2> dt ~ <Lz>t:oo <U1,,>t:OO /T(T) ﬁdr

which gives~ 14° for 5 x 1013 W/cm? and~ 11° for 10'* W/cm?, following the
trend in the actual shiftsy( 23° for 5 x 1013 W/cm? and~ 12° for 104 W/cm?)
shown in Figure 5.1.

Even though the Keldysh parametefl1] only has a well-defined meaning in
the long-pulse limit, we note than'4 W/cm? corresponds toy ~ 1.5, compa-
rable to the experimental value~ 1.45 [61]. Our5 x 103 W/cm? calculation
corresponds te ~ 2.1 and hence the shift also occur at intensities corresponding
to the multiphoton regime. Hence, the counterintuitive shifts occur acrossea wid
range of laser intensities, in the few-cycle regime, and can be rationalifeoisy
reference to a tunneling time, contrary to the hypothesis in [61].

We proceed to a more qualitative investigation of the momentum distributions,
using the LG-SFA, with emphasis on finite bandwidth effects.

5.2 LG-SFA description of the ionization process

Figure 5.3 presents the calculatgg, ¢,) momentum distribution

782P (q q ) = /OO ‘TI:G'SFAqu (5 14)
8qx8qy Ty 1Yy e q ) .
for different numbers of optical cycle®, with intensity/ = 5.0 x 10'3 W/cn?,

frequencyw = 0.057 (800 nm) and CERY = 7/2. The integral in Eq. (5.6) is
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Figure 5.3. LG-SFA (q., q,) momentum distribution for strong-field ionization
of H(1s) for various values of optical cycléé, with peak intensityl = 5.0 x
10" W/en?, frequencyw = 0.057 (800 nm) and CER = /2. The grid size is
Ag, = Agy = 0.01.
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Figure 5.4. Vector potential and electric field (blue dotted line) for 2 different
values of N. The solid curve shows the carrier wave, i.e., the field without the
envelope. The arrows show the natural time evolution for the pulse. Thmpéers
arel = 5.0 x 10" W/en?, w = 0.057 (800 nm) andb = /2.

calculated using Gauss-Legendre quadrature [57], while the integred ois cal-
culated using an equidistant grid 6@, Q).], whereQ, is chosen large enough
to ensure convergencé),, = 0.6 in the present case. FO¢ < 5 we observe (i)

a substantial asymmetry in the direction of electron ejection, reflecting the shap
of the vector potential as explained in the previous section, and (ii) a corgalica
interference pattern radially as well as angularly. The energy difterbetween
two adjacent peaks is not a multiple of the laser frequency and hence dke pe
do not correspond to ATI peaks. Notice, that equivalent interferémseen in the
TDSE calculations (Figure 5.1). As the number of optical cycles incressesb-
serve a gradual change to a symmetric distribution with well-resolved ATMspea
The fact that the asymmetry disappears may again be understood classioally
example forN = 6 and N = 7 the field takes almost a full revolution on the circle,
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Figure 5.5. Power spectrum [*°_E,(t)e™"dt|> + | [*_ E,(t)e™"tdt|> of the
electric field for 4 different values @¥. The parameters ate= 0.057 (800 nm),
peak intensity = 5.0 x 10 W/en? and¢ = /2.

corresponding to a monochromatic field with our field strength (see Figuje 5.4
and a preferred instant of ionizatiégn cannot be clearly defined. There is almost
an entire period aroung where the electron is equally likely to emerge into the
continuum, leading to an angularly symmetric distribution in agreement with Fig-
ure 5.3. Thus, the overall structure, disregarding the interferencariall N, is
simply just a signature of the shape of the vector potential.

5.2.1 Interference structures

The behavior of the interference features in Figure 5.3¥o< 5 can be under-
stood by looking at the power spectrum of the pulse. Figure 5.5 showstherp
spectrum for four different values @¥. The spectrum is very broad fa¥ = 2
and N = 4 with a lot of frequencies contributing with comparable magnitude. As
a consequence there is a large number of different paths leading tatlecfisal
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Figure 5.6. LG-SFA (., ¢,) momentum distribution for strong-field ionization of
H(1s), with ellipticitye = /2, peak intensityt.0 x 104 W/cn?, w = 0.057 (800
nm), N = 3 and¢ = = /2.The grid size if\q, = Ag, = 0.01.

energy and such paths can interfere with each other. We see froneEduthat
the width of the spectrum faV = 2 is Aw’ ~ 0.05, corresponding td\ £’ ~ 0.05.
For a momentum of = 0.67 this corresponds to a huge shift in momentum of
Aq ~ 0.07 which is clearly visible with our grid discretization. This explains the
observed interference pattern in Figure 5.3. The structure is simplyctaysbe
fact that our pulse contains a very large number of frequencies Whinsmall,
i.e., when the pulse duration is small. ASincreases the width of the spectrum
gets smaller and frequencies closestdominate completely. Thus, we regain the
photon picture. FolN = 7 we haveAw’ < 0.01 which corresponds tdg < 0.015
for ¢ = 0.67. This explains why the interference pattern disappears and why we
observe well-resolved ATI-peaks Asincreases.

The spectrum of the pulse depends on the form of the envelope. It efdher
interesting to examine if we obtain the same effects with a different envelope. W
have calculated the momentum distribution using a Gaussian envelope

fF(t) = exp(=(t = 7/2)* /7)), (5.15)

with 7, = 2 arccos(Q—i)T/w [33], and confirmed the interference effects reported
above (not shown). The width of the spectrum for a pulse with a Gaussiaatope
is a bit smaller for a given value d@¥, which leads to relatively small changes.

Now what happens if we increase the peak intensity. Figure 5.6 presents th
calculated momentum distribution for a three-cycle pulse with frequency
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Figure 5.7. SPM LG-SFA(q., q,) momentum distribution of H(1s) for various
values ofN, with I = 5.0 x 10'3 W/cn?, w = 0.057 (800 nm) anab = /2. The
grid size isAq, = Ag, = 0.01.

0.057 (800 nm), CEP$ = 7/2 and peak intensity = 1.0 x 10"W/cm?. We
clearly see that the complicated interference structure observed in FEdiie
diminished when the peak intensity is increased te 1.0 x 10'*W/cn?. This
behavior can be explained by remembering that the Keldysh parameterffafis o
a function of intensity. Fol = 5.0 x 1013W/cm?, v = 2.1 while y = 1.5 in the
case ofl = 1.0 x 10"W/cm?. Accordingly, the latter case is closer to the tunnel-
ing regime, where we would expect a smooth distribution without any interéere
structure.

An alternatively interpretation of the interference structure is based on time

interference. Wave packets ionized at different instant of time can éneertlue
to wave packet spreading, and lead to interference structures in the tuomen
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distribution. Having the interpretation of the SPM LG-SFA in mind this method
seems like the obvious tool for studying such interference. The resaltSH#M
LG-SFA calculation for four different values df, with T = 5.0 x 10 W/cm?,

w = 0.057, and¢ = =/2, are shown in Figure 5.7. The SPM LG-SFA works
well for large N, were it reproduces the LG-SFA distribution. However, the SPM
LG-SFA does not capture the interference structure for si¥alsince the SPM
LG-SFA gives smooth distributions without any interference. Consdtyehe
interference for smallV is not a result of interference between different saddle-
points corresponding to the same momenta. This, however, does not metdretha
interference is not caused by time-interference, as we shall see sltdrys out
that insight into this question can be gained by examining the ellipticity depeadenc
of the validity of the SPM LG-SFA. Furthermore, in view of the popularity of the
SPM LG-SFA, knowledge about the validity of this method is important.

5.3 Ellipticity dependence of the SPM LG-SFA

Figure 5.8 presents the calculated, LG-SFA and SPM LG-SFA, momentum dis-
tribution as a function of ellipticitye in the case of three optical cycléé = 3,
peak intensitys.0 x 1013 W/cn?, angular frequency = 0.057 and CEPp = 0.
Starting from above in Figure 5.8 and moving down, we note thaisgcreased
the distribution gets more broad and in the LG-SFA results the interferetieerpa
seen in Figure 5.3, gradually appears. In the linear case, we obsgerg nar-
row distribution, compared to the circular case, without any interfereatterp.
The overall angular structure can again be explained by the semiclassidal,
emphasizing the power of this simple model in explaining the basic behavior of
ionization, regardless of the value of

The LG-SFA and SPM LG-SFA yield almost identical results in the case of
a linearly polarized field while there are, as we have seen, clear disciepadn
the case of a circularly polarized field. The discrepancies betweenRAGagd
SPM LG-SFA tend to increase with increasing) < ¢ < 7). Interference-like
patterns appear in the LG-SFA results but are absent in the SPM LG€3bltg.
This feature can also be explained by the semiclassical model. Newtonisdsec
law states that

A7 = E(ty)Aty, (5.16)

relating the spread in momentug, to the spread in ionization timéy¢,. Let us
restrict ourselves to the region(a,, ¢, ) space with highestyield, i.e., the electrons
ionized near field maxima. The ratio betwdexy] and Aty is then the maximum
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Figure 5.8. SFA (q.,q,) momentum distribution for strong-field ionization of
H(1s) for various values of ellipticity, with peak intensity = 5.0 x 10'3 W/cn?,

w = 0.057 (800 nm), number of cycle& = 3 and CEPy = 0. The left pan-

els show results obtained with the LG-SFA while the right panels show results
obtained with the SPM LG-SFA. The grid sizeAs;, = Ag, = 0.01.
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Figure 5.9. Normalized maximum field strength during the pulse as a function
of ellipticity €, at peak intensity.0 x 102 W/cn?, 800nm and for three cycles,

N =3.

field strength during the pulse. Figure 5.9 shawsx(|E(¢)|) as a function of,
normalized tomax(|E(e = 0)|), and we see that the field maximum during the
pulse decreases monotonicallyedscreases. The maximum field strength is about
25 pct. smaller in the circular case compared to the linear case. Thus, dlael &pr
ionization timeAt, increases as a function efallowing more paths to contribute

to the ionization process for a given spread in momentum. The width of the field
maximum also increases as functioneofAs e is increased more paths contribute
making the SPM LG-SFA inaccurate, since it only accounts for a fixed nuofbe
paths.

This suggest an alternative interpretation, than the one given in sectidn 5.2
of the interference seen in the circular case. Electrons ionized atetiiffarstants
of time, close tot = 7/2, interfere with each other, giving rise to the compli-
cated interference structure seen for small The SPM LG-SFA does not cap-
ture this behavior, since it only includes a few of these paths. Figure 519 ind
cates that the SPM LG-SFA result fer= 7/2 should improve considerably if
max(|E(e = 7/2)|) is increases with a factor of 1.35, corresponding to a peak in-
tensity of roughlyd.0 x 103 W/cn?. As Figure 5.10 shows, this is indeed the case.
The interference pattern in the previous LG-SFA result is now almost coehple
absent and the agreement between the LG-SFA and SPM LG-SFA is qaie go
The small discrepancies are due to the large width, of the field maximum, in the
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Figure 5.10. Momentum distribution(q.,, g, ), for strong-field ionization of H(1s),
with e = /2, peak intensityp.0 x 10 W/en¥, w = 0.057 (800 nm),N = 3
and¢ = 0. The left panel shows results obtained with the LG-SFA while the
right panel shows results obtained with the SPM LG-SFA. The grid si2ejs=

Ag, = 0.01.

e = m/2 case, which is independent of the peak intensity. Figure 5.9, on the other
hand, suggests an increasing disagreement between LG-SFA and GFWA. if
max(|E(e = 0)]) is decreased by a factor ®f1.35 ~ 0.74, corresponding to a
peak intensity of abow2.7 x 102 W/cm?. This is indeed the case, as shown in
Figure 5.11, where we observe serious discrepancies between AGSFSPM
LG-SFA. The discussion above shows that the validity of the SPM LG-S#A d
pends on: (i) The maximum field strength during the pulse and (ii) The width of
the field maximum. The maximum field strength during the pulse has to exceed a
certain minimum value depending on the pulse paraméférs)) and the width of

the corresponding field maximum must be smaller than some maximum value, also
depending on the pulse parameters. Notice, that this means, that the valithi¢y of
SPM LG-SFA may depend on the CEP for very short pulses, since(|E(¢)|)
depends on this quantity.

Point (i) above suggests the following formula for the minimum peak intensity
Inmin(e€), for which the SPM LG-SFA applies,

Imin(€) = Imin(e = 0)F(¢)?. (5.17)
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Figure 5.11. Momentum distribution(q.,, g,), of H(1s), withe = 0, peak intensity
2.7 x 1013 W/en?, w = 0.057 (800 nm),N = 3 and CEPp = 0. The left panel

shows results obtain from the LG-SFA while the right panel shows resbitso
from the SPM LG-SFA. The grid size i8q, = Ag, = 0.01.

The functionF’ is given by

F(e) = (5.18)

and in the case oV = 3,w = 0.057 and¢ = 0 the following empirical expression
holds
F(e) = exp{~[(e + ) /c]*}, (5.19)

whereb = 0.22 andc = 3.21. A scan over different intensities shows that
Imin(e = 0,N = 3,w = 0.057) ~ 5.0 x 10" W/cm?, in good agreement with
the present calculations. The agreement between SPM LG-SFA and-AGAS
creases (see Figure 5.7) when the number of optical cy€léscreases, which
seems to contradict with the explanation given here. The width in enenggveo,
decreases with increasiig giving an energy conserving delta function in the tran-
sition amplitude in the monochromatic limN — oo. Thus, the above argument
is not valid in the largeV limit.
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CHAPTER 6

Strong-field ionization of aligned
molecules

There has in recent years been a substantial development in alignrdeariemta-
tion techniques. Recent experiments not only succeeded in alignment afulesle
but also in three dimensional orientation, thus giving unprecedentedotontr
the molecular degrees of freedom [77—-82]. This development proeiges more
fuel to branches like attoscience, femtochemistry among others. It is ohe redt-
ural to turn our attention towards aligned or oriented molecular targets. Pie to
of this chapter is strong-field ionization of aligned, or oriented, moleculegtoy f
tosecond laser pulses, with focus on the circularly polarized case. ldas that,
this topic is very difficult to handle in full generality. Full scadé-initio calcula-
tions are only possible for the simplest molecules,ahd H, and even a molecule
like Hs is extremely difficult to treat witlab-initio approaches. Hence, if we wish
to study larger molecules ab-initio methods we are automatically lead to invoke
the SAE. Methods exist for calculating effective potentials for selectedaulas,
but obtaining the potentials are not trivial and, regarding the subsesolertion of
the TDSE, convergence is typically hard to achieve [83]. Furthermoi® piten
far from trivial to extract the relevant physical quantity and physidetiype, from

a TDSE calculation. Thus, the situation calls for semi analytical approalikes
the LG-SFA, capturing the essential physical picture. However, wik st that
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the LG-SFA, as well as other semi analytical theories, runs into trouble wéth e
small molecules, in the linear case.

Even though the main topic of this chapter is the circular case, we start by
investigating how strong-field ionization of aligned,, N, and CS molecules
by linearly polarized pulses depend on the angle between the moleculamaxis a
the polarization axis. Knowledge of the angular dependence is not onhgstitey
from a fundamental point of view but also essential for applications, likecotar
tomography [5, 6].

Next we turn to strong-field ionization of molecules by circularly polarized
pulses, where we start with a general investigation on how angular swdeture
manifest in the photoelectron momentum distributions. Angular nodal strusture
normally washed out in experiments on unaligned molecules, but in experiments
on aligned, or oriented, molecules signatures show up in the ionization signal.

Finally, we study the strong-field ionization of polar molecules. While the first
alignment experiments were on small linear molecules, the large polarizabilities
and dipole moments of polar molecules makes it possible to, not only align, but
also orient them, i.e., achieving a fixed head-to-tail ratio [77—82]. Howéne
order to model strong-field ionization of such molecules one need to takedtie S
shift, of the energy levels, into consideration. The last section is devottisto
problem.

6.1 Strong-field ionization of laser-aligned molecules by
linearly polarized laser pulses: Angular dependence
of the ionization signal

Consider an aligned linear molecule interacting with an electric figle; —d; A,
defined via the vector potential
A= Agf(t) cos(wt + ¢)és, (6.1)

where Ay is the amplitudew the frequency and the CEP. We will start by ex-
amining two cases, Nand G, where the LG-SFA works quite well, at least for
obtaining the angular dependence of the total ionization yield.

6.1.1 Strong-field ionization of laser-aligned @ and N, molecules by
linearly polarized laser pulses: Comparison with experimats

Consider the ionization of an aligned@,) molecule by an 820 nm linearly po-
larized laser pulse with peak intensify= 1.3 x 10*W/cm? and pulse duration
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Figure 6.1. The total ionization yield for @as a function of the angte obtained
using the SPM LG-SFA with the initial wave function, i.e., the asymptotic form of
the HOMO, given byCs; = 1.04, C4; = 0.07 and ionization potential 12 eV. The
laser field parameters are, peak intensity 1.3 x 10'*W/cn?, 820 nm and pulse
duration 40 fs (FWHM)

Figure 6.2. The total ionization yield for B as a function of the angte obtained
using the SPM LG-SFA with the initial wave function, i.e., the asymptotic form of
the HOMO, given by’yy = 3.46, Co = 0.07, Cyp = 0.12 and ionization potential
15.6 eV. The laser field parameters are, peak intersityl.5 x 10 W/cn?, 820

nm and pulse duration 40 fs (FWHM)
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40 fs (FWHM). Figure 6.1 shows the total ionization yield as a function of the
anglea obtained using the SPM LG-SFA, with the initial wave function, i.e., the
asymptotic form of the HOMO, Eq. (4.17), obtained in the following manner.
First, the wave function is calculated using standard chemistry methods ($ee fo
stance [84]). Subsequently the asymptotic coefficients are calculatettity tihe
wave function with the asymptotic form, with the asymptotic coefficients as fitting
parameters. All the non-trivial asymptotic coefficients in this thesis aredfasimg

this procedure. The dependence of the yield on the angls evident from Figure
6.1, which predicts a maximum total yield far= 40°, 140° and minimums in the
yield for o = 0°, 90°. This result is in very good agreement, especially consid-
ering that laser-volume effects and alignment effects are not taken iotuiat;
with the recent measurements by Riwiet.al [73] and appertaining MO-ADK
calculations [85], taking laser volume effects into consideration.

Figure 6.2 shows the SPM LG-SFA total ionization yield for strong-field ion-
ization of Ny(c), by an 820 nm linearly polarized laser pulse with peak intensity
1.5 x 10"W/cm? and pulse duration 40 fs (FWHM), as a functionaf This
results is again in very good agreement with the measurements by Ravtic
et.al[73]. The electron yield is highest fer = 0° while o = 90° provides the
smallest yield.

The above shows that the LG-SFA is capable of providing the correggéan
dependence of the ionization yield for the ionization of the simple molecujes N
and Q. However, the LG-SFA fails miserably for the ionization of molecules like
CS; (and CQ) as we now shall see.

6.1.2 Strong-field ionization of laser-aligned CSmolecules by linearly
polarized laser pulses: Comparison with experiments

We start with a very brief review of the experiment performed by the gadib.
Stapelfeldt, Department of Chemistry, Aarhus University [16]. They@aspump-
probe scheme to investigate how ionization of the linear moleculed€fends on
the anglex between the internuclear axis and the polarization vector of the linearly
polarized ionization pulse. More precisely, they investigated how the plectoe
tron angular distribution (PAD) from each multiphoton channel depends dio-
tice, that these measurements are energy-resolved, in contrast to ¢hnienexy by
Pavtic et.al[73].

The CS(my) molecules are first aligned along a given direction using a 0.5 ps
(FWHM), I = 2.9 x 102 W/cn? linearly polarized pump pulse. This pulse is too

1See the next section
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Figure 6.3. The experimental setup in schematic form (a). The laser field is polar-
ized along thec-axis, while the vectoti shows the polarization of the alignment
pulse. Figures (b)-(e) show the,, q.) momentum distributions for unaligned €S
molecules (b) and for aligned €$nolecules withoe = 0° (¢), « = 45° (d) and

a = 90° (e). The momentum distributions show clear ATI-peaks, see, for instance
(b) whereN denotes the number of absorbed photons corresponding to the peak.

weak to ionize C$so its sole purpose is to align the molecules. The @6lecules
are then, after a delay corresponding to the first half revival, exptusthe 25 fs
(FWHM), 800 nm and = 7.7 x 103 W/cm? ionizing pulse. This pulse is strong
enough to eject the single HOMO electron of{C&lectrons emitted are detected
using a velocity map imaging spectrometer and thereby recorded using a CCD
camera. The results are shown in Figure 6.3, which showg;the,) momentum
distribution for unaligned molecules (b) and for aligned molecules withk 0°
(c), « = 45° (d) anda: = 90° (e).

Clear ATl-peaks are observed in the momentum distributions. Furthermore,
we observe radial substructures in the two lowest order multiphoton clsastune
to Rydberg states shifted into resonance by the Stark shift. Howeveioaus is
on the dependence af not on the radial structure. Clear differences between the
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Figure 6.4. Experimental PADs for the 11- (a), 12- (b), 13- (c) and 14-photgn (d
ionization channels. Herg,, is the angle between the,, q.) projected electron
ejection direction and the polarization axis of the laser pulse.

momentum distributions corresponding to different alignment angles aeeves
especially in the outermost ATl-peaks. In order to quantify this depereden
«, the photoelectron angular distribution (PAD) from each multiphoton cHasine
determined. The experimental results are shown in Figure 6.4. digrdenotes
the angle between the direction of electron ejection and the polarization axis of
the laser pulse. The first feature, we notice is that the total electron yiphde
on «, a = 45° provides the highest yield while = 90° provides the smallest.
This is consistent with measurements on,C®hich has the same symmetry, by
Paviic et.al[73]. The second feature, we notice is the change in the PADs along
the z-axis, ¢o4 = 90° or ¢9q = 270°. For instance, in the 11-photon channel the
o = 45° signal is flat, without any oscillations, arougd,; = 90° or ¢o; = 270°,
while thea = 45° signal oscillates in the 14-photon channel.

In order to quantitative model this experiment, we have to take two important
things into consideration: (i) Laser-volume effects and (ii) effects ortgigdrom
the alignment pulse. Let us start with laser-volume effects. All the calcukaiion
this thesis, so far, are performed on a single atom or molecule situated attiee c
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of the laser-beam. In an experiment, however, there is a large numbetexfutes

and only a fraction of these are situated near the center of the beam, whacls me
that only a fraction of the molecules actually experience the real peakiytens
i.e., the intensity at the center of the beam. The remaining molecules experience
a lower intensity depending on where they are situated within the beam. We have
to make a volume weighted average over all the different intensities in order to
compensate for this effect. Assuming a uniform distribution of molecules within
the beam, we obtain [65]

9*pP Tpeakc 92 p oV
T ZaI T sz a7 I 2
Bgs0q, 4o 4 Tpeak) o / 90,0, 4 )< 8ld> ©-2)

Herelpeakdenotes the peak intensity a(i@l/’/01)dI gives the volume element for
the intensity betweeri and! + dI. Whendl > 0, dV < 0 explaining the sign

in the formula. Furthermore, assuming that the intensity profile is Lorentzian in
the propagation direction and Gaussian in the transverse direction orshaan
that [65]

I I
_%/dl 7 p;ak 1( plea"+2>. (6.3)

Regarding the alignment part, the alignment pulse creates a coherergsupe
sition of different rotational states, meaning that the orientation of the intkrau
axis becomes time-dependent. Shortly after the alignment pulse, the moleeules a
primarily aligned along the polarization axis for the alignment pulse. As time goes,
the molecules rotate and after a delay (0.76 ps in our case) the moleculgsiare a
primarily aligned along the polarization axis for the alignment pulse. This is the
basic principle behind field-free alignment. Assume that the degree of alignsne
described by the distributiof', (€2 3), whereR denotes the internuclear axis. We
have to average our calculated signal over all the different orientatieighted by
the alignment distribution in order to compare with the experiment signal [86]

S(qz, gz /G (qQﬁaQZQIpeale Q5)dQp. (6.4)

The procedure for calculating the alignment distribution is described ir816,

We are now ready to go through the procedure. First, we calculate tHe sing
molecule momentum distributiogijqu(qx, qz; I, ) for a number of different
intensities! and orientationQﬁ. This is done using the SPM LG-SEAdescribed
in chapter 4, where the HOMO is expanded in partial waves @ith; = 72.14,

2The SPM LG-SFA is expected to be accurate for the parameters cetsiere.
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Figure 6.5. Theoretical PADs for the 11- (a), 12- (b), 13- (c) and 14-photgn (d
ionization channels. Her,, is the angle between the,, q.) projected electron
ejection direction and the polarization axis of the laser pulse.

Cs+1 = F1.00, Cs +1 = F0.16 and ionization potential 10.08 eV. The coef-
ficients are found using the procedure described in the previous seQidrse-
qguently, we perform the intensity averaging and then average over alifftagent
orientations to obtain the measurable signal. Finally, we integrate radially over
each multiphoton peak in order to obtain the PAD for each multiphoton chan-
nel. Our results are shown in Figure 6.5. The theoretical results ardyciear
qualitative agreement with the experimental results, with minima in the signals
at ¢goq = 90° (270°) and maxima aroung,; = 0° (180°). There are, how-
ever, significant discrepancies. Our SPM LG-SFA model generallyestienates

the angle dependence. Furthermore, the order of the curves is wiidmepry
predicts in decreasing order = 0°,45°, unaligned90° while the experimental
data givesa = 45° unaligned0°,90° for the 11 and 12 photon channels and
a = 45°,0°, unaligned90° for the 13 and 14 photon channels.

A possible source to the discrepancies is the use of the SAE. Calculatimms sh
that the signal from the HOMO-1 is completely suppressed compared to tia sig
from the HOMO due to the large difference in binding enefgymo_1 — IHomo =
4.52eV. Nevertheless, many electron effects may play a role. A second atiglan
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could be a bending of the linear €8olecule, but this is ruled out by calculations
(not shown). The discrepancies between theory and experiment alsoldbe as-
sociated with the excited state spectrum of the @®lecule and the neglect of

the final Coulomb interaction. The SFA completely neglects the excited states and
the final Coulomb interaction. Remember that we actually observed signdture o
intermediate Rydberg states in the experimental data [16], indicating thatcexcite
states indeed play a role in the experiment.

Similar breakdown of the LG-SFA is seen for the strong-field ionization of
CO,, where the LG-SFA, VG-SFA as well as the MO-ADK fail to reproduce the
measured angular dependence of the total ionization yield [73]. Thigdwea
has motivated several different theoretical studies [88—92], attribthimgiscrep-
ancies to electron correlation effects and multiple orbital contributions [B8],
namics in the excited state manifold [89], intermediate core excitation [91] and
coherent core trapping [92]. Needless to say, no consensusliregatrong-field
ionization of CQ has been reached. Understanding the PADs for molecules like
CS, and CQ is one of the many challenges to theory in the future.

After this short detour, we now return to the main topic of this chapter, namely,
strong-field ionization of aligned or oriented molecular targets by stronglaily
polarized laser pulses. We start out with a general investigation with eispras
orbital angular structure.

6.2 Strong-field ionization of oriented targets by circu-
larly polarized pulses: Signatures of the orbital an-
gular nodal structure

The development described in the introduction to this chapter motivates a detaile
investigation of strong-field ionization of oriented targets, aligned in the chse
symmetric molecules, by strong laser pulses with special emphasis on orhital str
ture, e.g., effects of orbital symmetry. The bulk of experimental and tkieate
work within strong-field physics have dealt with linearly polarized laserqajls
however, there is now a growing interest in the study of ionization of atords an
molecules by elliptically polarized pulses [61, 93—-96]. The effects of kangu-

bital structure in the ionization by linearly polarized laser fields have preigou
been studied for direct electrons [97,98] as well as for rescattézeti@ns [15,99].
When it comes to the probing of angular orbital structure through photoehec
angular distributions, or momentum distributions, the use of a strong circularly
polarized probe rather than a linearly polarized one has, however, tyory ack
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Figure 6.6. Momentum distributions)® P/9q,,0q,0q.|,.—o, from the SAE TDSE
calculation for the3p,, (a, b) and3p, (c, d) states of Ar for the following choice of
laser parameters: Angular frequency= 0.057, corresponding to 800 nm, peak
intensityl = 1.06 x 10'*W/cn?, CEP$ = —/2 (a, ¢),¢ = 0 (b, d) and number
of optical cyclesN = 3.

vantages: (i) In the circularly polarized field, an electron born in the coatm
is constantly driven away from the nucleus due to the polarization. Thiardyn
ics minimizes rescattering effects as well as interference between waketpac
launched at different instants of time during the ionizing pulse. Thus, thels
circularly polarized laser pulses entails a cleaner ionization signal witlecesp
orbital structure. (ii) The polarization plane is two-dimensional which perraits f
a more transparent interrogation of angular orbital structure, as Wesehan this
section. In fact, it has recently been shown experimentally that strolugidie-
ization of three-dimensional oriented &N molecules by a circularly polarized
field, polarized in the nodal planes of the outermost orbitals, providescaein
probe of the angular nodal structure [10]. In this section, we focuthercase
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where the laser polarization plane is perpendicular to a nodal plane andrexto
what extent the angular nodal structure is imprinted in the momentum distribution.
This also allows us to extent the discussion in chapter 5, section 5.1, to tbeaben
case, where the initial state is non-spherical.

Figure 6.6 shows the photoelectron momentum distributions for ionization of
an Argon atom initially prepared indp,, or 3p, state, modeling an oriented target,
aligned in the case of a symmetric target, with a single nodal plane 3 hand
3p, states, in particular, serve as models for investigating ionization of a molecular
orbital with = symmetry. In the strong near infrared laser field, the ionization is
tunneling-like and the photoelectron is born in the continuum at a relativejeg lar
distance from the centre-of-mass. After the ionization, the circularly jzeldfield
drives the electron away from the core, which in turn minimizes the importance
of the detailed structure of the molecular potential at small distances. Fidhre 6
is obtained by solving the SAE TDSE using the method described in chapter 3
(see Eqg. (3.2)) with the frozen electrons described by an effectitenpal (see
[100]). Note that, the scattering states entering Eq. (3.2) are obtainetMygsthe
time-independent Schrddinger equation for the effective potential. plewsely
Figure 6.6 shows the TDSE momentum distributions, evaluated in-ghglane
of polarization, for the3p, (a, b) and3p, (c, d) initial states of Ar, probed by an
800 nm 3-cycle laser pulse with peak intensity= 1.06 x 10**W/cm? and CEP
¢ =—7/2(a,c),p = 0(b,d). The distributions are calculated using a 4096 points
radial grid extending tomax = 400, maximum angular momentuffax = 40 and a
time-step of 0.005. Notice that the ionization potential for the Ar(3p) state i$15.7
eV. The low-energy par{/qg +¢2 < 0.1 has been removed for better graphical
display. For the3p, state withg = — /2, Figure 6.6(a), andp, state with¢ = 0,
Figure 6.6(d), we observe a distribution with a single dominant peak, wlsich a
expected from the discussion in chapter 5 is located fiear A(7/2). In the two
other cases we observe a splitting of this peak into two nearly symmetric pesks.
we now show these main features are explained using the SPM LG-SFA@nd a
due to the nodal angular structure of the initial state.
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Figure 6.7. SPM LG-SFA momentum distributions; P/dq,,0q,04q:|,.—o, for the

3p, (a, b) and3p, (c, d) states of Ar for the following choice of laser parameters:
Angular frequencw = 0.057, corresponding to 800 nm, peak intendits: 1.06 x
10"W/cn?, CEP¢ = —7/2 (a, ¢),¢ = 0 (b, d) and number of optical cycles
N = 3. The white curves show a parametric plot-eA(t) from Eq. (2.14). If no
nodal planes are along the polarization at tirae 7 /2, the dominating peak in the
distribution follows the simple formulgna ~ —/T(T /2) as seenin (a) and (d). If
on the other hand the field peaks in the direction of the angular node p)héc
dominating peak in the distribution splits.
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Figure 6.7 shows the momentum distributions obtained using the SPM LG-
SFA, evaluated in the plane of polarization, for 8pg (a, b) and3p, (c, d) initial
states of Ar, for 800 nm light and peak intensity= 1.06 x 10“W/cn?, CEP
¢ =—m/2(a, c),¢ =0 (b, d) and three optical cycle§ = 3. The SPM LG-SFA
results clearly reproduce the general structures of the TDSE distrisytanept
for an overall angular shift and a spiral like interference structuré) biscussed
in chapter 5. It was shown in chapter 5, in the case of a spherically symmetric
initial state, that the SPM LG-SFA momentum distribution reflects the shape of
the vector potential. For completeness, we repeat the argument: Due to-the ex
ponential dependence of the rate on the field strength, ionization predadiyina
occurs at the timeswhen the magnitude of the electric field is close to the max-
imum |E(7/2)|. Assuming that the (classical) electron is born in the continuum
with zero initial velocity and that it subsequently moves under the influence of
the electric field only, we obtaifna = —/T(ti) with ¢; the instant of ionization
(Gfinal = —E(T/Q) dominates). However, in the case of a non-spherical initial state,
this simple argument has to be extended to take into account the shape of the initia
state, the angular nodal structure in particular. For example, it may hdapaen
the field is in a nodal plane of the initial statetat 7/2 and hence ionization at
field maximum will be suppressed due to symmetry reasolrs other words, it
is in this more general case the shape of the vector potential, electric fieldiand
tial state that determines the overall structure of the momentum distribution. The
results in Figure 6.6 and Figure 6.7 clearly illustrate this combined effect. Let
us start by analyzing the results for thp, state and let us concentrate on the
SPM LG-SFA results to make the discussion as simple as possible. Figurg 6.7(a
shows the SPM LG-SFA momentum distribution in the plane of polarization for
¢ = —m/2 and3p, initial state. We observe a distribution with a single peak lo-
cated nearA(7/2), in good agreement with the semiclassical model. In the case
of ¢ = —7/2, E(7/2) = E,(r/2)& points in the direction of maximum electron
density (see Figure 6.8(a)), while bathand 3p, are symmetric with respect to
(z,y) — (z, —y). This leads to a single peak situatediat —A(7/2) « —j and
symmetric with respect t@y,., ¢,) — (—az, ¢y), in good agreement with the calcu-
lated distribution. Figure 6.7(b) shows the SPM LG-SFA momentum distribution,
in the plane of polarization, fop = 0 and a3p, initial state. We observe two
peaks, symmetric with respect t@,, ¢,) — (¢, —gy), in contrast to the simplest
single peak semiclassical prediction. In the casé ef 0, E(T/Q) = Ey(1/2)y

3The time-evolution operator and the Fourier transform preserves thdaamodal plane, pro-
vided that the field coincides with the angular nodal plane. Consequemtiysien along the field
direction atr /2 is suppressed.
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Figure 6.8. Electron density in th&p, state of Ar together with a parametric
plot of the electric field, corresponding to the vector potential shown inr€igLr,
scaled by a factor. In (a}y = —n /2, the electric field at the peak of the pulse
t = 7/2 points in a direction where the orbital density is largest. In ¢b} 0,
the electric field at the peak of the pulse runs through the orbital nodddoia
density).

lies in the nodal plane dfp, (see Figure 6.8(b)), i.e., there is no electron density
to ionize att = 7/2, and hence ionization at field maximum is suppressed. Thus,
the single peak from before splits into two symmetric peaks, due to the fadtthat
and3p, are symmetric with respect (o, y) — (—z, y), again in good agreement
with the obtained distribution. The precise location of the peaks is determined by
a competition between the rate arising from the electric field and the density pro-
file of the initial state. The results shown in Figure 6.7(c) and Figure 6.7&) a
explained using similar reasoning. Notice, that the signature of the nods pla
in the momentum distribution is advanced )2 compared to the orbital angular
nodal structure, reflecting the/2 phase between the electric field and the vector
potential.

The above discussion of Figure 6.6, Figure 6.7 and Figure 6.8 cleanlyssho
that the nodal structure of the initial orbital is mapped uniquely to the momen-
tum distribution, when the laser polarization plane is perpendicular to thd noda
plane. This effect is even more visible in the case of a slightly longer femtondeco
pulse, where the asymmetry caused by the CEP of the pulse is smaller. Figure
6.9 shows the SPM LG-SFAg,, ¢,) momentum distributiong?P/dq,dq,, for
H(1s), H@p,), H(2p,) and HBd,,) states obtained using the same parameters as
in Figure 6.6 and Figure 6.7 except that the number of optical cycles isisetdo
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Figure 6.9. SPM LG-SFA momentum distribution$?P/dq,0q, =
[(83P/dq,0q,0q.)dg. for 1s (a),2p, (b), 2p, (c) and3d,, (d) obtained using
the following laser parameters: Angular frequency= 0.057, corresponding to
800 nm, peak intensity = 1.0 x 10'*W/cn?, CEP¢ = 0 and number of optical
cyclesN = 20. The binding energy of thep,, 2p, and3d,, states are modi-
fied to the ground state energy of H. The white dashed lines show regiogre w
ionization is suppressed.

N =20andl = 1.0 x 101*W/cm?. The use of the SPM LG-SFA is for computa-
tional convenience and is justified by the results presented on Ar and thussiign

in chapter 5. The binding energy of the2g(), H(2p,) and H@d,,) states have
been artificial modified to-0.5, by modifyingx = \/E (see Eq. (4.17)), in
order to compare with the H(1s) result. Figure 6.9 clearly shows, that thdaan
nodal structure is mapped uniguely to the momentum distribution. This is particu-
lar clear, when compared with Figure 6.10, which shows the asymptotic densitie
for the 1s.2p,, 2p, and3d,, states. The electric field is almost constant during the
dominant cycles of the field, i.e., there is no competition between the rate arising
from the electric field and the density profile. In the case of H(1s) werebse
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Figure 6.10. The asymptotic density for H(1s) (a), H,) (b), H2p,) (c) and
H(3d,,) (d). The white dashed lines show the angular nodal planes.

completely symmetric distribution with well-resolved ATI peaks while ionization
is strongly suppressed along thexis (y-axis) in the case of i2p,) (H(2p,)) and
along thez-axis andy-axis in the case of H(,,), reflecting the angular nodal
structures in Figure 6.10. lonization is suppressed alongthes (y-axis) in the
case of H¢p,) (H(2p,)) due to theyz (xz) nodal plane which is shiftegD° by the
vector potential. There are two angular nodal planes f@dg(), namely therz
andyz planes, suppressing ionization along thaxis andz-axis. Until now, we
have only examined model systems. Hence, in order to stress the gendrtiity o
method we show that the angular nodal structure of a real molecule, imnze
mapped uniquely to the momentum distribution.



6.2. Strong-field ionization of oriented targets by circularly polarized gulse
Signatures of the orbital angular nodal structure 79

Figure 6.11. (a): SPM LG-SFA momentum distribution evaluated in thepo-
larization plane for a benzene molecule oriented imth@lane. (b): Plot of the
participating orbital. The calculation is performed with the following laser param-
eters: Angular frequency = 0.057, corresponding to 800 nm, peak intensity
I = 5.0 x 1013W/cn?, CEP¢ = 0 and number of optical cycle§ = 10. The
color scale is logarithmic

Figure 6.11 shows the momentum distribution evaluated incgheplane as-
sociated with strong field ionization of the HOMO of the benzene molecule (Fig-
ure 6.11(b)), the molecule lies in the—plane. The laser parameters ate:=
0.057, laser peak intensity.0 x 10 W/cm?, CEP¢ = 0 and N = 10 op-
tical cycles. Benzene has two degenerate HOMO orbitals: The first roote (
shown) has a nodal plane coinciding with the—plane, whereas the second,
(02_1, Co1,Cy—1,Cy1,Cs_1, C61) = (0.74, —0.74,—-0.27,0.27,0.04, —0.04) and
I, = 9.24 eV, (contours in Figure 6.11(b)) has a nodal plane coinciding with the
xz—plane. The first degenerate orbital does not contribute to ionization in the
zy—plane, from symmetry arguments. The second degenerate orbital hag-one
ditional nodal plane iryz, which makes it similar to the {3d,, ). However, note
that the charge density is not four-fold symmetric and that one node is siallo
than the other. All these features are indeed mapped uniquely to the momentum
distribution (Figure 6.11(a)), which reveal two nodal structures, dnghich is
more clear than the other. The benzene case demonstrates the potentisl of th
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method for interrogating the orbital structure of large and complex molecTifes.
results shown in this section indicates that strong-field ionization by a cikgular
polarized pulse may serve as a probe for revealing changes in the mngd&d
structure, e.g., changes occurring during a chemical reaction. Noteyvkg that

the LG-SFA does not account for the distortion of the initial orbital, due to the
non-zero polarizability of benzene, which may wash out some of the angpdal
structure. In general, one should be aware that, for polar molecules wgh la
dipole moments and polarizabilities, the interaction with the field may blur some
of the angular nodal structure of the molecule. However, in the casag Wiean-
gular nodal plane coincides with the polarization plane the angular nodatigte
cannot be washed out.

6.3 Strong-field ionization of asymmetric polar molecules
by circularly polarized pulses: Inclusion of the Stark
shift in the LG-SFA

The alignment experiments described in section 6.1 were on symmetric molecules
with permanent dipole moments zero, however, there has recently bege anlar
terest in the ionization of polar molecules [10, 101]. In the case of stfieid)-
ionization of polar molecules with large permanent dipole moments, e.g., HF, HCI,
LiF and OCS, the Stark shift of the energy levels cannot, in general,dleated.
The strong laser field induces large modulations of the energy levels letaing
large modulations of the ionization potential and accordingly the ionization rate.
Consequently, ionization of such molecules gives rise to new interestimpphie
ena, not seen for non-polar systems, e.g., strong suppression ofitretiion yield
in specific parts of momentum space [10].

The LG-SFA, and the MO-ADK, does not account for the Stark shiftndée
the standard LG-SFA is not appropriate for studying strong-field ionizadio
molecules with large permanent dipole moments and polarizabilities. The MO-
ADK was recently Stark shift corrected, by replacing the field-free mton po-
tential with the Stark shift corrected time-dependent ionization potential, in or-
der to explain recent experimental results on the strong-field ionizatiomef o
dimensional oriented OCS and three-dimensional orient¢t; 8 [10]. However,
a tunneling model does not account for two important features: (i) Thereo
ence of the ionizing wave packet is automatically lost in a tunneling model and,
consequently, interference effects of the ionizing wave packet is la$tCdn-
sider a polar molecule oriented in such a way that the electric field polarization
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plane coincides with a nodal plane of the ionizing molecule orbital. Then emission
along the field direction is forbidden, due to symmetry reasons, and aaglyrd
ionization is suppressed. Nevertheless, in the ADK and MO-ADK onenassu
that tunneling occurs opposite to the field direction, which, in this case,otann
be true. The ADK and MO-ADK momentum distribution, at time of emission, is
proportional teexp(—q \/ﬁ/yﬁ(t)\), wheregq , is the momentum of the emitted
electron transverse to the instantaneous field direction/atfte ionization poten-
tial at time of emission [15,102]. This, of course, is not correct due tpthsence

of the nodal plane. In order to circumvent this problem, an ad-hoc matiifica
of the pre-exponent factor of the tunneling amplitude is necessary TH#.LG-
SFA automatically accounts for the angular nodal structure of the initial state,
exemplified in the previous section.

The above discussion motivates the development of a Stark shift catte@te
SFA, which has the simplicity of the standard LG-SFA and in addition captuees th
basic physics in the strong-field ionization of polar molecules. This can he ido
the tunneling limit;y < 1, as we shall see in the following section.

6.3.1 The static Stark shift

Consider a polar molecule interacting with a strong static electric fieldThe
presence of the electric field perturbs the energy levels of the molecuedaty
to

—

EME)=EM0) - M- E—-E-oME + ..., (6.5)

N | =

whereEM(0) is the field-free energy of the molecufé” is the dipole moment and
aM is the polarizability tensor. Higher order terms, e.qg., the hyperpolarizability, is
not shown and will be neglected in the following discussion. The enerdheof
cation can be expanded in a similar way leading to the following expressionefor
ionization potential of the molecule

. L1 .
1,(E) = 1,(0) + Aji- E+ JE- AoF, (6.6)

wherel,(0) = E'(0)—EM(0) is the ionization potential under field-free conditions
and

A= - i, 6.7)

Aa=oM—d. (6.8)



82 CHAPTERG - STRONG-FIELD IONIZATION OF ALIGNED MOLECULES

Here M/I refer to the molecule/cation. Hence, the ionization potential of the
molecule depends on the size of the applied electric field, the angle between the
electric field and the effective dipole momekifi and the angle between the electric
field and the effective polarizability terra . Note, that we do not account for
different ionization channels leading to different ion states with possibigreift
dipole moments and polarizabilities.

Consider the ionization of a polar molecule by a strong electric field in the
tunneling limit. The above discussion shows, that the ionization potential ehang
during the pulse duration, i.e., the ionization probability is modulated by the ion-
ization potential in addition to the shape of the electric field and the orbital angula
structure. The LG-SFA does not account for the Stark shift, sincesitrdees a
transition from the field-free initial state to a Volkov state. However, it is jbess
to approximately Stark shift correct the LG-SFA in the tunneling limit.

6.3.2 Stark shift corrected LG-SFA

The Stark shift affects both the neutral molecule and the cation and it iddhere
natural to start the derivation in the many particle picture, i.e., without invoking
the SAE at first. However, the first part of the discussion closely reksntbe
derivation given in chapter 4 and is therefore omitted here. The transitiplitade
from the initial statel, to the final statel ;, describing the liberated electron and
the residual ion, is

Ty=—i [ (V@) wo(0)ar, ©9
0

whereV (t) = >0, 75 - E(t) is the length gauge interaction operator, witthe
number of electrons. We are only interested in single ionization and furtmermo
restrict the discussion to the independent particle model. Hence, the initial wa

function is approximated with a Slater determinant
1 . - . .
W (t) = —=detehn (71) 2 (7). n (7o) | exp(—i EM (0)2), (6.10)
vn!
wherey; andr; denotes theth electron orbital and spatial coordinate, respectively.
In the SFA, the interaction between the liberated electron and the residuial ion
neglected. In addition, we also neglect the interaction between the field and th
residual ion. Thus

1

et ()Y () g (7, )] exp(—i B (0)1), (6.11)

Wy(t)
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with 1@1(?”, t) denoting a length gauge Volkov wave function with asymptotic mo-
mentumg. Neglecting the non-orthogonality of the Volkov wave function with the
remaining wave functions, we arrive at the standard LG-SFA expredsiothe
transition amplitude

TLeSFA_ /Ong(ﬁt)W. Epn (7)) exp(iL,(0)t)dt.  (6.12)

This formula does not account for the Stark shift. However, it is possiblthe
adiabatic limit, to include the Stark shifts in the wave functidnsand ¥ ;. If we
assume, that the neutral molecule, before ionization, and the cation, atfiza-io
tion, are affected adiabatically by the presence of the electric field the twe wa
functions¥, and ¥ ; are changed to

Wy (t) :ﬁdeﬂ%(ﬁl,ﬁ(ﬂ)%(ﬁ,E(t)) U (o, E(1))]
ex - ¢ M (a4 / )
x p( OE (E(t))dt) (6.13)
and
(1) == el (7, F0) (7. B(0)- Y1)
X exp <—i /O Ef (E(t’))dt’). (6.14)

The adiabatic ansatz is valid provided that< IP(E(t))“. In addition to the
modification of the energy phase, due to the Stark shift of the energy |levels
have indicated the modification of the single particle orbitals by the field. It is
very difficult to account for such distortions of the single particle orbitals,it is
nevertheless clear, in the case of large polarizabififitresat the distortion can be
very substantial and that the use of the field-free orbitals is, in genetahppro-
priate. In this regard, we expect that the single particle orbital for thermots
bound electron will be the one that is mostly changed while the other orbitals will
be affected by the field to a less extent. However, in the case where tied disa
tortions of the single particle orbitals can be neglected, the transitions amplitude
reduces to the following

T t
T, = —i /0 (WL, 0)|F - Blapn (7)) exp <z /0 ME(t’))dt’) . (6.15)

“The cation is, of course, more tightly bound than the neutral moleculeceHéfrithe adiabatic
ansatz is valid for the molecule then it is automatically valid for the cation.
®The polarizability term is responsible for the distortion of the orbital
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This integral can be evaluated using the method described in chaptetidn<et,
in connection with the derivation of the standard LG-SFA. Invoking thellgad
point approximation, using the asymptotic form of the initial state, leads to

Ty= 3 £t 8,2,7(2) exp(iS(t.)). (6.16)

1

s = /O G+ A())2dt + /0 L(E(E))dt (6.17)

with

the Stark shift corrected semiclassical action grairelevant saddle-point. Notice,
that the inclusion of the Stark shift in some cases, one exampleHgN mod-
ifies the overall behavior of thexp(:.S) surface compared to the non-Stark case,
discussed in chapter 4. This means that the rule regarding the numbésvainte
saddle-points, discussed in chapter 4, not necessarily applies in thke&tar The
function f is given by

l
fltg) S G LAV 1 2) (Q.“S)) Yim(QUL))
Im

2L T(1+3/2) ik
l—v I-v+1 3 Qts)? 1
F , L+ =5 — , 6.18
’ ( > YT see O

provided that we neglect the Stark shift in pre-exponent. g = ¢+ A(t),
v = Z/\/21,(0), Z is the ionic charge and

Sy(ts) = %(cﬂ— Aty)? + 1,(0). (6.19)

6.3.3 Application of the Stark shift corrected LG-SFA

We are now ready to illustrate the performance of the corrected LG-Skalby-
lating the photoelectron momentum distributions for strong-field ionization of one
dimensional oriented OCS and three-dimensional orientddkS. The relevant
dipole moments and polarizabilities are taken from $10]otice thaty = 0.89 for

the OCS case angd= 1.16 for the G H5N case, slightly stressing the applicability
of the method. Let us start with OCS. Consider a one-dimensional oriemtaeth

5Supplementary information
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Figure 6.12. The experimental geometry that is considered in the present calcula-
tions. See text for details.

a way that the O-end points in the positivalirection, OCS molecule interacting
with a left-handed circularly polarized laser pulse described by the vpotential

0
At) = ‘j% f@) | sin(wt+e) |, (6.20)
cos (wt + ¢)

where A, is the amplitude; the envelopey the frequency ang the CEP. All the
results shown in this section are obtained using "long" pulses; 10, and hence
the CEP does not a play a role. Notice that, this field is polarized i thgane
contrary to the convention used in the rest of the thesis. This is done intorde
better compare with the experimental and theoretical results in [10]. The isetu
shown in Figure 6.12. Figure 6.13(a) shows the standard SPM LG-SFA ntome
distribution (see Eq. (4.29)§)%>P/dq.0q,, for strong-field ionization of OCS by

a circularly polarized field, with the parameters: frequeacy: 0.057 (800 nm),
peak intensityl = 2.44 x 10'4W/cn?, number of optical cycled/ = 10, and CEP

¢ = 0. The HOMO of OCS is two-fold degenerate with one orbital in thez)-
plane, with a nodal plane in the, z)-plane, and the other orbital perpendicular to
the first oné. The momentum distribution shown in Figure 6.13(a) is obtained by
incoherently adding the momentum distributions from each HOMO. Howewer, th
contribution from the(y, z)-plane orbital dominates, since the polarization plane
coincide with the nodal plane of the, z)-orbital thereby suppressing ionization

"The C),,, coefficients for they, z)-plane orbital are”+1 = F0.27, Cox1 = £1.77, C34+1 =
F0.53, Cat1 = £0.14 andCs+1 = F0.09. The coefficients for théz, z)-plane orbital are obtained
by a rotation of th€y, z)-plane orbital byr /2 around the molecular axis.
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Figure 6.13. Photoelectron momentum distributio®s,P/dq,.0q,, for the ioniza-

tion of OCS, one-dimensional oriented such that the O-end points in thevgositi
z-direction. The laser parameters are: frequeney 0.057 (800 nm), peak inten-
sity I = 2.44 x 10"W/en?, number of optical cyclesl = 10 and CERp = 0.

The distribution (a) is obtained using the standard SPM LG-SFA while the distri-
bution (b) is obtained by including the Stark shift in the exponent, i.e., using Eq
(6.16) and Eq. (6.18).

from this orbital. The discussion of Figure 6.13(a) is therefore restrictetie
(y, z)-plane orbital.

The standard LG-SFA produces an asymmetric distribution, where the{prob
bility for ionization with ¢, < 0 is larger than the probability for ionization with
gy > 0. This can be explained by looking at the HOMO orbital, i.e., thez)-
orbital (see Figure 6.14(a)). The geometric structure of the HOMO $aeniza-
tion when the electric field has a component in the positivéirection compared
to the case where the electric has a negatigemponent, since the majority of the
charge is situated near the S-end. According to the semiclassical model

—

7= —Alto), (6.21)

wheret, is the instant of ionization. WheR' points in the positivez-direction

A points in the positivey-direction and hence the final momentum has a nega-
tive y-component. Contrary, wheh points in the negative-direction/f points

in the negative)-direction and accordingly the final momentum has a posijive
component. Thus, ionization with a positiyg-component is suppressed compared
to ionization with a negative,-component. This explains the observed asymme-
try in Figure 6.13(a). Unfortunately, this contradicts the recent expetahegsults
from [10], where they, < 0 part is suppressed comparedgto> 0 part. Figure
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Figure 6.14. The OCS molecule with the S pointing to the left and the O to the
right. The nuclei are at the equilibrium nuclear positions: -2 (Sulfur)9 @Car-
bon) and 3.2 (Oxygen). (a) Iso-contour of the HOMO of OCS at sppbiaits
where the norm of the wave function is 0.1. (b) As (a) but now includintatics
field of magnitude 0.0586 pointing towards the S-end. The comparison betwee
(a) and (b) illustrates how the external field pulls the electron chargétgdémshe
direction opposite to the field. In both cases the calculations were perfousiaed
GAMESS [84] with a triple-zeta valence basis set and added diffuse Brbita

6.13(b) shows the Stark shift corrected momentum distribution, obtainegl Bgin
(6.16) and Eq. (6.18), for the same parameters as in Figure 6.13(a)indlbe
sion of the Stark-shift in the exponent clearly increases;jhe 0 part but clearly

not enough to reproduce the trend seen in [10]. The expan@iiiS) favors ion-
ization when the electric field has a negativeomponent, since the Stark-shift
corrected ionization potential is smaller in that case. Nevertheless, thid iffe
not enough to beat the non-Stark shifted pre-exponent, containingetdefrize
HOMO. Consequently, in the case of OCS, we cannot neglect the Stéikish
fluence on the pre-exponent, i.e., the field modification of the initial orbital. The
modification of the initial orbital is due to polarization term in Eq. (6.5) and at
the peak of the electric field the polarization term is actually much larger than
the dipole term. Consequently, the HOMO charge distribution simply follows the
quasi-static field during the interaction (this is illustrated in Figure 6.14(b))a As
result, the pre-exponent should not favor ionization in any specifictireand it
seems reasonable to model the initial HOMO by an s-state. This approactseas
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Figure 6.15. Stark shift corrected photoelectron momentum distribution,
82P/8qx8qy, for the ionization of an artificial OCS molecule, one-dimensional
oriented such that the O-end points in the positivéirection, where the initial
orbital entering Eq. (6.18) is modeled by a simple s-orbital. The laser panamete
are the same as in Figure 6.13.

used in [10] in order to reproduce the experimental findings using th& Shét
corrected MO-ADK. Figure 6.15 shows the Stark shift corrected momedtsam
tribution, with the same parameters as in Figure 6.13, for an OCS molecule with the
initial state modeled by an s-state retaining the Stark shifted ionization potential of
OCS. Now, the momentum distribution show asymmetry in the correct direction,
viz in agreement with the experimental findings, and furthermore compaye ve
well with the Stark shift corrected tunneling results, see Figure 3(a) ih [IiGis
agreement is due to the general accordance between tunneling anBA.@-®e
adiabatic limit [48].

Next we turn to the case of strong-field ionization of three-dimensionaitee
C;HsN. Assume that the molecule is oriented in such a way that the CN-end
points in the positive-direction while the benzene ring is fixed in the z)-plane.

The HOMO, and the HOMO-1, then has a nodal plane in(the)-plane, i.e., a
nodal plane coinciding with the polarization plane. For the purpose ofibesg

the ionization of this molecule, using the Stark shift corrected MO-ADK, an ad
hoc correction accounting for the nodal plane structure is neededth&dtG-

SFA no such correction is needed, nodal plane structure is automaticaltyitehk
account. The structure of the HOMO off the nodal plane, which is noheds
away by the field, is modified by the field. The polarizability term is even more
dominant than in the case of OCS and it is therefore inaccurate to use the field
free HOMO as initial state. Similar reasoning as before suggest the use of a
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Figure 6.16. Stark shift corrected photoelectron momentum distribution,
0?P/dq, dqy, for the ionization of an artificial €Hs N molecule, three-dimensional
oriented such that the N-end points in the positivéirection while the benzene-
ring is fixed in the {,z) plane. The initial orbital entering Eq. (6.18) is modeled by
a simple p-orbital. The laser intensity i5 = 1.2 x 10"W/cn?. The other laser
parameters are the same as in Figure 6.13.

initial p,, orbital [10, 102]. Figure 6.16 shows the Stark shift corrected momentum
distributior?, obtained using Eq. (6.16) and Eq. (6.18), for strong-field ionization

of CyHsN modeled by an initial p state. We clearly see the signature of the nodal

plane of GH;5N in the distribution and we observe very good agreement with the
tunneling calculations on+Ei5N presented in Figure 3(c) in [10].

8Notice, that only the most dominant saddle-point have been included i(6E®).
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CHAPTER 7/

Summary and outlook

Strong-field ionization is a fundamental part of strong-field physicsetimiess
because it triggers other strong-field processes. We have, in this ihesigigated
several different aspects of strong-field ionization, ranging froitefinandwidth
effects in the ionization of atoms by few-cycle circularly polarized lasergsuts
effects of the static Stark shifts in strong-field ionization of polar molecules.

We started with a general geometric characterization of carrier-envplase
(CEP) effects in the ionization of atoms and molecules by circularly polareed f
cycle pulses. Under special conditions, e.g., a physical system rotdtivadant
with respect to rotations around the propagation direction of the field, regehia
the CEP manifest itself as a simple rotation around the axis of propagation. The
temporal shape of a few-cycle pulse depends critically on the CEP making the
ionization dynamics, just like other strong-field processes, sensitive OERe

Moving on, we compared the length-gauge strong-field approximation (LG-
SFA) with ab-initio calculations, based on the time-dependent Schrédinger equa-
tion. This allowed us to identify and explain striking signatures of the Coulomb
potential in the photoelectron momentum distribution. More precisely, we ob-
served counterintuitive angular shifts in the photoelectron momentum distributio
for strong-field ionization of atoms by circularly polarized few-cycle lgadses,
similar to the shifts recently observed experimentally by P. Eeklal [61]. The
dominant direction of electron ejection is shifted compared to the direction pre-
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dicted by strong-field theories like LG-SFA and ADK. We showed that suncju-

lar shifts was due to the non-vanishing commutator between the Hamiltonian and
the z-component of the angular momentum, i.e., the shifts are caused by a subtle
interplay between the field and the binding potential.

Moreover, we investigated bandwidth effects, giving rise to complicated in-
terference structures, in strong-field ionization of atoms by few-cyctulerly
polarized laser pulses. In addition, we examined how the validity of the saddle
point method for evaluation of the LG-SFA transition amplitude (SPM LG-SFA)
depends on the ellipticity of the pulse for fixed peak intensity. For diffepeige
parameters, the validity of the SPM LG-SFA depends on two criteria: (i) Thé&ma
mum field strength during the pulse has to exceed a certain value and (ii)idtie w
of the field maximum must be smaller than some certain value.

Next we turned our attention towards molecules interacting with strong fem-
tosecond laser pulses. We started with the ionization of aligned molecules &y line
polarized laser pulses, with focus on the following question: How does tegio
tion signal depend on the angle between the alignment axis and the polarization
axis. We showed that while the LG-SFA was able to explain experimentdtgesu
on G, and N, [73], it breaks down for molecules like GJ73] and CS [16]. The
precise physical origin of this breakdown is still open, although seteealretical
explanations have been proposed.

After this short detour, we moved on to the main topic of the chapter, strong-
field ionization of aligned, or oriented, molecules by circularly polarizedrlase
pulses. First, we examined how the angular nodal structure of alignedeatex,
molecules shows up in the ionization signal. More precisely, we showedj usin
simple model systems, that the angular nodal structure is mapped uniquely to the
momentum distribution. As a result, strong-field ionization by circularly poldrize
pulses may serve as probes for investigating changes in the anguléstmadaure
during chemical reactions. This conclusion was further strengthen daygstreld
calculations on benzenegBs. However, it is still unclear, how robust the method
is against, for instance, Stark and polarizability effects.

Finally, we examined strong-field ionization of polar molecules with large per-
manent dipole moments and polarizabilities. In order to describe the ionization of
such molecules, the Stark shift of the energy levels of both the neutral nheked
the cation has to be accounted for. Unfortunately, the LG-SFA doescaotiat
for the Stark shift. Nevertheless, we showed how to systematic Stark shifct
the LG-SFA in the tunneling limit, using the adiabatic ansatz, thereby deriving a
simple formula for the Stark shift corrected LG-SFA transition amplitude for ion
ization. It is possible to Stark shift correct the MO-ADK, however, the- DK
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does not account for two important features included in the LG-SFA, lyanaye
packet interference and nodal plane structure (if the field is located amgular
nodal plane) [10, 102]. The results obtained using this simple appraschared
well with recent experimental results.

The rapid experimental development within strong-field physics necessitate
theory capable of explaining the different measurements. From a thebmtiat
of view our main tools are eithexb-initio theory or semi analytical theories, like
the LG-SFA. On one handb-initio theory is hindered by the complexity of the
numerics involved. The time-dependent Schrodinger equation is in prireipls,
but that does not help us if convergence is almost impossible to achieve i@lth
evant physical quantity completely impossible to extract. Semi analytical tiseorie
like the strong-field approximation or molecular tunneling theory are moresacce
sible, but it is also clear that further development are needed for sechidl to
meet the requirements set up by the experimental development. The Stackshif
rected LG-SFA, for instance, falls short regarding several importanes First,
the Stark shift corrected LG-SFA does not properly account forigterdion of the
initial molecular orbital. This distortion can be very substantial, as we have see
and it would be desirable with a model including this distortion. One approach is
to calculate the asymptotic coefficients for the HOMO in a static electric field for
each field orientation, thus, giving a sequence of time-dependent agicqutef-
ficients which could be used in a LG-SFA calculation. However, this is on ver
shaky ground from a theoretical point of view, since the asymptotic esxpans
not valid when the electric field is present. Second, the method, being based
the SFA, does not account for the molecular potential, including the dipate ter
in the final state. One possible solution to this problem is to include the dipole
term in the same way the Coulomb potential was approximately included in [72].
Furthermore, the LG-SFA neglects the excited state spectrum, which mayrplay a
essential role due to resonances.

Consequently both toolgb-initio theory and semi-analytical theories, needs
to be improvement, which, luckily, will provide interesting and important work fo
the theoretical physicists in the years to come.
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APPENDIX A

Transformation of the Schrodinger
equation

The TDSE for an atom interacting with an electric field described by the vector
potential ) = wt — k - 7)
Ag n

A7t 0) = = sin? (W) (cos(n + ¢)éx + sin(n + ¢)é,) (A.1)

reads

0 - o ol ol 2
im V= (Ho + ZA(M; ¢) P+ ZA(M; o) ) (A.2)
7j=1 7j=1
We now perform the unitary transformation
U = exp (zjng) v, (A.3)
which corresponds to a rotation by around thez-axis. The transformed TDSE
is given by

igtlll’ = (f[o + Zn:exp (zjng) E(Fj,t; o) ﬁ] exp (—iquﬁ)

j=1

+% ]il exp (zjng) A(7 t; ¢)% exp (zqub)) o' (A.4)
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Applying the Baker-Hausdorff lemma
exp(iGA) A exp(—iGA) = A +i\[G, A] + S [G, [, Al
+——1G,[G,[G,A]] + ... (A.5)

on the termexp(i.J. ¢) Ay (7, t; ¢)pa, exp(—iJ.¢) yields

exp(i]. ) Ay (7}, t; )pa, exp(—iJ.¢) = Ay (7}, t; ¢) exp(iJ.¢)pa, exp(—iJ.})

R .2 R . .3 R R .
= 4,7 1:0) (ﬁzjwwz,mj]#[Jz,[Jz,pmju e Ve ]+

1
= Ax(F]; t, QS) <]§$J - ¢ﬁyj - 5@52]51] ¢3py] >
= Ay (7, t; 0) (Pa; cos(¢) — Py, sin(¢)), (A.6)

as expected. Similar, one can show that

exp(iJ.) Ay (7}, t; @)by, exp(—iJ.0) = Ay (7}, t; 8)(By, cos(d) + Pa, sin(¢)).

(A7)
Consequently
exp(i. ) A(7, t; ) - j exp(—iJ.¢)
= (Ax(7, 1 9) COS(é) y(ﬂ» t; ¢) sin(¢))pa,
+ (Ay(7), 15 ¢) cos(¢) — Ax(7), 15 ¢) sin(¢) )Py,
= A%, t;¢ = 0) - ;. (A.8)

Furthermore

exp (2qu§> (r],t $)? exp (—ijz¢) = 142381112 <%> (A.9)

Putting this together we have shown that

d |
iV = (HO—I—ZAr],tngO P 52 (7,t, ¢ = 0) )\p (A.10)

Jj=1 J=1
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The initial state in momentum space

The purpose of this appendix is to calculate the Fourier transform of the wa

function

chmr exp(—k7) Yy (7),

i.e.,7) in momentum space(q). By definition

. 1 - Lol
U(q) = \/j /exp(—zq )Y (r)dr
\/7

Z C’lm/exp —iq - P)r " exp(— k1) Yo (7)dF.

(B.1)

(B.2)

We now expand the plane wavep(—iq - 7*), in spherical harmonics [103]

[e.e]
exp(—iq - T) —471'2 Z ) 50 (qr) Yo ()Y, ()

=0m/'=-1'

=4m Z ]l/ q’l“ (Q)}/l;km/("z)v

(B.3)
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wherej; is a spherical Bessel function, and thereby obtains

(D) = y/ > Cﬁnljf (@) Y (@)Y (P~ exp(—rr) Yign (F)dF

Iml'm/

2 S Con 0 Vi @ [ () exp(—rr)dr
¢W£%ﬂl g A 1y (gr) exp
—, /2 Z C’lm(—z’)lY}m(cj) /000 jl(qr)r”H exp(—kr)dr. (B.4)

The spherical Bessel functions are related to the ordinary Bessgidos via the

relation [103]
Jilp) = \/ZJH/Q@), (®.5)

which yields the following relation

b(q) = Z Clm(—i)lylm(@\/g/ooo Jl+1/2(qr)7“”+1/2 exp(—kr)dr. (B.6)
Im

Finally, we evaluate the radial integral using Gauss hypergeometric fEDigls

o0 H2T(1+v+2) KWk
v+1/2 - dr = q
/0 Jiy12(qr)r exp(—kr)dr (*2/%) TU+3/2) (2 + @)

l—v | — 1 2
><2F1< z v ;l+3'—q>7

2’ 2 2" k2
(B.7)

and obtain

~ "~ (l+v+2)
(g = %: Cim (E) 2l+1/2F(l +3/2)(k% 4 ¢?)vt1

l—v l—v+1 3 ¢ .
xQFl( v izv ;z+-—q>Ylm<q>. (8.9)

2 7 2 27 kK2
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APPENDIX C

Asymptotic expansion of the integral

f exp(i9)
Cs—ie S

This appendix is based on the derivation given in [48,105]. We wandltulate

the integral fC’S—ie exg%s% whereC is the path defined by following the steepest
descent from the saddle-poift satisfyingS’(ts) = 0, ande — 0. The integral

gets is main contribution from the part of the path close to the saddle-point. This

subpath can be parameterized as follows

t—ty = (x —ie)Qs, (C.1)

wherez € [-§;0], 6 > 0, andQ;s = ,/% is the direction of the steepest
descent at = t,1. ExpandingS to second order in — ¢, gives

S(t)=S(ts) + %S”(ts)(t —t,)?
= S(ts) + ix? + 2ex — i€’ (C.2)




exp(iS)
—ie S
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and accordingly

, s 2 ~ 2
/ exp(iS) gt ~ Lexp(iS(ts)) 1 / exp(—x~ + 2¢eix + € )dm
Cs—ie _5

NI (e +iz)”
Lexp(iS(ts)) 1 /Oo exp(—2? + 2eix + 62)dx
(5"(ts))” Q5™ J-oo (e +iz)”
(C.3)
The terml /(e + ix)” can be expanded as [48, 105]
! - /OO v~Lexp(—ne) exp(—inz)d (C.4)
iy Tt ), " p(—ne) exp(—inz)dn, :
and hence
exp(iS) L exp(iS(ts) 1 /°° -1
dt ~ _
/Csie S ¢ (S”(ts))'/ Qg—ll—a(y) 0 n eXP( 776)
/ exp(—x? +i(2¢ — n)x + €%)dzdn  (C.5)

All what remains is now to calculate the two integrals

/_OO exp(—z% +i(2¢ — )z + €2)dz = exp(€?) /_OO exp(—x?)
x (cos((2¢ —n)x) + isin((2e — n)x)) dx
= 2exp(e? Oocos e —n)x) exp(—z?)dx
= 2exp(e?) [ cos((2e — o) exp(—a?)d
e — )2
= Vrexp(e?) exp <—(24”)> , (C.6)
which yields

exp(iS) y 2, exp(iS(s)) 1
[ S e v me(@ (")) QT (W)

00 o 2
></ 1"~ exp(—ne) exp (—(2647’)> dn
0

~ iV m P (iS(ts)) 1 > v=1 oy (—p2
VTG @z—lrw)/o n' T exp(r /4

L wSBIS() T0/2) o
=y e YT

T2 [ 270 N, oo exp(iS(E)
2 () (s"@s))(‘m )" ey ©D
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